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CHAPTER 1 
THE REAL NUMBERS 


1.1 THE REAL NUMBER SYSTEM 


1.1.1. Note that |a — b| = max(a, b) — min(a, b). 

(a)a+b+ |a—b| =a+b+max(a,b) — min(a, b) = 2max(a,b). 

(b)a+b—|a—b| =a+b-—max(a,b) + min(a, b) = 2 min(a, dD). 

(c) Leta = a+b+2c+|a—b|+|a+b—2c+|a—b||. From (a), @ = 2 [max(a, b) + c + | max(a, b) — cl] =a¢ 
B. From (a) with a and b replaced by max(a,b) and c, B = 4max(max(a,b),c) = 

4max(a, b,c). 

(d) Leta = a+b+2c—|a—b|—|a+b—2c—|a—b|. From (b), @ = 2 [min(a, b) + c — | min(a, b) — c|] =gr 
B. From (a) with a and b replaced by min(a,b) and c, B = 4min(min(a,b),c) = 

4 min(a, b,c). 

1.1.2. First verify axioms A-E: 

Axiom A. See Eqns. (1.1.1) and (1.1.2). 

Axiom B. If a = 0 then (a+b) +c =b+canda+(b+c)=b+c,so(a+b)+ 

c =a+(b+ cc). Similar arguments apply if b = 0 orc = 0. The remaining case is 
a=b=c=1.Since(1+1)+1=04+1=1and1+(14+1) =1+4+0=1, addition 

is associative. Since 

unlessa =b=c=1, 


0, 
(abye = a(be) =} ifa=b=c=l, 


multiplication is associative. 


Axiom C. Since 
0, ifa = 0, 
a ee fe 
the distributive law holds. 


Axiom D. Egns. (1.1.1) and (1.1.2) imply that 0 and 1 have the required properties. 
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Axiom E. Eqn. (1.1.1) implies that —-O0 = 0 and —1 = 1; Eqn. (1.1.2) implies that 1/1 = 1. 
To see that the field cannot be ordered suppose that 0 < 1. Adding 1 to both sides yields 
0+1<1+1,o0r1 <0, acontradiction. On the other hand, if 1 < 0,then1 + 1<0+1, 
so 0 < 1, also a contradiction. 


1.1.3. If V2 is rational we can write /2 = m/n, where either m is odd or n is odd. Then 
m? = 2n”, so m is even; thus, m = 2m, where my, is an integer. Therefore, 4m? = 2n?, 
son? = 2m? and n is also even, a contradiction. 

1.1.4. If //p is rational we can write ./p = m/n where either m or n is not divisible 
by p. Then m? = pn?, so m is divisible by p; thus, m = pm, where m, is an integer. 
Therefore, p?m? = pn*, son? = pm? and n is also divisible by p, a contradiction. 
1.1.6. If S is bounded below then T is bounded above, so T has a unique supremum, by 
Theorem 1.1.3. Denote sup T = —a. Then (i) if x € S then —x < —a,so x > aq; (11) if 
€ > O there is an Xo € T such that —xyp < —a~ —€,580 X9 > a+ €. Therefore, there is 
an a with properties (i) and (ii). If (i) and (ii) hold with a replaced by a; then —a is a 
supremum of 7, so a; = a@ by the uniqueness assertion of Theorem 1.1.3. 

1.1.7. (a) If x € S, then inf S < x < supS, and the transitivity of < implies (A), with 
equality if and only if S' contains exactly one point. 

(b) There are three cases: (i) If S is bounded below and unbounded above, then inf S = a 
(finite) and sup S = oo from (13); (ii) If S is unbounded below and bounded above, then 
inf S = —oo from (14) and sup S = £ (finite); (iii) If S is unbounded below and above 
then sup S = oo from (13) and inf § = —oo from (14). In all three cases (12) implies (A). 


1.1.8. Let a = infT and b = supS. We first show thata = b. Ifa < b thena < 
(a + b)/2 < b. Since b = sup S, there is an so € S such that s9 > (a + b)/2. Since 
a = infT, there is a fo € T such that to < (a + b)/2. Therefore, fo < sg, a contradiction. 
Hence a > b. If a > b there is an x such that b < x < a. From the definitions of a and 
b,x ¢ T andx ¢ S,acontradiction. Hence a = b. Let B = a(= b). Since a and b are 
uniquely, defined so is 8. If x > B then x ¢ S (since 8 = sup S), sox € T. If x < B then 
x € T (since B = infT), sox €S. 

1.1.9. Every real number is in either S or 7. T is nonempty because U is bounded. S is 
nonempty because if u ¢ U and x < u then x € S. If s € S there is au € U such that 
u > S, since s is not an upper bound of U. Ift € T thent > uy, since ¢ is an upper bound 
of U. Since uv > s andt > u,t > s. Therefore, S and T satisfy the conditions imposed 
in Exercise 1.1.8, so there is a number 6 such that every number greater than 6 is an upper 
bound of U and no number less that 6 is an upper bound of U. However, f is also an upper 
bound of U (if not, there would be a up € U such that wo > 6, which is impossible, since 
if uo > B then every number in (8, wo) is an upper bound of U). Therefore, 8 = sup U. 
1.1.10. (a) Let a = sup S and 6B = supT.Ifx =s+tthenx <a+f. Ife > Ochoose so 
in S and fg in T such that s9 > a—€/2 and to > B—«€/2. Then x9 = so tt) >a+ B—eE 
and a + B = sup(S + T) by Theorem 1.1.3. This proves (A). The proof of (B) by mean 
of Theorem 1.1.8 is similar. 

(b) For (A), suppose that S is not bounded above. Then sup S = sup(S + T) = oo. Since 
sup T > —oo if T is nonempty, (A) holds. The proof of (B) is similar. 
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1.1.11. Apply Exercise 1.1.10 with S and T replaced by S and —T. 
1.1.12. Ifa = O then T = {b}, soinfT = supT = b. 
Now suppose that a # 0 and let a = inf S and 6 = sup S. From the definitions of a and 


B, 
a<s and s<f forall seS, (A) 


and if « > 0 is given there are elements s; and s2 of S such that 
8, <a+te/la| and s2>B -e/|al. (B) 
CASE 2. If a > 0, multiplying the inequalities in (A) by a shows that 
aa<as and as<af forall seS. 


Therefore, 
aa+b<as+b forall seS, (C) 


as+b<aB+b forall seS. (D) 


Multiplying the inequalities in (B) by a shows that 
as; <aa+e and as, >aB-e, 


since |a| = a. Therefore, 
asy; +b <(aa+b)+e, (E) 
as. +b > (aB +b) -e. (F) 
Now (C) and (E) imply that aw + b = inf T, while (D) and (F) imply that aB +b = supT. 
CASE 3. Suppose that a < 0. Multiplying the inequalities in (A) by a shows that 


aa>as and as>af forall seS. 


Therefore, 
aa+b>as+b forall seS, (G) 


as+b>aB+b forall seS. (H) 


Multiplying the inequalities in (B) by a shows that 
as; >aa—e€ and dsp <aBrte, 


since |a| = —a. Therefore, 
as; +b > (aa +b) -e«, (1) 
as. +b < (aB +b) + €. (J) 
Now (G) and (1) imply that aa + b = sup T, while (H) and (J) imply that a6 + b = inf T. 
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1.2 MATHEMATICAL INDUCTION 


1.2.1. P; is obvious. If P,, is true, then 


14+34+---+Qn4+)=[14+3+4+-:-Qn—-1)]+ Qn+1) 
=n?+(2n+1) (by Pn) 
=(n +1), 
so Py+1 is true. 
1.2.2. P; is obvious. If P,, is true, then 
7427 4-441)? = [17427 4+---+n7] +041)? 
n(n + 1)(2n + 1) 


Sanya ic 1)? (by Pn) 


—_ @+D@+2)@n + 3) 
——- 
so Py+1 is true. 


1.2.3. Since 1 = 1, P; is true. Suppose that n > 1 and Py, is true. Then 
17437 +--+ Qn +1)? =[17 + 37 +--+ + QQn—1)7] + Qn +1)? 


ee 
= a +(2n +1)? (by Py) 


II 


(2n +1) —— 2 


+2n+ 1 
_ 2n+1 
=a 
_ (1+ 1)Q@n + 1I)Q@n + 3) 
Se 
- (n+ 1)2+1)-12@+4+1)4+]] 
3 

s (n + 1)[4@ 4+ 1)? — 1]. 

—"— 7-7 


[2n? + 5n + 3] 


that is, 
4 1)? -1 
17437 +--+ (Qn+1) = a 
which is Pyi1. 


1.2.4. Py is trivial. P2 is true by the triangle inequality (Theorem 1.1.1). Ifn > 2 and P, 
is true then 


lay + 42 ++++ +n + An+i| = \(Q1 + a2 + +++ + Gn) + an41| 
S lai + a2 +--+ + an| + |an41| 


(A) 
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by the triangle inequality with a = ay + a2 +---+ ay, and b = ay+1. By Pp, 
lay ta2 +---+ay| < lar] + |ao| +--+ + lan. 


This and (A) imply Pn41. 
1.2.5. P, is obvious. If P, is true then 


(1 + a1)(1 + a2) -+-(1 + Gn gi) = [Cl +41) +++ (1 + an) + angi) 
= (+41 +++: + an) +an41) (by Pn) 
L+ay +--+ +4n41 + Gn41(a1 +--+ +n), 


which implies P,+1, since a; => 0. 
1.2.6. P, is obvious. If P, is true then 


(1 — a1)(1 — a2)--- 1 — an41) = (1 - G41) — 41 —++-— an) (by Pr) 
= 1-4) —-++— dny1 + Gngi (Qi +--+ + Gn), 


which implies Py+1. 

1.2.7. If sy > 0 then0 < e~*” < 1,800 < sy4 1 < 1. Therefore P; is true and P, implies 
Pn+1- 

1.2.8. Subtracting /R = ; [R/VR + VR from the equation defining x,+1 yields (A) 
Xn41 -VR = (Xp — VR)? /(2Xn). Since x9 > 0, this implies by induction that x, > VR 
for alln => 1, and the definition of x,+1 now implies that x¥,41 < x, ifn > 1. Now let Py, 
be the proposition that x, — /R < 27"(xp — VR)?/xo. Setting n = 0 in (A) verifies P,. 
n = 0. Since 0 < (Xn, — VR)/Xn < 1, (A) implies that x,41 — VR < (Xn — VR)/2, so 
P, implies Py4+1. 

1.2.9. (a) Rewrite the formula as 


2an 


a = —____.. 
ey = One AOA D) 


We compute a few terms to formulate P,,: 


8G) 

ea tee Th 
2a Doe 93 
ae= a SF OTe 


Let P, be the proposition that 
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which is true for = 1 (also forn = 2,3, 4). If P, is true then 


2dn _ 2 9 ae ‘salle 
(Qn+1)\2Qn+2) (n+1)(2n+2) Qn)! (Qn +2)! 


so P, implies Py+1. 


an+1 = 


(b) We compute a few terms to formulate P,,: 


3a, 3 
az = —_—- = 
a5 4S 
3a2 3 73 3? 
a= FTF OE sa 
T6657 405... 4252657 
3a3 3 3? 32 
a4 = 


~ 8-9 8-94-5-6-7 4-5:6-7-8-9" 


Multiply numerator and denominator by 3! = 6 in each fraction yields simpler results: 


2= 3? ey  2e3* 
42> Sr” eee | ie a4 = 91 
Let P, to be proposition that 
23h 
an = ———., 
"" (Qn+1)! 


which is true for = 1 (also forn = 2,3, 4). If P, is true then 


3an 2 3 2630 -_ Beares 
(2n+3)\2Qn+2) (Qn+3)(2n+2) Qn+1)! (Qn 43)!’ 


so P, implies Py+1. 


ant1 = 


(c) Rewrite the formula as 


(2n + 1)(2n + 2)an 
aa4. = ———__,— 


2(n + 1) 
We compute a few terms to formulate P,,: 
3-4 3-4 
a= eoesgqe as = 
*= 30) * 30/2 
6 a2 Oe OB ASS 
3 9(3)2°? ~ 2(3)2 2(2)2 222-3)?” 
ji jah TERS phys HEB BARS AO: 23545262728 
4 3/2)?” 24) 20-3)? 8-3-4) 


Let P, be the proposition that 
_ (Qn)! 
~ 2n(nh)2’ 


an 
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which is true for = 1 (also forn = 2,3, 4). If P, is true then 


_ Qn+1Qn+2) — Qnt+1)Qn+2) Qn)! Qn+2)! 
DOS Og tae 8. Ona Dade 2a ye’ 


ee! 
an+1 = : 
nN 


We compute a few terms to formulate P,,: 


so P, implies Py+1. 


(d) Rewrite the formula as 


a2 = 2a, = 2, 
3\7 3\*_ 32 
es= (5) @= (5) 25. 
ae 4\332 43 
ue (Jo-(QS-% 


We take P,, to be the proposition that 


nr-l 


ee 


which is true for n = 1 (also forn = 2,3, 4). If P,, is true, then 


n+1\" n+1\" nt (n+ 1)" 
a = an = = ——__——, 
oe n i‘. n (n—1)! n! 


so P, implies Py+1. 


1.2.10. Ifa, =n! then dy4) = (n+ lay = (n+ In! = (n + 1)!, so Py implies Py+1. 
However, Py is false for all n, since a, = 0 for all n, by induction. 


1.2.11. (a) If P, is true then 


n+2)(n-1 
1t2t--tntn¢1= SPIO) say 

_ nm? +3n — (n+3)n 

oe a PS ae e 


so P, implies Py+1. 

(b) No; see Example 1.2.1. 

1.2.12. Calculation shows that the first integer for which the inequality is true iso = 6. 
Ifn > 6 and 1/n! > 8"/(2n)! then 


1 1 1 8” 1 (A) 
—— = ——_ > —_—_.. 
(n+1)! nln+1 (2Qn)!n+1 
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But 
1 8 2n—3 
n> 2. 


—— = = —_ > 0, 
n+1 (Qn+2)Q2n+1) (n+1)Qn+1) = 
This and (A) imply that 


fr, ine 8 Rg a: 
(n +1)! Qn)! Qn4+2)2Qn+1) (Qn+2)! 


so P, implies Pn+1. 

1.2.13. (a) Ifn = 0, let P, be the proposition that nm = aq + r where gq is an integer and 
0 <r <a. Then P, istrueif0 <n <a,sincen = a-0-+n. Pg is true, sincea = a-1+0 
Now suppose that n > a and Po, Pi,..., Py, are true. Thenn+1—a<n,son+1—-a= 
qoa +r withO <r <a, by the induction assumption. Hence n+ 1 = (do + l)a +r. This 
implies Py4+1. 

(b) If b < Othen0 < b+ |bla = aq, + r withO <r <a, from (a); hence b = ag +r 
with g = q, — |b. 

(c) Suppose that ag +r = aq; +11, where q, qi, r and r, are integers with (A) 0 < 
r,ry <a. Then alq — qi| = |ri —r|. If g A qi then alg — qi| = a, which implies that 
|r; —r| > a, contradicting (A). Therefore qi = g andr; =r. 

1.2.14. (a) P; is true, from the definition in Example 1.2.7. Now assume that P, is true 
for some k > 1. Suppose that that p divides pi po--- pe Pe4+1 = ab, witha = pi--- pr 
and b = px+1. From the given statement, p divides a or b. If p divides a then p = p; for 
some i in {1,...,k}, by Px. If p divides b then p = pxi1, by Pi. Therefore Pz implies 
Prt: 

(b) Let Py, be the proposition that the assertion is true if min(r,s) = k. Then P, is true, 
by the definition of prime in Example 1.2.7. Assume that Py, is true for some k > 1. 


Now suppose that p1--: pe Pk+1 = G1i°°'Gs, Where pi,..., Pk, Pe+i and qi, ..., Gs are 
positive primes and s > k + 1. Since px41 divides qi---qs, (a) implies that pe41 = qi 
for some i in {1,...,5}. We may assume that pp+1 = qs. Then pi--- pe = Gi---s-1, 


and P; implies thatk = s — 1 and {p1,--- , pg} is a permutation of {q1,--- , qx}. This 
implies Px+1. 


1.2.15. P; and Pz are true by inspection. Suppose that P, and P,—; are true for some 
n > 2. Then 


an41 = [3" — (-2)"] + 6 [3° — (-2)""] 
= [3" + 6-3"™] —[(-2)" + 6-2)" 
= [3” + 2-3”] — [(—2)” — 3(-2)"] 
— ntl = eye, 


which implies P, +1. Apply Theorem 1.2.3. 
1.2.16. P;, P2 and P3 are true by inspection. Suppose that P,, P,—1 and Py— are true for 
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some n > 3. Then 


Ant = 93") — 5") + 2) — 233"? — 5"? 4 2) + 158" — 5"? + 2) 
= (9- 3"! — 23.3"? + 15.3"-9) 
—(9-5"-1 — 23-5"? + 15. 5"-4) + (9-23 + 15)2 
= (27 — 23 + 5)3"-? — (45 — 23 + 3)5" 27 42 = 3" —5" +2, 


which implies P,+1. Use Theorem 1.2.3. 


1.2.17. Routine computations verify P; and Pz. Now suppose that n > 2 and assume that 


_ + V5) — 0 — v5 


Fy 
2k SS 


(A) 
for 1 <k <n. Then 


a+ v5" a v5" | tv - 0 - V5 
LE REE a a eg 


_ 1 (i+v5\""fitv3 |] (ievs)"" fiev5 
aah od 2 7 | aN ZT 


A PIGS S405 Peas \"  beys 
ag. 8 a er a 2 
— + V5)htt = 5) 
i: > (V/s 


since 
Saab ew 5)? 
- . ae 


1.2.18. Let P, be the proposition that the statement is true for all r > —1. Since 


1 
1 
/ (l—y)’ dy = Pan Po is true. Now suppose that n > O and Py, is true. Integra- 
0 r 


tion by parts yields 
1 n+l 1 1 1 
[ eh a-y ay =-7 art) | y"(l—y)'t dy 
0 (io ye g. fart (A) 
n+1 ; 
= 1—y)'t" dy. 
| Pilhs yl ody 
ae r+1 qj n! 
P,, implies that 1- = —————__—_———— _ ifr > -—2. This 
os i ya Y= GLDG +3) FRED 
(n + 1)! 


1 
and (A) imply that ytd yl! dr= verifying Pn+1. 
0 


(r+1)\(r+2)---(7 +n+2)’ 


J 
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1.2.19. 


n+l n 
(a) )° ("; ) =(1+)"t1=(4+904+9"=04+9)>> (7) 
m=0 


m=0 
n n 
= (“Jems (Bere 
m m 
m=0 m=0 


n rs n+1 a 
= t™” t™” 
m=0 m=1 


since ) = ( . = 0. Comparing coefficients of t” in the first and last expres- 


Op 


Now let P, be the proposition that 


n n!} jeunes 
_— m nN. 
m m\(n —m)!" = 


Then Po is true, since (1 + t)° = 1. Now suppose that P, is true for some n > 0. If 
1 < m <n, then (A) and P,, imply that 


sions shows that 


n+1)\_ n! n! 
m | m!\(n—m)! a (m—1)!(n—m +1)! 


n! 1 1 
~ (m—D\(n—m)! Fa yp 
7 n! n+1 (n+)! 
~ (m—-VYin—m)! mn—-m4+1) min-m+i1)l 


This verifies the assertions in P,+ 1 for 1 < m <n, and we have seen they hold automati- 
_ {n+l n+1 Sesaei 
cally form = 0 andm =n + | (that is, 0 = re = 1). Therefore P,, implies 
n 


Pn+i- 


(b) Set ¢ = —1 in the identity (1 + 4)” = > (7) to obtain the first sum, f = 1 to 
m 
m=0 
obtain the second. 
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(c) (x + y)” = y2(1+ x/y)”. From (a) with t = x/y, we see from this that (x + y)” = 
n n 
> (Rory = (Zee 


m=0 
1.2.20. We take constants of integration to be zero. Integrating by parts yields the first 
antiderivative 


A(x) = f togxdx = xtogx— f dx = xtogx x. 


Integration by parts yields the second antiderivative 


2 
A2(x) = [ortogx - xy ax = Stosx— | (5 +x) dx = > ar 
We conjecture that an -th antiderivative is 
x” 
An(x) = ar (og x — kn), (A) 


for a suitable constant k,, to be determined later. 


We have already verified (A) form = 1 and 2, withk,; = 1 and kz = 3/2. If we assume 
that (A) is true for a given 1 then 


xrtl 1 x” xntl 
Pisces ee fs 2 een en k 
setae OTE ia = { (4+ 2") aS Ge ee 


where i 
k =k —. 
n+1 n+ MoE I 


Now an easy induction yields k, = pa 1/7. Therefore 


is an n-th antiderivative of log x for every n. 


1.2.21. fo(%1, x2) = x1 + X2 + |x, — X2| = 2 max(x1, x2) from Exercise 1.1.1(a) with 
a =x, andb = x2. Now 


S3(X1, X2, %3) = fo(%1, X2) + 2x3 + | fo(%1, x2) — 2x3] 
= 2 [max(x1, x2) + x3 + | max(x1, x2) — x3|] 


= 4max (max(x1, X2), x3) 
from Exercise 1.1.1(a) with a = max(x1, x2) and and b = x3. Since 


max (max(x1,%2),%3) = max(x1,%2,%3),  f3(%1,X2, x3) = 4max(x1, X2, x3). 
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Now let P, be the proposition that 


Sfn(X1, X25 0005 Xn) = 2"! max (x1, X2,..., Xn): 
If P,, is true, then 
In4i(%1, X2,-065 Xn41) _ Snr(™1, X2,.+-, Xn) - ieee oe 
+ | fn(x1, i, oo EY Xn) is PAs ea | 
= 2"~! [max(x1, X2,...,%n) + Xn41 
+ | max(x1,X2,.--,Xn) — Xn41] 
= 2”—! max (max(x1, X2,...,Xn),Xn4+1) 
from Exercise 1.1.1(a) with a = max(x1, X2,...,Xy,) and b = xXn41. Since 
max (max(x1,X2,...,Xn),Xn+1) = max(xX1, X2,...,Xn41) 
this implies P,4 1. A similar argument using Exercise 1.1.1(b) shows that gp (x1, X2,...,Xn) = 
2"—! min(x1, X2,..-, Xn). 


1.2.22. P is the assertion that 
. 1 —cos2x 
sinx = ————_ 
2sinx 
To verify this we let A = B = x in the second given identity, to see that 


cos 2x = cos? x — sin? x. 


Therefore 
1—cos2x 1—cos? x + sin? 
2sinx 2 sinx 
2 sin? x : 
— - = sinx 
2sinx 


Now suppose that n > | and P,, is true. Then 


sinx + sin3x +---+ sin(2n + 1)x = [sinx + sin3x +---+ sin(2n — 1)x] + sin(2n 4+ 1)x 


1—cos2nx : 
= ———— + sin(2n+ 1)x (from P,) 
2sinx 


_ 1—cos2nx + 2sinx sin(2n + 1)x , 


2sinx 
that is, 


1 —cos2nx + 2sinx sin(2n + 1)x 


sinx + sin3x +-+++ sin(2n + 1)x = - 
2 sin x 


(A) 
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To handle the product of sines in the numerator let A = (2n + 1)x and B = x in the given 
identities. This yields 


cos 2nx = cos(2n + 1)x cos x + sin(2n + 1)x sinx 
cos(2n + 2)x = cos(2n + 1)x cosx — sin(2n + 1)x sinx. 


Subtracting the first of these identities from the second yields 
2sin(2n + 1)x sinx = cos 2nx — cos(2n 4+ 2)x, 
and substituting this into (A) yields 


1- 2 2nx — 2 2 
aie GAs deo ei cos 2nx + cos 2nx — cos(2n + 2)x 


’ 


2 sinx 

iad 1 2n+2 
sinx + sin3x +---+sin(Qn+ 1)x = pee 

2sinx 


which is Pyi1. 
1.2.23. Let P, be the stated proposition. P; is trivial. Suppose that m > 1 and P,- is 
true. If £, =n, Pn—1 implies Py. If £, = s <n, choose r so that 2, =n, and define 
£; ifi Arandi Fn, 
CS Sil 7, 
n ifi =n. 


Then 


O(E1, l2,...,Ln) — Ol), 05, ---, 0) = On — ys)? + (Or — yn)? 
=n = Yn) = ys)? 
= 2(Xn — Xr)(Yn — Ys) = O. (A) 


Since €/, =n, Py—1 implies that 


OC Gt) = OU kh): 
This and (A) imply Pp. 


1.3 THE REAL LINE 


1.3.3. Suppose that a € A. We consider two cases: (i) Suppose thata € X. Then 
a € Af X and (b) implies that a € BM X, which implies that a € B. (ii) Suppose that 
a @ X. Sincea € AU X, (a) implies that a ¢ BU X. Therefore, a € B. 


Since a € X anda ¢ X are the only two possibilities, it follows that a €¢ B. Therefore, 
ACB. Similarly, B C A,so A = B. 


13.6.xE(SNT) &BxeSSorxEeT &x ES°UTS. 
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xe(SUT) &xeSfandx eT? &xES°NT®. 

13.7.(axE1° & xe F*° forsome Fink Ox € U{F°|Fe F}. 

(b)x € US & x € F* forevery FinF & x en{F*|Fe F}. 

1.3.8. (a) If S1,..., Sy, are open and x is in ?_,S;, there are positive numbers €1, ..., €n 

such that (x — €7,x + €;) C S;. Ife = min(e,,...,€,), then (x —e€,x+€) C (Vi, Si. 

(b) (V1 (1/7, -1/n) = {0}. 

1.3.9. (a) Let T = (Uj_, Ti, where T;, ..., Tn are closed. Then T® = ();_, Tf (Exer- 

cise 1.3.7). Since T;° is open, so is T° (Exercise 1.3.8). Hence, T is closed. 

(b) eer [l/n, 00) = (0, 00). 

1.3.10. (a) Since U is a neighborhood of xo, there is an « > 0 such that (x9 —€, x9 t+ €) C 

U. Since U C V, (xo —€, Xo + €) C V. Hence, V is a neighborhood of xo. 

(b) Since U;, U2, ..., Un are neighborhoods of xo, there are positive numbers €1, €2, 
..5 €, such that (xo — €;,X9 + e;) C U; (1 <i < xn). Ife = min(ey,...,€,), then 

(xo —€,X9 t€) C ( oy U;. Hence, em U; is a neighborhood of xo. 

1.3.12. If xo is a limit point of S, then every neighborhood of x9 contains points of S other 

than xo. If every neighborhood of xo also contains a point in S°, then xo € OS. If there is 

a neighborhood of xo that does not contain a point in S°, then xo € S°. These are tho only 

possibilities. 

1.3.13. An isolated point xo of S has a neighborhood V that contains no other points of S. 

Any neighborhood U of xo contains VNU, also a neighborhood of xo (Exercise 1.3.10(b)), 

soS°NU #@. Since x» € SNU, x9 € OS. 

1.3.14. (a) If x9 € OS and U is a neighborhood of xo then, (A) UN S  @. If xo is nota 

limit point of S, then (B) U N (S — {xo}) = @ for some U. Now (A) and (B) imply that 

Xo € S, and (B) implies that xo is an isolated point of S. 

(b) If S is closed, Corollary 1.3.6 and (a) imply that 0S C S;hence, S = § US = S. If 

S = S, then 0S CS. Since S° Cc S, S is closed, by Exercise 1.3.12 and Corollary 1.3.6. 


1 
1.3.15. False: 0 is a limit point of — | NS 1 2a , which consists entirely of isolated 
n 


points. 


1.3.16. (a) Ife > 0, then SN (B—e, B) 4 Band S°N (6, B+) ¥ Y. (b) If S is bounded 
below and a = inf S thena € 0S. 


1.3.17. inf S and sup S are in 0S (Exercise 1.3.16) and 0S Cc S if S is closed (Exer- 
cise 1.3.14). 


1.3.18. Suppose thata € S and H = {r | r>Oand(a—-r,at+r)c S}. Since S is 
open, H # @. If S # R then A is bounded. Let p = sup H. Then a — p anda+ pe 
are limit points of S and therefore in S, which is closed. Since S is open, there is an 
€ > 0 such that (a —-p—€,a—p+e)and(a+p—€,a+p+e) arein S. Since 
(a—pt+e/2,a+p—«€/2) C S it follows that (a —-p—¢€,a+ p+e) C S, which 
contradicts the definition of p. Hence, S = R. 

1.3.19. (a) If xo is a limit point of 0S and € > 0, there is an x; in (xo —€,X9 te) NOS. 
Since (xo — €, Xo + €) is a neighborhood of x; and x; € 0S, (xo—€, x0 +6) NS 4 @ and 
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(xo —€,X0 + €) MN S° FG. Therefore, x9 € dS and OS is closed (Corollary 1.3.6). 


(b) If xo € S° then (xo — €, Xo + €) C S for some € > 0. Since (xo — €, X90 + ©) C S° 
(Example 1.3.4), S° is open. 

(c) Apply (b) to S°. 

(d) If xo is not a limit point of S, there is a neighborhood of xo that contains no points of 


S distinct from x9. Therefore, the set of points that are not limit points of S is open, and 
the set of limit points of S is consequently closed. 


(e) (S \ =  exteriorof 5S, whichis open, by (b). Hence, SS is closed and (S ) = S from 
(Exercise 1.3.14(b)), applied to S. 

1.3.19. (a) If xo is a limit point of 0S and € > 0, there is an x; in (xo —€,X9 te) NOS. 
Since (xo — €, Xo + €) is a neighborhood of x; and x; € 0S, (xo —€,xX0 +6) NS 4 O and 
(xo — €,X0 +€)M S° # WY. Therefore, xo is in 0S and 0S is closed (Corollary 1.3.6). 

(b) If xo € S°, then (xo — €, xo + €) C S for some € > 0. Since (xp — €, Xo + ©) C S° 
(Example 1.3.4), S° is open. 

(c) Apply (b) to S°. 

(d) If xo is not a limit point of S, there is a neighborhood of xo that contains no points of 


S distinct from x9. Therefore, the set of points that are not limit points of S is open, and 
the set of limit points of S is consequently closed. 


(e) (Ss); = exterior of S, which is open, by (b). Hence, SS is closed and (S ) = S from 
(Exercise 1.3.14(b)), applied to S. 

1.3.21. Since H, = {(s-—1,5+ 1) | s € S} is an open covering for S, S C Liar 
1,s; + 1) for some sj < sz < +++ < sy, in S. Therefore, S C (s; — 1,5, + 1), and 
S is bounded. If S is not closed, it has a limit point xo ¢ S (Theorem 1.3.5). Then 
Hz = {(s —|s — xo|/2, 5 + |s — xo|/2) | s € S} is an open covering for S, but if 81, s2, 
..., Sy are in S and 26 = min {|; — Xxo| | l<i< n}, then Ne ae — |xo — 5;|/2, 5; + 
|xo — s;|/2) does not intersect (x9 — 6, x9 + 5), which contains points of S. Therefore, no 
finite subcollection of H covers S. 


1.3.22. (a) If fo € T and every neighborhood of fo contains a point of S, then either tg € S 
or fo is a limit point of S. In either case fg € S. Consequently, 7 C S. Conversely, if 
TcCS=Suv<aS, any fo in T isin S or is a limit point of S (Exercise 1.3.14(a)); in either 
case, every neighborhood of fo intersects S. 

(b) (a) with T = R (reals) implies that S is dense in R if and only if every real number is 
in S oris a limit point of S. This is equivalent to saying that every interval contains a point 
of S. 

1.3.23. (a) x € (S1 NM S2)° & x has a neighborhood N Cc S$; NS. @ x € Sy and 
x€ Se Oxe Sn Sh. (b) x € SoU SY >xeE se orx € sf => x has a neighborhood 
N such that N C S$; or N C Sz > x hasaneighborhood N C $;US2 > x € (S;US2)?°. 
1.3.24. (a) x € 0($; U S2) => every neighborhood of x contains a point in (S$; U S2)° 
and a point in S$; U S». If every neighborhood of x contains points in S$; M S2, then 
x € 0S; 1 0S2 C dS; U dS2. Now suppose that x has a neighborhood N such that 
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NS, = @. If U is any neighborhood of x, then sois NN U,andNNUN Sz # @, 
since N M U must intersect S; U S2. This means that x € 0S2 C 0S; U 0S». A similar 
argument applies if x has a neighborhood N such that NN Sz = @. 


(b) x € 0(S; NM Sz) => every neighborhood of x contains a point in (S$; M S2)° and 
a point in S; 1 Sz. If every neighborhood of x contains a point in (S$; U S2)*°, then 
x € 0S; 1 d0S2 C dS; U OS2. Now suppose that x has a neighborhood N such that 
N C$}. If U is any neighborhood of x, then so is NM U,andNQNUN SS 4 9, since 
NOU must intersect (S; M S2)°. This means that x € 0S. C 0S, U 0S. A similar 
argument applies if x has a neighborhood N such that N C Sp. 


(c) If x € 0S, then any neighborhood N of x contains points x9 in S and x; notin S. 
Either x9 € S or xo € OS. Ineither case NN S 4 @. Since x1 € NN S*, it follows that 
x € 0S;hence, 0S COS. 
(d) Obvious from the definition of 0S. 
(e) 
aS —T)=d0(SNT*°) (definition of S — T) 
Cc OSUOT* (Exercise 1.3,24(b)) 
= 0S UOT (Exercise 1.3.24(d)). 


CHAPTER 2 


Differential Calculus of Functions 
of One Variable 


2.1 FUNCTIONS AND LIMITS 


2.1.1. (a) If |x| < 1, infinitely many y’s satisfy siny = x; if |x| > 1, no y satisfies 
siny = x. 

(b) e” > 0 for all y, while —|x| < 0 for all x. 

(c) 1 +x? + y? > 0 forall x and y. 

(d) y(y — 1) = x” has two solutions for every x. 

2.1.4. (a) lim x?+2x4+1=4; 


|x? + 2x +1—4| = |x? + 2x —3] = |x —1||x +3] 
<|x—-1|(x-1)/+ 4) <66+4) 
if |x — 1] < 6. Given € > O choose 6 < min(1, €/5). Then 
|x? + 2x —4| < (e/5)\(1+4)=€ 
if |x -—1| <6. 
3 
—8 
(b) lim ~—— = 10. Proof 
x>2 x-2 


x? —8 
x—-2 


=10] = 2? +28 +4 10) =f? + 24 ~ 6 


= |x —2||x + 4| < |x —2|(|x — 2| + 6) < 6664+ 6) 
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if |x — 2| < 6. Given € > O choose 6 < min(1, €/7). Then 


x? —8 : 
—y — 10 <(e/7)1+6)=e if |x-1| <6. 
x2 
: = _ 2 
(c) lim =— = —1. Proof +t =| so} tris < v2 een  - » > 
1/2, 80|— jt} < 2x7. Therefore 5 i+! < €if |x| < 6 = min(1/ V2, /e/2). 
XA x*-— 
: x—-4 |x —4| : 
d) lim x = 2. Proof -—2\)= < , SO —2| < eif|x—-—4| < 
(@ lim Vx WE-2) = | 5a S) < BEA so ye —2) < eit 
6 = 2e. 
(e) Since x? —1L=x?4+x41, 
7 1 4 1 —2 2x? — 1 
spas ea Sige ee 
x—2 x—2 x—2 


We show that lim f(x) = -2. 
x> 


2x*-x+1 2x? -—x+142(x-2) 2x7 +x-3 (x—-1)(2x +3) 
—2 x—2 x—-2 x—2 


if x # 2. Therefore 


f(x)t2= 


2x+3| , 
| f(x) + 2| =|x-1| | if xl. (A) 
x—2 
To handle the multiplier 
2 3. 2x-2 
Zi i Ee 
x—2 x—2 x—2 


we first restrict x to the interval (1/2, 3/2) (so |x — 1] < 1/2). On this interval 


7 8 
—-12<2+4+ —— <--, 
ae, 3 


2x +3 
x—2 


[<2 


From this and (A), | f(x) + 2] < 12|x — 1] if0 < |x —1| < 1/2. Ife > 0 is given, let 
6 = min(€/12, 1/2). Then | f(x) + 2| <« if0 <|x-—1| <6. 


2.1.5. If lim f(x) = L according to Definition 2.1.2 and «’ > 0, there isa dé > 0 such that 
x—>XO 
| f(x) —L| < €’ if 0 < |x —xo| < 6. Let e’ = Ke tosee that lim f(x) = L according to 
x—->X0O 
the modified definition. If lim f(x) = L according to the modified definition and €’ > 0, 
x—->XO 


there is ad > 0 such that | f(x) — L| < Ke’ if 0 < |x — xo| < 6. Let e’ = €/K to see that 
lim f(x) = L according to Definition 2.1.2. 
x—->X0Q 
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2.1.7. (a) If x # 0 then 


al i) ens If € and 6 are arbitrary positive numbers, 


2ifx > 0. 
fon el il nk eR ey Bo and THE -2| =o <cito<x <6, 
x 
Therefore lim ml =Oand lim eonlel = 2. 
x—>0- x x->0+ x 


1 1 1 1 
(b) Let f(x) = xcos— + sin— + sin—. We first observe that lim xcos— = 0, 
x x |x| x0 x 


1 
since if |x| < 6 < € then |xcos—| < |x| < e. If x < O then f(x) = xcos— (since 
x x 


1 1 
sinu = —sin(—w)), so lim f(x) = 0. If x > 0 then f(x) = xcos— + 2sin—-. 
x—>0- x Xx 
Therefore lim f(x) = 0 does not exist, because if it did we would have lim 2sin— = 
x>0+ x>0+ x 


1 
li ij A Sas op ages igehaes ‘ble sj 
pa F(x) jim x cos - Pl f(x) -0 ma F(x), which is impossible since 


2 sin — oscillates between +2 as x > 0+. 
x 


(c) 
: 1 
—— > 
|x—1] eal 2A eee (A) 
2 ao Aji 1 
x74+x-2 (x+2)(x-1) a ae 
x+2 
‘ 1 1. 1 1 x—1 |x —1| if| 1 mee) 
im = x, since |——~ — =] = |__| < < eif|x—1| < min(1, 6¢). 
pa aa ae PLD 3) GED Goce . 
This and (A) imply that 
-1 -1 1 
fing et a aeay ences = ere 
x>1+ x2 +x-—2 3 fla BP ee 3 
x7 +x-2 


(d) f(x) = = Vx +2 (x — 1) is undefined if x < —2, so tim — F(x) 


does not exist. If x > —2 then | f(x)| = J/x +2 |x -—1] < Vx+2|x + 2-3] < 
Vx +2 (|x + 2| +3). Therefore if 5 < min(1,€*/4) then | f(x)| < € if -2 < x < 
—2+6.Hence lim f(x) =0. 
X—>—2+ 
2.1.8. If lim h(x) = —p (p > 0), let € = p/2 in Definition 2.1.5(a). Then there is 
—>Xxo-— 


ad > 0 such that |h(x) — (—p)| < p/2 if x9 —6 < x < x9. This is impossible since 
|A(x) — (—p)| = hx) + p = pif h(x) = 0. 

2.1.9. (a) Letting « = 1 in Definition 2.1.2, we see that there is a p > 0 such that | f(x) — 
L| < 1, so |f(x)| < |Z] + 1, if 0 < |x — xo| < p. (b) For “en ” the set is of the form 


(Xo — P, Xo). For“ lim ” the set is of the form (xo, xo + p). 
X>X0+4 


2.1.10. (a) Let P, be the proposition that lim [f(x)]” = L”. P, is true by assump- 
x—->XO 
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tion. If > 1 and Py is true then lim [f(x)]"*! = ( lim (feo) lim f(x) (by 
x—>x0 xX x—>Xx0 
Eqn. (2.1.12))= L” L (by P,)= L"*1, which proves Py. 


n-1 
(b) In the identity u” — v” = (u—v) u’v™ 1 Jet u = f(x) and v = L to obtain 


r=0 
n—-1 


(A) [f(x)]" — L” = (f(x) - L) Spe From Exercise 2.1.9, there is ap > 0 


r=0 

such that | f(x)| < |L| + 1 if 0 < |x — xo0| < p; hence (A) implies that |[ f(x)]” — L”| < 
K| f(x) — L| if 0 < |x — xo| < p, where K is a constant. Ife > 0 there is a 5, > 0 
such that | f(x) — L| < € if 0 < |x — xo9| < 6. Therefore |[f(x)]” — L”| < Ke if 
0 < |x — xo| < min(p, 61). 
2.1.11. Write | V7@) = vI| = If) - LI/ (VF) + YZ) < |f() - LI/VE and 
apply Definition 2.1.2. 
2.1.12. Use Definitions 2.1.2 and 2.1.5. 
2.1.14. lim f(x) = Lif f is defined on an interval (—oo, b) and for each € > 0 there 

X—>—00 


is anumber @ such that | f(x) — L| < €ifx <a. 


2.1.15. (a) lim = 0 because <eifx > 1//Je. 
Oe a x24] /Je 
i i 1 1 
(b) lim a = Oif a < 0 because === <— <ceifx > —~. 
x—>00 |x| xo el/a 


. sinx 
(c) lim 
x00 x@ 


very interval [a, 00). 


assumes the values +1 on 


Pints : sin x 
does not exist if a < 0 since, for example, a 
x 
(d) lim e* sinx = 0 because |e~* sin x| = e~* <eifx >—Ine. 
x—>0O 
(e) lim tanx does not exist because tan x is not defined on [a, co) for any a. 
x—0O 


2 


." ees ‘i Bey —(x—1)2 < 
(f) lim e~* e?* = 0 because if € < e then e~* e?* = ee OY < cifx > 14 
x—0oO 


vy In(e/e). 
2.1.16. For “ lim " statements such as “there is a 6 > 0 such that | f(x) — L| < e¢ if 


x—>>0oO 
0 < |x —xo| < 6” would be changed to “there is an a such that | f(x) — L| < €ifx > a,”; 
for“ lim " the last inequality would be replaced by “x < a.” 
x—7—-CO 


2.1.19. (a) lim f(x) = —oo if f is defined on an interval (a, xo) and for each real 
number M theres ad > Osuch that f(x) < M ifxo -—85 <x < Xo. 

(b) Jim F(x) = oo if f is defined on an interval (xo, b) and for every real number M 
there is a3 > 0 such that f(x) > M ifxo <x < x0 +6. 

(c) Ra F(x) = —oo if f is defined on an interval (xo, b) and for every real number M 


there is ad > O such that f(x) < M ifxo <x <x04+6. 
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2.1.21. (a) im F(x) = coif f is defined on a deleted neighborhood of xo and, for every 
real number Miles isadéd > Osuch that f(x) > M if 0 < |x —xo| <6. 

(b) im F(x) = wif f is defined on a deleted neighborhood of xo and for, every real 
aainber ME there is ad > O such that f(x) < M if0 < |x — x9| < 6. 

2.1.23. (a) lim f(x) = ooif f is defined on an interval (a, oo) and, for every real number 
M, there hana such that f(x) > M ifx >a. 

(b) lim f(x) = —oo if f is defined on an interval (—oo, b) and for, every real number 
Me theists an a such that f(x) < Mifx <a. 

2.1.25. Suppose that L is finite and « > 0. Since lim f(x) = L, there is ana@ € (a, 00) 
such that | f(x) — L| < € if x >a. Since lim ee oo, there is a y € (c, 00) such that 
g(x) > aifx > y. Therefore | f(g(x)) ~T)< e€ifx > y,so Jim, F(g(x)) = L. 

Now suppose that L = oo and M is arbitrary. Since lim f(x) = oo, there is ana@ € 
(a, co) such that f(x) > M if x >a. Since lim eee there is a y € (c, 00) such 
that g(x) > aif x > y. Therefore f(g(x)) SM if x > y, so Jim, F(g(x)) = &. 


The proof where L = —oo is similar to this. 
2.1.26. (a) Suppose that lim f(x) = L, and choose 6 > 0 so | f(x) — L| < €0/2 
x—->X0O 


if 0 < |x —xo| < 6. If x; and x2 are in (xo — 5, Xo + 6) and distinct from x9, then 
| f(x1) — f(x2)| < | f(x1) — L| + |L -— f(x2)| < <0, a contradiction. Hence lim f(x) 
x—->X0O 


does not exist. 
(b) Replace “every deleted neighborhood of x9” by “every interval (xo, b),” “ 
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(a, Xo),” “every interval (a, 00)”, and “every interval (—oo, b)”’, respectively. 
2.1.28. Let M be arbitrary. If -coo < Ly < Lz = oo, choose 6 > 0 so that f(x) > L1-1 
and g(x) > M—L2+1if 0 < |x—xo| < 6; if L} = L2 = ow, choose 6 > 0 so 
that f(x) > M/2 and g(x) > M/2if 0 < |x — xo| < 6. Then (f + g)(x) > M if 
0 < |x —xo0| < 6,so lim (f + g)(x) =~w=L114+ Lo. 

x—->X0 


every interval 


If —co = Ly; < Lz < oo, choose 6 > 0 so that g(x) < L2 + land f(x) << M—L2-1 
ifO < |x —xo| < 6; if Ly = Lz = —co choose 6 > 0 so that f(x) < M/2 and 
g(x) < M/2 if 0 < |x —xo| < 6. Then (f + g)(x) < M if 0 < |x — x0| < 4, so 
lim (f + g)(x) =—-coo = 114+ Lp. 

x—->X0 

2.1.29. Suppose that L; = 00, 0 < p < Lz < oo, and M > 0. Chooser so g(x) > p and 
F(x) > M/p if x > 1; then (fg)(x) > M if x > T, so dim (78) @) =oo=1,-Lp. 
Similar arguments apply to the other cases. 


2.1.30. (a) Let M be arbitrary. Suppose that L; = oo. If 0 < L2 < co choose 6 > 0 s0 

0 < g(x) < 3L/2 and f(x) > 2M/3Lz2 if 0 < |x — xo| < 6. Then (f/g)(x) > M if 

0 < |x —xo| < 6,so lim (f/g)(x) = co = L1/Lz. Similar arguments apply to the other 
x—->X0O 


cases where L; = +00 and 0 < |L2| < co. 
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Now suppose that |L1| < co and |L2| = oo. If e > O choose 6 > 0 so | f(x)| < |Li| +1 
and |g(x)| > (|Li| + 1)/e if 0 < |x — xo| < 6. Then |(f/g)(x)| < € if 0 < |x —xo| < 6, 
so tim (f/8)() = 0 = L1/L2. 


(b) ( lim sin x) /( lim cos x) = 1/0 = ow is not indeterminate but 
x—>n/2 xn /2 


lim tanx =—ocoand lim tanx =oo,so lim tan does not exist in the extended 
x>n/2t x>n/2- x 
reals. 
2.1.32. 


3 ney aoe n—m  Agx + ayx Mth 4. + ay 
diy) = (im x") (im, pe Oe 


0 ifn <m, 
an . 
saps Gn nm _ i ifn =m, 
*7 00 Dm oo §6ifn > manday/bm > 0, 
—oo ifn >manday;/bm <0. 
Similarly, 
0 ifn <m, 
an if 
a — ifn =m, 
lim r(x)= lim —x"™ = 25d, 
a aie x>—00 Dp (-1)""" co ifn >manday/by > 0, 


(-1)""™*1oo ifn > mand an/bm < 0. 


2.1.33. lim f(x) = lim g(x) for all x in (a,b). Proof: If lim f(x) = Lande > 0, 
xX>X0 x—>Xx0 x—>xo 
there is ad > 0 such that | f(x) — L| < € if 0 < |x — xo| < 6. Since xo is not a limit point 


of S, there is a 6; such that 0 < 6, < 6 and g(x) = f(x) if |x — xo| < 6,. Therefore 
lg(x) — L| < € if 0 < |x —xo| < 61,80 lim g(x) = L. 
x—>X0Q 


2.1.34. (b) We first prove that f(a+) = f. If M < fB there is an xX in (a, b) such that 
I (xo) > M. Since f is nonincreasing, f(x) > M ifa <x < xo. Therefore, if B = oo 
then f(a+) = oo. If B < co let M = B —€ wheree > 0. Then B —€ < f(x) < B+e, 
so 


|f(x)-Bl<e if a<x<xo. (A) 
If a = —oo this implies that f(—oo) = 6. If a > —oo let 6 = xo — a. Then (A) is 
equivalent to 
|f(x)-—Bl<e if a<x<até, 
which implies that f(a+) = B. 
Now we prove that f(b—) = a. If M > a there is an xo in (a,b) such that f(xo) < M. 


Since f is nonincreasing, f(x) < M if x9 < x < b. Therefore, if @ = —oo then 
f(b—-) = —o0. If a > —oo let M =a + € where e > 0. Thena < f(x) <a+e,s0 


[f(x)-al<e if x9<x<b. (B) 
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If b = oo this implies that f(co) = a. If b < 00 let 6 = b — xg. Then (B) is equivalent to 
|f(x)-al<e if b-b5<x <b, 
which implies that f(b—) = a. 
(c) Applying (b) to f on (a, xo) and (xo, b) separately shows that 
f(xo-) = _inf f(xi) and f(xot+)= sup f (x2). 


pes. xo<x9<b 
However, if x17 < x9 < X2 then f(x1) > f(xo) = f (x2); hence f(xo—-) = f(xo) = 
f(xot+). 
2.1.36. (a) Ip (x; x0) < Sp(x;X0), a < X < Xo, so applying Exercise 2.1.8 to h(x) = 
S p(x; x0) — [p(x x0) yields lim f(x) < Tim f(). 
x>x0- LL = 


(b) I_ ¢ (x: x0) = ant (-f(@)) =—- sup f(t) = —S f(x; xo). Therefore 


x 


lim (—f)(x) = lim I_¢(x:x0) =— lim Sy(x;x0) =— lim f(x). 
x>x9- x >x0- x>x0- x>x0- 
S_¢(x;x0) = sup (—f(t))=—_ inf f(t) = —I¢(x; Xo). Therefore 
x<t<xo XSt<x0 
lim (—f)(x) = lim S_f¢(x;x0) =—_ lim T¢(x;x0) =— lim f(x). 
x>x0- X—>xo0- X>xXO—e X>X0 


(c) Let € > 0. Suppose that (A) lim f(x) = Tim f(x) = L. Then there is an 5 > 0 
x>X0Q- 


x>XQ—- 


such that 
L—e<T1¢(x;x0) < S¢(xixo) < L+e, x9 -b <x < Xo. (B) 
Since I ¢(x; x0) < f(x) < S¢ (x; xo), this implies that 
L—-e<f(x)<Lt+e, x9-5 <x < x9; (C) 
hence im f(x) = L. Conversely, if im f(x) = L then (C) holds for some 6 > 0. 
But (C) finite (B) and (B) implies that L i e< lim f(x) < tim _ f(x) < Lt+e 


x>XQ—- 
(Exercise 2.1.8). This implies (A). 
2.1.37. (a)Sr+g = sup (f@)+s(t))< sup f@)+ sup git) = S¢(x; x0) + 
x<t<xo- x<t<xo- x<t<xo- 
Sg(x; xo). Therefore lim (f + g)(x) = lim Syyg(xix0) < lim Sy(x:x0) + 
x>x0- x>x0- xX >x0- 
lim Sg(x;x0) = lim f(x)+ lim g(x) 
Xx>x0- x >x0- x>xo- 
(b) Applying (a) to — f and —g yields 


Jim ((f +8))@) s Tim fx) + Tim g)(x). 
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Now Exercise 2.1.36(b) implies that 
— lim (f+8)@) <- lim f(x)— lim g(), 
x>x0Q- xXx>x0—- X>X0—- 


SO 
lim (f + g)(x)= lim f(x)+ lim g(x). 
x>x0- x>x0- x>x0- 


(c) Write f — g = f + (—g), and use (a) and (b) and Exercise 2.1.36(b) to show that 


im _(f - g(x) < lim f(x) - lim g(x) 
and 
lim (f —g)(x) = lim f(x)—_Tim_ g(x). 


2.1.38. Necessity: If lim f(x) = L ande > 0, there isa6é > 0 such that | f(x) — L] < 
x>XQ—- 


€/2 if x9 —6 < x < Xo; hence | f(x1) — f(x2)| < |f(x1) — L| + | f(x2) — L| < « if 
Xo —6 < X1, X2 < Xo. Sufficiency: First let ¢ = 1 and note that there is a 59 > 0 such 
that | f(x1) — f(x2)| < 1 if x9 — b9 < x1,x2 < Xo. Choose a in (x9 — 50, Xo). Then 
| f(x)| < 1+ |f@| if a < x < xo; that is, f is bounded on (a, xo). Now suppose 
that « > 0, and choose 6 < do so that | f(x1) — f(x2)| < € if x9 — 6, x1,x2 < Xo. 
Then 0 < S (x; x09) — I¢(xi x0) < € if x9 —6 < x < Xo. Letting x > xo— yields 
0< lim f(x)—-— lim f(x) < €, which implies that lim f(x) = lim f(x). 
x>x0- x>x0- x >x0- x>x9- 
Hence im F(x) exists (finite) by Exercise 2.1.36(c). 
7x0 
2.1.39. For x9 < x < b, define S ¢(x; x0) = SUP) <r<x f(t) and I¢ (x; X0) = infy<r<xy f()- 
Then lim f(x) = lim Sy(x;xo) and lim f(x) = lim J¢(x; x0). The exis- 
xX>xo+ xX>xo+ x>x0—- X>XQ- 
tence proofs are similar to those in Theroems 2.1.11 and 2.1.12. 
2.1.40. Similar to the solution of Exercise 2.1.36(c). 


2.1.41. Use Theorem 2.1.6 (in the extended reals), and Exercise 36(c) and Exercise 2.1.40. 


2.2 CONTINUITY 


2.2.1. Just invoke Definitions 2.1.2 and 2.1.5 with L = f (xo). 

2.2.2. Apply Theorem 2.1.6) L = lim f(x),L= lim f(x), and L = f (xo). 
x>xo0- x>xo+ 

2.2.6. Let xq be an arbitrary real number. Since every interval contains both rational 


and irrational numbers Theorems 1.1.6 and (1.1.7)), every interval containing x9 contains 
a point x such that | f(x) — f(xo)| = 2. Therefore lim does not exist, so f is not 
xXx >XO 


continuous at xo. 


2.2.7. If xo = p/q where p and q are integers with no common factor, then f(xo) = 1/q, 
while every neighborhood of xo contains a number x (irrational) such that | f(«)— f(xo0)| = 
1/q. Therefore f is discontinuous at every rational. If xo is irrational, then f(xo) = 0. 
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Given € > 0, choose 6 > O so small that the interval (x9 — 6, x9 + 6) contains no rational 
0 if x is irrational 
l/q ifx =p/gq. 

In either case | f(x) — f(xo)| < €. Hence, f is continuous at every irrational. 

2.2.8. Let A1, Az, ..., An be the distinct values of f. Suppose f(x9) = A; and 


p/q with < 1/e. If x is in this interval, then | f(x)— f(xo)| = 


O<e<min{|A;—-A,||i<j <n, j Fi}. 


If f is continuous at xo, there is a 6 > 0 such that | f(x) — f(xo)| < € if |x — x9| < 6. 
Therefore f(x) = f (xo) if |x — xo0| < 6. The converse is obvious. 

2.2.9. Suppose wr is continuous at x9. Then Exercise 2.2.8 implies that yr is constant on 
some interval J = (xo — 5, Xo + 5). Therefore J C T (soxo € T°) if xo € T, and I C T° 
(so.xp € (T°)")if xp Ee T°. 

Conversely, suppose that x9 € T°. Then J = (xp — 6,x9 + 5) C T° for some 5 > 0, 
so Wr(x) = 1 for all x € J, which implies that f is continuous at x9. Now suppose 
xo € (T°)°. Then I = (xp — 8, xo + 8) C (T°)® for some 5 > 0, so Wr(x) = 0 for all 
x € I, which again implies that f is continuous at x9. Hence, f is continuous at every xo 
inl LES )e; 

2.2.10. Let h = f — g and suppose xo € (a,b). We must show that h(xo) = 0. Let 
€ > 0. Since h is continuous on (a, b), there is a é > 0 such that (A) |A(x) — h(xo)| < € if 
|x — Xo| < 6. By assumption, h(x) = 0 for some x in (xo — 6, X9 + 4), so (A) implies that 
|h(xo)| < €. Since this holds for every € > 0, h(xo) = 0. 

2.2.11. Suppose € > 0. From (a) there is a p > 0 such that (A) |g(u)| < € if0 < |l—u| < 
p. If x, xo > O and |x — xo| < 6 =g¢ exo then |1 — x/xo| < p, so 


|e(x) — g(xo)| = |g [xo(x/x0)] — g(xo)| 
= |g(x/x0) + g(x0) — g(xo)| (from (b)) 
= |g(x/xo)| <€ (from (A)). 


Hence, g is continuous at xo. 

2.2.12. Suppose «€ > 0. From (a) there is a 5 > O such that (A) | f(w) — 1| < « if 
0 < |u| < 6. If x, xo > 0 then (b) with x1 = x — x9 and x2 = Xo implies that f(x) = 
F (x0) f(x — Xo). Therefore | f(x) — f(x0)| < | f%o)| | F@ — x0) — 1]. Now (A) with 
u = X—Xo implies that | f(x)— f(xo)| < | f (xo) |e if |x—xo| < 6. Hence, f is continuous 
at Xo. 

2.2.13. (a) Write sinhx = (e% — e~*)/2 and coshx = (e* + e7*)/2; then use Exer- 
cise 2.2.12 and Theorem 2.2.5. 

(b) tanh x is continuous for all x, coth x for all x 4 0. 

2.2.14. Suppose € > 0. From (a) there is ad > 0 such that (A) |c(u)—1| < €if0 < |u| <6. 
If x, x9 > O then (b) and (c) imply that (s(x)—s(xo))? + (c(x)—c(x0))? = 2(1—c(x—x0)); 
hence, |s(x) — s(xo)| < y¥2C.—c(x — x0)) and |e(x) — c(x0)| < V2U —e(x — x0)). 
Therefore (A) implies that |s(x)—s(xo)| < /2e and |c(x)—c(xo)| < V2¢ if |x —xo| < 8. 
Hence, c and s are continuous at xo. 
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2.2.15. (a) Ife = (f(xo)— 4) /2, there is ad > 0 such that | f(x) — f(xo)| < ¢. Therefore 
F(x) = f(xo) — € = (f (xo) + p)/2 > wif |x — x9| < band x € Dy. 

(b) Replace “>” by “<” in (a). 

(c) If f(xo) > yu, (a) implies that f(x) > pe in some neighborhood of x9. This contradicts 
the assumption that f(x) < yw for all x. 


2.2.16. (a) Suppose € > 0. Since f is continuous at xo, there is a 6 > 0 such that 
f(x) — f&o)| < € if |x — xo] < 8. Since || f(x)| — | fo)l] < |f@) — f@o)|, it follows 
that I f@)| — | f(xo)|| < € if |x — xo| < 6. Therefore | f| is continuous at xo. 

(b) No; in Exercise 2.2.6, | f| is continuous and f is discontinuous for all x. 


2.2.17. Theorem 2.1.9 implies (a) and (b) of Definition 2.2.4, so any discontinuities of f 
must be jump discontinuities. The only remaining requirement of Definition 2.2.4 is that 
there be only finitely many of these. 


2.2.18. See the proof of Theorem 2.1.4. 


2.2.19. (a) The proposition is true form = 2, by Theorem 2.2.5. Suppose it is true for some 
n >2and let fi, fo,..., fr+1 be continuous on S. Since fj + fo+---+ frgr = (fi + 
fot---+ fa) + fngi, Theorem 2.2.5 with f = fi t+ fot---+ fn and g = fn+1 implies 
that fi + fo +---+ fn41 is continuous on S. Since fi fo--: fn4i = (fi fo--: fn) fast, 
Theorem 2.2.5 with f = fi fo--- fy and g = fn+i implies that fi fo--- fn41 is continu- 
ous on S. This completes the induction. 


(b) Since ax* is continuous everywhere if a is a constant and k is a nonnegative integer, 


(a) implies that dg + a,x +--+ + dyx" and bo + byx +---+ bmx” are both continuous 
everywhere. Therefore Theorem 2.2.5 implies that r(x) = (do +aix +--+ anx")/(bo + 
byx +++++ bmx™) is continuous wherever bo + bx +--+ + byx™ £0. 
2.2.20. (a) Suppose € > 0. There are two cases to consider: (I) fi(xo) = fo(xo); and (ID 
fio) # f2(xo)- 
CASE I. If fi(xo) = fo(xo) = K, choose 6 > 0 so that | fi(x) — K| < ¢ @ = 1,2) if 
|x — xo| < 6. Since for any x either | F(x) — F(xo)| = | fi(x) — K| or | F(x) — F(xo)| = 
| fo(x) — K|, it follows that | F(x) — F(xo)| < € if |x — xo| <6. 
CASE II. If fi(xo) 4 f2(xXo), assume without loss of generality that fo(xo) > fi(xo). 
Since f2 — fy; is continuous at xo, Exercise 2.2.15(a) implies that there is a 6; > 0 such 
that if |x — xo| < 6; then fo(x) > fi (x), and therefore F2(x) = f2(x). Now choose 62 
so that 0 < 62 < 6, and | fo(x) — fo(xo)| < € if |x — x0| < 52. Now | F(x) — F(xo)| = 
| f2(x) — fo(xo)| < € if |x — xo] < 52. 
(b) Use induction. From (a), P2 is true. Suppose that n > 2 and P, is true. Let F(x) = 
max(fi(x),..., fn+i(x)), where ff, ..., fn41 are all continuous at x9. Then F(x) = 
max(g(x), fr4i(x)), with g(x) = max(f{(x),..., fr—1(x)), which is continuous at x9 
by the induction assumption. Applying P2 to f, and g shows that F is continuous at xo, 
which proves Prp+1. 
2.2.22. (a) Since f is continuous at yo, there is €; > 0 such that (A) | f(t) — f(vo)| < € if 
|t—yo| < €1. Since yo = jim g(x), there is ad > 0 such that (B)0 < |g(x)—yo| < «1 if 
7x0 


0 < |x—Xxo| < 6. Now (A) and (B) imply that | f(g(x))— f(g(xo))| < €if0 < |x—xo| < 6. 
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Therefore lim f(g(x)) = yo. 
xXx>XO 


2.2.24. Suppose there is no x2 in [a,b] such that f(x2) = B. Then f(x) < 6 for all 
x € [a,b]. We will show that this leads to a contradiction. Suppose t € [a,b]. Then 
f(t) < B, so f(t) < (f(t) + B)/2 < B. Since f is continuous at t, there is an open 
interval J; about ¢ such that (A) f(x) < (f(t) + B)/2) if x € I; [a, b] (Exercise 2.2.15). 
The collection H = {Ir | a<t< b} is an open covering of [a, b]. Since [a, b] is compact, 
the Heine-Borel theorem implies that there are finitely many points 1, f2, ..., f, such that 
the intervals J;,, It, ..., 11, cover [a,b]. Define 8} = max {f(ti) + B)/2|1<i< n}. 
Then, since [a,b] C Uf, Ui,  [a, b]), (A) implies that f(x) < Bi (a < t < 5). But 
B1 < B, so this contradicts the definition of 6. Therefore f(x2) = 6 for some x2 in [a, b]. 
2.2.25. Leta = inf S and 6 = supS. Thena < f, since f is nonconstant. We first 
show that (a, 8) C S. Ifa < y < 8, there are points x;, x2 in J such thata < f(x) < 
y < f(x2) < B, by definition of a and 8. Applying Theorem 2.2.10 to [x1, x2] shows that 
Ff(c) = y for some c between x; and x2. Therefore (a, 8) C S. Since y ¢ Sif y <aor 
y > B, S is one of the intervals (@, 6), [a, 6), (a, B], or [a, B]. Ufa = —oo or B = on, 
this statement must be modified in the obvious way.) If J is a finite closed interval, then f 
attains the values @ and 8 on J (Theorem 2.2.9), so S = [a, 6]. 


2.2.26. Let xo be arbitrary and suppose « > 0. Since f is increasing, f(g(xo) —€) < 


F(g(%0)) < f(g (xo) + €). Let 
€1 = min{ f(g(x0)) — f(g(x%0) —©), fF (g(%0) + ©) — f(g (x0)))} . 


Then €; > 0. Since f o g is continuous at xo, there is a 56 > 0 such that | f(g(x)) — 
f(g(x0))| < €1 if |x —xo] <6. This implies that f(g(xo)—€) < f(g(x)) < f(g) +6) 
if |x — xo| < 6. Since f is increasing, this means that g(xo) —€ < g(x) < g(xo) + €, or, 
equivalently, |g(x) — g(xo)| < € if |x — xo| < 6. Hence, g is continuous at xo. 


2.2.27. Since f is continuous on [a,x] (a < x < b), Theorem 2.2.9 implies that F' is 
well defined on [a,b). Suppose « > 0. Since f is continuous from the right at a, there 
isa dé > O such that | f(t) — f(a)| < «ifa < x <a+6. Since F(a) = f(a), this 
implies that | f(t) — F(a)| < €, so f(t) < F(a) +6, ifa<t <x <a+6. Therefore 
F(a) < F(x) < F(a) + ¢€ ifa < x <a+6,so F is continuous from the right at a. 

Now suppose a < x9 < b. If F(xo) > f(xo) then F(xo) > f(x) for x in some neighbor- 
hood N of x9, so F(x) = F(xo) in N; hence, F is continuous at xo. If F(xo) = f (xo) 
and « > 0, there is a é > 0 such that | f(x) — F(xo)| < € if |x — xo| < 6. Then (A) 
F(xo) —€ < f(x) < F(xo) + € if |x — xo| < 5. Therefore F(xo) < f(t) < F(xo) +€ 
ifx9 < t < x < x9 + 6,80 F(xo) < F(x) < F(xo) + € if xo < x < x9 + 6. This 
implies that (B) F(xo+) = F(x). (A) also implies that F(x9) —€ < f(t) < F(xo) if 
Xo —5 <t <x < Xo. Therefore F(xo) —¢€ < F(x) < F(xo) if x9 — 6 < x < Xo. This 
implies that (C) F(xo—) = F(x). (B) and (C) imply that F is continuous at x9. 

2.2.28. For convenience we state the following definition of uniform continuity: Let K be 
any given positive constant. Then f is uniformly continuous on a set S if for each € > 0 
there is a 5 > 0 such that | f(x) — f(x’)| < Ke ifx,x’ € S and |x — x'| < 6. This is 
equivalent to Definition 2.2.11. 


For (a), (b) and (c), suppose that « > 0 and | f(x) — f(x’)| < € and |g(x) — g(x’)| < € if 
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|x —x’| <dandx,x’eS. 
(a) (fF + g)@) — (fF + 8)@’)| = |F) — FO) + Ig) — g@’))) < 2 if |x — x’] <6 
andx,x’€S. 


(b) By Theorem 2.2.8, there is an M such that | f(x)| < M and g(x)| < M forall xin S. 
Therefore 


I(fg)) — (fg)")| IP)g@) — FO)8O) + IFO) — F&I’) 


M( f(x) — f’)| + 1g) — 8@")| < 2Me 


= 
Ss 


if |x —x’| <dandx,x’eS. 
(c) Since |g| is continuous and nonzero on S, Theorem 2.2.9 implies that there is anim > 0 
such that | g(x)| > m for all x in S. Now, 


If/e)(x) — f/e)(x)| = [FOE POs) 


g(x)g(x’) 
_ WFC) gO) — FO)8O)O1 + (FOID8O)D — FOI8C)I| 
Ig(x)g(x’)| 
2 OOUIG@) = FED +1F CD gO) — aI 
~ Ig(x)g(x’)| 


< 2Me/m? (with M as in (b)) 


if |x —x’| <dandx,x’ eS. 

(d) For (b) take f(x) = g(x) = x; then f and g are uniformly continuous on (—oo, 00) 
(Example 2.2.13), but (fg)(x) = x? (Example 2.2.15), which is not. For (¢) take f(x) = 
1, g(x) = x, and J = (0, 1]. 

(e) For fg, require that f and g be bounded on S. For f/g, require this and also that 
lg(x)| => p> Oforall x in S. 

2.2.29. Suppose € > 0. Since f is uniformly continuous on S, there is an 6; > 0 such that 


Ifo) -fOI<¢€ if ly-y'| <6 and y,y’eS. (A) 


Since g is uniformly continuous on T, there is a 6 > 0 such that (B) |g(x) — g(x’)| < 61 

if |x — x’| < 6 and y, y’ € T. Now (A) and (B) imply that | f(g(x)) — f(g(x’))| < ¢ if 

|x — x’| < 6 and y, y’ € T. Therefore f © g is uniformly continuous on 7. 

2.2.30. (a) Let J; = [a;,b;], where a; < by < az < bp < +++ < dy < bn, and bg = 

min {aj41 —b; | 1<j<n- t}. If € > 0 there is a6; > O such that | f(x) — f(x’)| < «€ 

if x and x’ € 7; and |x —x’| < 6;. Let dé = min{éo, 51,..., dn}. If x and x’ are in U"_ |; 

and |x — x’| < 6, then x and x’ are in the same J; and | f(x) — f(x’)| <. 

(b) No. If f(x) = 1 forO < x < land f(x) = 0 for1 < x < 2, then f is uniformly 

continuous on [0, 1] and (1, 2] but not on [0, 2]. 

2.2.31. (b) Consider f(x) = x on (—o0, oo). 

2.2.32. Suppose lim f(x) = L and e > 0. Choose R so that | f(x) — L| < €/2 if 
x—0O 


x > R. Then | f(x1) — f(x2)| < € if x1,x2 => R. Since f is uniformly continuous on 
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[a, 2R], there is ad > 0 such that 0 < 5 < R and | f (x1) — f(x2)| < € if |x; — x2| < 6 
anda < x1,X2 < 2R. Ifa < x1, x2 and |x; — x2| < 6 then either a < x1, x2 < 2Ror 
X1,X2 > R. Ineither case | f(x) — f(x2)| < €. 

2.2.33. (a) Since f(x) = [f(x/2)]? from (i), f(x) > 0 for all x. If f(xo) = 0, then 
F(x) = f(xo) f(x — xo) = 0 for all x, which contradicts (i). Threfore f(x) > 0 for all x. 
(b) From (ii) and induction, (A) f(mt) = (f(t))” if m is a positive integer. Since f(0) = 
1 because of (i) and continuity (Exercise 2.2.12), (A) holds form = 0. If m is a negative 
integer, then 1 = f(0) = f(mt + |m|t) = f(mt)f(\m|t) = famt)(f@)!"; hence, 
fimt) = (f(t))7'"! = (f(D). Hence, (A) holds for all integers m. If r = p/q then 
f(qrx) = (f(rx))4 (¢ = rx and m = q in(A)), while f(qrx) = f(px) = (f(x)? ¢ = 
x,m = p in(A)). Therefore, (f(x))? = f(rx))4, so f(rx) = (f(x))?/4 = (f(x). 
(c) If f(1) = 1, (a) implies f(r) = 1 for every rational r. Since f is continuous on 
(—oo, 00) (Exercise 2.2.12) and the rationals are dense in (—co, 00), f = 1 on (—co, 00) 
(Exercise 2.2.10). 


(d) Let xy <r, <1r2 < X2, with, and rp rational, and define €¢9 = p’2 — p™! = f(r2) — 

f(ri) > 0 (by (a)). By continuity, there are rationals r; and r, such that x1 <r) <1) 

and f(x1) < f(r}) + €0/2 and rz < ri} < x2 and f(x2) > f(r4) — €9/2. Therefore 

F(%2) — fr) > £2) — FU) — €0 = (F(%) — £72) + Fr) — £0) > 080 fF is 

increasing. If A > 0 then f(ro) = p” > A for some rational ro. Since f is increasing, 

I(x) > Aifx > po. Hence, lim f(x) = ov. Ife > 0 there is a negative rational r; such 
x—0O 


that f(71) = p"™ <e. Ifr < x <r, (r rational) then 0 < p’ = f(x) < f(r) < «. 
Hence, 0 < f(x) <e€ifx<r,,so lim f(x) = 0. 
x—0oO 


2.2.34. Theorem 2.1.9(b) implies that the set Ry = { f(x) | x €(a, b)} is a subset of the 
open interval (f(b—), f(a+)). Therefore 


Rp ={fO)}UR, UEF@} C {FO} (FO-), Fat) ULF@}- (A) 


Now suppose f is continuous on [a,b]. Then f(a) = f(a+), f(b—) = f(b), so (A) 
implies that R¢ C [f(b), f(a)]. If f(b) < w < f(a), then Theorem 2.2.10 implies that 
pt = f(x) for some x in (a, b). Hence, Rr = [ f(b), f(a)]. 

For the converse, suppose R ¢ = [f(b), f(a)]. Since f(a) => f(a+) and f(b—) => f(d), 
(A) implies that f(a) = f(a+) and f(b—) = f(b). We know from Theorem 2.1.9(c) that 
if f is nonincreasing anda < xo < b, then f(xo—) => f (xo) = f(xo+). If either of these 
inequalities is strict, then R ¢ cannot be an interval. Since this contradicts our assumption, 
F(xo—-) = f(xo) = f(xo+). Therefore f is continuous at x9 (Exercise 2.2.2). We can 
now conclude that f is continuous on [a, d]. 
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2.3 DIFFERENTIABLE FUNCTIONS OF ONE VARIABLE 


F(x) = f(%o) — m(x = 0) _ fx) — fro) 


X— Xo X — Xo 


2.3.1. Since 

from Definition 2.3.1. 

2.3.2. lim h(x) exists if and only if f’(xo) exists. 
xXx>XO 


—m, the conclusion follows 


2.3.3. From Lemma 2.3.2, (A) f(x)—f(xo) = Lf’ (%0) + E(x)|(x—x0) where jim E(x) = 


E(xo) = 0. Choose 6 > 0 so that |E(x)| < f’(xo) if 0 < |x — xo| < 6. Then 
f' (xo) + E(x) > 0 if 0 < |x — xo| < 5, so (A) implies that f(x) > f(xo) if x0 < 
x <xo+6and f(x) < f(xo) if x9 —5 < x < Xo. 
2.3.4. (a) Ifa < x < cand |h| < min(x—a,c—x), then f(x +h) — f(x) = p(x +h)—- 
f(x+h= fe) _ pe +h p@) _ 
= lim =p (x). 

h h->0 h 
Ifc <x < band |h| < min(x —c,b—x), then f(x +h) — f(x) = q(x +h) — q(x), so 
tim LEAD= FO) _ 5 GEFW=GO) egy 
h->0 h h->0 h 
(b) If f’(c) exists, then f must be continuous at c This is true if and only if p(c) = q(c). 
If this condition holds then f’(c) exists if and only if p!(c) = q‘,(c). 

k+1 


2.3.5. Note that if k is a nonnegative integer, then x*|x| = es agit Apply 


—Xx ifx <0. 
Exercise 2.3.4. 
2.3.6. Since f(x) = f(x) f(0), either f = 0or f(0) = 1. The conclusion holds if f = 0. 
If f(0) = 1 and xo is arbitrary, then jim (fo +h) — f(xo))/h = f(xo) dim (FH) - 
1)/h = f(x) f'(0). 
2.3.7. (a) Set y = 0 to obtain 


P(x), so lim 
h>0 


[c(0) — 1]ce(x) — s(0)s(x) = 0 

s(O)e(x) + [c(0) — 1]s(x) = 0. 
Since c? + s? # 0 (because a? + b? # 0), the determinant of this system, [c(0) — 1]? + 
[s(0)]?, equals zero. Hence c(0) = 1, s(0) = 0, so Hoe) Ne lim pe) a 


= h->0 h 
a and lim —— $0) = lim S080) = b. Therefore, 
h=0 h—0 h 
lim cee inc) a SEO) c(x) He (a — ~) - s(x) Heres a ) 
h->0 h 
so (A) c’(x) = ac(x) — bs(x). Similarly, 
lim eee) = s(x) Jim (A=)- Re Vim 5 


so (B) s’(x) = be(x) +. as(x). 
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(b) The system (A) and (B) in (a) can be solved subject to the initial conditions c(0) = 1 
and s(0) = 0 to obtain c(x) = e®* cos bx, s(x) = e® sinbx. 


2.3.8. (a) Write 
f(x) ij — (& | 
g(x) xX — X90 Xx — Xo , 
and use Theorem 2.1.4. 
(b) If fj (xo) and g', (xo) exist, f(v0) = g(vo) = O,and g', (vo) #0, then im | (f(x)/g(x)) = 


fi. (xo)/g", (Xo). A similar result holds with “—” replacing “+”. 
2.3.9, 


i (f + 8)%)-(f +8)@o)  ,. f(x) — fo) _ g(x) — g(Xo) 
wo so fim RR 4 Solio 


x—>xXx0 Xx — Xo x—>>xX0 X—X0 x—>Xx0 X — Xo 


= f"(xo) + 8’ (x0). 


2.3.10. See the solution of Exercise 2.3.9. 


2.3.11. 
i (f/8)(x) — (f/8)(x%0) — 4. f(x) go) — f(%0) 8) 
= io 
X>X0 (x — Xo) x>x0 (x — Xo) g(x) 8 (Xo) 
= im Lf ee8G0) = f(vo)eC0) + feo)eCo) ~ foe) 
x>Xx0 (x — x0)g(x)g (x0) 
i om L= Lo) 
= lim lim —————— 


x—>x09 Q(X) x>X0 xX —X9 

PARON Scie Aen es B= SO) 

+ lim — lm ————— 
8(X0) *>%0 g(x) x>%0 xX — Xo 


_ I '(x0)g(x0) — f(xo)g! (Xo) 
(g(xo))? ; 


2.3.12. P, is true, by Theorem 2.3.4. Suppose that n > 1 and Py is true. If f+) (x9) 
and g@+!) (x9) exist, then f and g™ exist on some neighborhood N of xo, Py implies 
that 


n 


(f29™@ =>) (")/ Oo )g—™(x) if x EN. (A) 
m=0 


Theorem 2.3.4 implies that 


< (FP qe" @)) =f Ge @4 (OO We™ OG), Kem 
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Substituting this into (A) and rearranging terms yields 


QP a= > (") [FPG M47 @s" Ge) 
m=0 
n+1 


= ys (,." Na alae w+ (7) Forearm 


m=1 


= fog C+ 5 ( i )+ (‘)] fe) gA—M+D (4) 
Xu m—1 k 


+ fT) (x)g(x) 
n+1 


= -> c ‘0 )g (n— se GF xe N, 


m=0 


from Exercise 1.2.19. Setting x = x here yields Py+1. 

2.3.13. The “proof” breaks down if g(x) — g(xo) has zeros in every deleted neighborhood 
of xo. We first show that if this is so, then g’(xo) = 0. If € > 0 there is a 5 > 0 such that 
g(x)—g(%o) 
ea — & (Xo) 
Xo contains a zero of g(x) — g(Xo), this implies that |g’(xo)| < €. Since ¢€ is an arbitrary 
positive number, this implies that g’(xo) = 0. Therefore, it suffices to show that h’(xo) = 
0, as follows. Since f is differentiable at g(xo), there is a 6; > O such that 


fu) — f(g(xo)) 
u — g(Xo) 


< € if 0 < |x — xo| < 6. Since every deleted neighborhood of 


— f'(g(xo))| <1 if 0 < |u—g(xo)| < 41, 


fu) — fg 
u — g(xo) 
Now let « > 0. Since g’(xo) = 0, there is a d2 > 0 such that 


a — &(xo) 


X — Xo 


<|f(g(xo))| +1=M if 0<|u—g(xo)| <5. (A) 


<e if O0<|x—x0| < do. (B) 


Therefore, |g(x) — g(xo)| < €62 if |x — xo| < 5. Now choose 6 < min(é2,61/e). If 
0 < |x —xo| < 6 and g(x) # g(Xo), then 0 < |g(x) — g(xo)| < €6 < 6, (from (B)), and 
(A) and (B) imply that 


h(x) — ho) | _ | fe) — fe@))| |8@)—20)| a ie pe Reeaneee 
x—xo | | g(x)—g(%o) || x—xX0 re, 
Since h(x) — h(xo) = f(g(x)) — f(g(xo)) = 0 anyway if g(x) = g(xo), it follows that 


h(x) —h 
oe <Me if 0<|x—xo| <6. 


X — Xo 
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Hence h’(xo) = 0. 
2.3.14. If y = f(x) then 


s)—00) _ se) —atfle0) _ (fe) few)" 


X — Xo 


y—Yo F(x) — FX) 


since g(f(x)) = x. Since g is continuous and x = g(y), x > Xo as y > yo; hence, 


js 
y¥ — Yo 


-1 
km £22 ~ 80) _ iin ) = 1/f"(xo). 
y>yo =—V— Yo X>XO 
2.3.15. (a) Suppose that « > 0. Since f’(a+) exists, f is differentiable on an interval 
(a, b) and there is a 6 > 0 such that (A) | f’(a+) — f’(c)| < €ifa <c <a+6. Since 
f{.(a) exists, f is continuous from the right at a. Therefore, the mean value theorem 


implies that if a < x < b, then I@)-f@ = f'(c) for some c in (a,x). This and 
xX — 
(A) imply that LO)-I@ —f'(c)| < €ifa < x <a+6. Therefore, f{/(a) = 
x-a 
x>at x—a 
-1, x<0O, i" ; ; 
(b) Let f(x) = ies Then f’(x) = Oif x > 0, so f’(0+) = 0; however, 


FOHFO! VICI Dig. ain 
x x x 

(c) To prove: If f’(a+) exists and f is continuous from the right at a, then f{(a) = 
J‘(a+). Under these assumptions we can apply the mean value theorem as in (a). 

2.3.16. If | f’(x)| < M for x € (a,b), then | f(x2) — f(x1)| < M|xi — x2| for x1, 
xX2 € (a,b) (Theorem 2.3.14). Now use Exercise 2.1.38 and the analogous statement 
concerning Bm F(x). 

x>x0 


FO) does not exist, since 


f®)-f/@ 72, - 
2.3.17. The function g(x) = x-a ~ — ~’ is continuous on [a, b], and 
i@, =a: 


[1 is between g(a) and g(b). Hence, g(c) = yz and therefore f(c) — f(a) = u(c — a) for 
some c in (a, b) (Theorem 2.2.10). 


f(b) — f@ 
b-a 


2.3.18. If f/ (a) << then f(c)—f (a) = 4(c—a) for some c in (a, b), by 


f(b) — f(a) 
pe ee a<f'@®),letgx)=) boa’ 7=** b, 
oe f(b). =p, 


which is continuous on [a,b]. Since g(a) < pu < g(b), Theorem 2.2.10 implies that 
g(c) = wand therefore f(c) — f(b) = w(c — 5) for some c in (a, D). 


: tia . sinx  cos0O ; 
2.3.19. (a) Exercise 2.3.8 implies that lim = i = 1. Therefore, if we define 
x> 


x 
f(0) = 1, then f is continuous at 0. 


34 Chapter 2 Differential Calculus of Functions of One Variable 


sin x cosx sinx 


(b) If x 4 0, then f(x) = = and f’(x) = - 3 


for sinx and cos x yields sinx = xf and cosx = xf’ + f. Since sin? x + cos? x = 1, 
(1+ x7) f?+x7(f’) +2xff’ = 1. Therefore, if ¥ 4 0 is a relative extreme point of f, 
then (A) | f(¥)| = (1 + ¥7)~!/. Notice that this also holds if ¥ = 0, from (a). 


(c) Since lim f(x) = lim f(x) =0,|f| attains a maximum at some X. Hence (a) and 
x—>0o x—>—-CO 


. Solving these two equations 


(b) imply that | f(x)| < 1, with equality if and only if x = 0. 
i k 
2.3.20. (a) Since sinnkax = sink = 0, Exercise 2.3.8, implies that lim pasa aa 
xokn n sin x ncos ka 
(—1)-D* . Therefore, if we define f (ka) = (—1)"-)*, then f is continuous at kz. 
sinnx cosxsinnx  cosnx 


(b) If x A kx then f(x) = —— and f'(x) = -——,— : 
nsinx n sin“ x sin x 


two equations for sinnx and cosnx yields sinnx = nf sinx,cosnx = f’sinx+ f cosx. 
Since sin? nx + cos?nx = 1, 


f? [1+ (x? = 1) sin? x] + (f'Y sin? x + 2ff" sinx cos x = 1. 


. Solving these 


Therefore, if* ¢ 2kz isa relative extreme point of f, then | f(X)| = [1 + (n? — 1) sin? =|. 


Notice that this also holds if ¥ = kz, from (a). 

(c) Since f(x + 27) = f(x), | f| attains its maximum at some X in [0, 27]. Either ¥ = 0, 
¥ = 2x,or f’(X) = 0. Hence (a) and (b) imply that | f(x)| < 1, with equality if and only 
ifx =k. 

2.3.21. Trivialif p = 1. If p > 1 let xy < x2 <--- < Xp. From Rolle’s theorem, f’ has 
at least one zero in (x;,x;41), 1 < i < p—1. This accounts for at least p — 1 zeros of 
f’. In addition, f’ has at least n; — 1 zeros, counting multiplicities, at each x;. Therefore, 
Sf’ has at least (ny — 1) + (v2 — 1) +--- + (4p — 1) + p-—1 =n — | zeros, counting 
multiplicities, in 7. 


2.3.23. Let x1, X2, ..., Xn and y1, yo, ..., yn be in (a,b) and y; < xj, 1 <i <n. 
n n 

Show that if f is differentiable on (a, b), then See) — forl= f') Se: — yi) 
i=1 i=1 


for some c in (a, D). 


1 
|x|3/2sin-, x 40 
x 
0, x =0. 

3 |x|3/2 1 1 1 3/2 sin(1 

SLES ail Vn 2 oe © sepa : \ecsnce Oya ae nae ge ae 
2% x |x [2/2 x x0 x 

ferentiable on (—oo, 00). However, f does not satisfy a Lipschitz condition at x9 = 
0. To see this, we exhibit a set of points {x,}f°., with 0 as a limit point such that 


SF (xk41) — f(x) 


Xk+1 — Xk 


2.3.24. Counterexample: Let f(x) = | If x 4 0, then f’(x) = 


lim 
k->0oo 
SO 


= oo. Let xp = 2/(2k+1)n,k = 0. Then f(xz) = Cia: 


3/2 3/2 3/2 
— ~k+1 +X, x 2X E41 = (2k +1) 2 
Xk — Xk41 Xk —Xk+1 m(2k + 3)’ 


a f (Xk) 


Xk+1 — Xk 
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which approaches oo as k — oo. 


2.3.25. (a) W' = f’e’ + f"g — f'e' — fe” =—p(fg — fg) = 0 for all x in (a,b), so 
Theorem 2.3.12 implies that W is constant on (a, b). 

(b) Since W 4 0, g(x1) # O and g(x2) F O. If g has no zeros in (x1, x2), thenh = f/g 
is continuous on [x1, x2] and differentiable on (x1, x2). Since h(x,) = h(x2) = 0, Rolle’s 
theorem implies that h’ = W/g? vanishes somewhere in (x1, x2), a contradiction. 


cn FOLIO) a. ae AR sR) =F Or —Vrx 
2.3.26. lim ——— = lim — = oand lim ———— = lim —— =~, 
x>0+ x—0 x>0+ X x>0- = x -—0 x>0- Xx 
so f’(0) = oo. 
7 0 
2.3.27. Counterexample: f(x) = Ixl’ ew) and x9 = 0; f is not continuous at 0, 
0, x =0, 
1 
but f’(0) = lim — = ov. 
x0 |x| 


2.3.28. (a) The equation of the tangent line to y = h(x) at (xo, h(xo)) is (A) y = h(xo) + 
h'(xo)(x — xo). Since h(xo) = f(xo0)g (xo) and h’(xo) = f'(x0)g(x%o) + f(%0)g8" (x0) = 
J (xo)g’ (xo) 4 0, from our assumption, (A) can be rewritten as (B) y = f(xo)[g(xo) + 
g'(xo0)(x — Xo)]. The equation of the tangent line to y = g(x) at (xo, g(X0)) is(C) y = 
g(xo) + g’(xo)(x — Xo). From (B) and (C), both tangent lines intersect the x-axis at 


F=x- &(Xo 
g'(xo0) 
(b) Apply (a) with g(x) = x — x1, s0 X = x9 — a 7 ees x1. 
= 2 = 

(c) Apply (a) with g(x) = (x — x0)”, so X¥ = x0 — [Cie = Xo — (soe a) = 
2(xo = x1) 2 

Xo + x1 

2 


b 
(d) Let f(x) = ax? + bx +c. Then f’(x) = 2ax + b, so x9 = a is a critical point 
a 


b? — 4ac 
aeat a # 0. Now apply (b) 
a 
(e) The assumptions imply that / is as in (d), where y = x; and @ and £ are the zeros of 
f(x) = ax? + bx +c, witha # 0. Since w and B are distinct, b? — 4ac # 0. Therefore, 
(d) implies the conclusion. Assume that f is differentiable on (—00, 00) and Xo is a critical 


point of f. 


of f. However, f (x0) = 
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2.4 LV HOSPITAL’S RULE 
_  £'(x) ; ' . 
2.4.1. If tim x) = oo and M is an arbitrary real number, there is an x9 in (a, b) such 
x>b— BX 
/ 
that a > M if xo < c <b. By the argument given in the text, we can assume also that 
gi(c 
— fit 
g has no zeros in [xo, b) and (A) fG)- FO > M if x,t € [xo,b). If limy,_ f(t) = 
g(x) — g(t) 
lim,;_,,— g(t) = O then letting t — b— in (A) shows that a > M if x,t € [xo,b), 
g(x 
ot EOE tired vice = _ 
so lim = oo in this case. If limp,— f(t) = lim;+,_ g(t) = om, let u and x1 
x—>b-— g(x) 
be as in the proof given in the text. Then (B) mae > M if x, < x <b. Since 
&(x)u(x) 
limy_,,— u(x) = 1, there is an x2 > x, such that u(x) > 5 if x2 < x <b. Therefore, (B) 
M 
implies that fC) > —ifx. <x <b,so lim FO) = oo in this case also. 
g(x) 2 x>b— g(x) 
tan~! x _ 1/(+ x?) _ 


2.4.2. lim = im ————. = 
x0 sin) x = x0 1/1] — x? 


: 1—cosx . sin x | 1l4+x? . sinx 1 
2.4.3. lim: ————— = _ lim —————_— . = [{ lim lim —e 
x0 log(1+x2) x30 2x/(1 + x?) x20 2 x30 Xx 2 


1+cosx 


1. 


2.4.4. lim ———— = oo (not an indeterminate form). 
x>0+ e*—1] 
bas Sieh ig ee eat, 
xX>n SINX x7 COSX 
log(1 1/d 
2.4.6. lim log(l + x) = lim WG +x) =e 
x>0 x x0 1 
2. 2 
inex —2xe-* =x 
S45. ee ene 
X00 x00 e* x00 —e7*x 


1 
= 2( lim cose") lim : ) = 2( lim | =0 
x—>0o X00 eX" —-X x—->0o (2x 2 1)e* —x 
sin(1/x) _ i —(1/x)? cos(1/x) 


2.4.8. jim x sin(1/x) = Jim, ix Jim, =x = im, cos(1/x) = 
1. 
—1/x _ 1 —(1/x)?e7!/* eT l/x 
: —1/x_ = : 4 — 1 ———— i = 
ae pil vx(e )) fue x71/2 Pal —x73/2/2 pea f/x 
0. 
l 1 in? 
aalib:, Mendes ints ee Sie i 
x>0+ x>0+ cotx x 30+ —csc? x x>0+ Xx 
2 sin x cos x 
— lim —_—— =0. 


Section 2.4 L’Hospital’s Rule 37 


ae ae _ log(| tan x _ sec? x/ tan x 
2.4.11. lim sin x log(|tanx|) = lim Josten) = lim ae = 
xn Xn CSC X x>m — CSC“ X CoOtx 
lim sin x/ cos? x 


— lim tan* x = 0. 
xm cos x / sin” x XT 


1 + x log(tan x) 
lim —  SC—CtiC 
x—>0+ x 
me [log(tan x) + x sec? x/ tan a a log(tan x) + 


( lim sec? x) ( lim as )=-c041- 1 = —oo 
x>0+ x>0+ sinx 


2.4.13. lim (Vx 1- /¥) = lim (FES) 
(Vx #1)? = (Vx? 


1 
2.4.12. dim, [> rit 


im +". =_ lim ———_— _ = 0. 
x00 /x + 14+ SX IME 
—erx4+1 1— —e* 
2.4.14. lim a Vast fg a i we 2 ge he 
x>0\ex—1 x x0 x(e* —1) x>0e*%—1+xe*X x>02e%* +x 
1 
25 
cos x — 1 _  —sinx 
2.4.15. jim 1 (cot x —cscx) = lim ———— = lim = 0. 
x>0 sinx x >0 COSX 
1 — si 1—- 
2.4.16 i ( ==) = fim SS = tim 
x>0\sinx <x x>0 xsinx x>0 sinx + x cosx 
sin x 


i 
x0 2cosx — x sinx 
2.4.17. | sinx|*"* = exp|tan x log(| sin x|)] and lim tan x log(| sin x|) = 
xO 
log(| sin x cot x 
lim log(| sin x) = lim = — lim tanx = 0, so jim |sinx|*"* = 1, 
XU cot x x—>a —csc?2 x x>n 


2.4.18. | tan x|°°S* = exp[cos x log(| tan x|)] and a cos X Toe( tan x|) = 
x>1/2 


. log(| tan x]) _ sec? x/ tanx ; cos X 
lim ——— = lm ——= lm —— =0,s0 
x>1/2 sec x x>n/2 secx tanx x—>n/2 sin” x 
lim |tanx|°°* = 1, 
x—>n/2 
‘ ; ; ; . log(| sin x]) 
2.4.19. | sinx|* = exp[x log(| sin x])] and lim x log(| sinx|) = lim ——~——— = 
x0 x0 1/x 
_ cosx/sinx ; ). 4 2x 
lim ————— = — | lim cosx lim — = — lim = 0, 
x30 —1/x? x0 x0 sinx x0 COS X 
so lim | sinx|* = 1 
x0 
log(1 log(1 1 
2.4.20. (1 +.x)!/* = exp (a) iid ig ee =i. 
x x—>0 x x>01+x 


so lim(1 +x)!/*¥ =e 
x0 
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2.4.21. xG/) — exp|(log(|x|)) sin(1/x)] and tim (log(|x])) sin(1/x) = 


] t 1/t 
- lim (log((t|)) sint = —lim los(li)) = lim ee eae oy 
+0 1/sint —¢0 cos t/ sin“ t 


ea ll _ sin*t es 
(im ) (2 = lim2sint cost = 0,so lim x8®@/) = 1, 
t—>0 cost t-0 6¢ t->0 x00 


: x 2 _ x*—-242cosx ; x —sinx 
2.4.22. lim | —————- — —]} = ——___— = m ————_ = 
x>0\1l—cosx x x>0 x(1—cosx) x0 1—cosx + x sinx 
1—cosx sin x 


lim. ————————_- = 2 lim : 
x0 2sinx + x cosx x0 3cosx — x sinx 


2.4.23. Ifa <0,then lim x%logx = ( lim x") ( lim log) = 00(—0o) = —00. 
x—>0+ x >0+ x—>0+ 


Ifa =0,then lim x*logx = ( lim log) = —00. 
x—>0+ x—>0+ 


ogx . 1/x 1. & 
Ifa > 0, then jim x*logx = lim = lim —_\— =—-— lim x* =0. 
0+ x—>0+ 1/x% x—>0+ —a/xetl Qa x—>0+ 
log(1 1/(x1 1 
2.4.24. lim togogs) _ CEN rae ta 


x>e sin(x — e) xe cos(x — e) 


e 
eee 
2.4.25. ( +) = exp Ks —1 tog (— 
x 


toe(=*-) 
= —2/(x2 —1 = 
Gi as a a er tig a A pe 


x00 1/ x2 —] x00 —x/ (x? = 1)3/2 x00 x x00 
: x+1 VeP-1 2 
= 2,so lim =e 
x70 \x—1 


x+1 
log ( ) 
= —2/(x*-1 Vx2—1 
lim ee ee aa lim ates eee lim ee lim 1 —1/x? 


x1+ 1/Vx2 =f x>1+ —x/(x?2 — 1)3/2 x>1+ x x>1+ 
Vx2-1 
1 
=0,so lim (= ) =. 
>1+\x-1 


log x) 1 
2.4.27. If B < 0, then lim wen = = (Jim, (log x)*) ( lim =) =0-0=0. If 
x—>00 x00 xX 


(log x)? 
x 


1 
B = 0, then lim = (: lim ~) = 0. If 6B > 0 and k is the smallest positive 
X00 xXx>00 X 


] B 
integer such that 6 < k, then k applications of L Hospital’s rule yields lim (loexY pen) = 
x—->0O x 
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B-1 B-k 
wen =.= BG =1)---(G—k +1) tim S82) 


P oe P 


= lim e* =0. 
x—oo 


x —x xX _ ,-x 
2.4.28. lim (coshx —sinhx) = lim (—— 3 | 
x—0o x00 2 2. 
2.4.29. Ifa <0, then lim (x% —logx) = ( lim a) = ( lim logx) = 0-0 =-0v. 
x—>0o x00 x00 
If a = 0, then lim (x*® —logx) = ( lim 1) = ( lim logx) = 1— oo = —ow. Suppose 
x—>00 x00 x00 


that w > 0. Then (A) lim (x* — logx) = ( lim x*) ( lim (l-x° logx)). Since 
x—>00 x00 x00 


; es . logx 1, 1/x : eee 

lim x* = co and lim = — lim = — lim —— = 0, (A) implies that 
X00 x>00 x@ Q x—>0oo axel a x70 axe 

lim (x* —logx) = 0co-1l=oo. 

x—-0oO 


: at, ; sin(e~ : e* cos(e* 
2.4.30. lim e* sin(e*) = lim a) = lim eee) = 
x—>—-0O X>—0o eX xX>-00 —Jxe-* 


1 ex tx 1 2 
-—= ( lim cos(e*)) lim =- — lim (x + l)e* ** =o. 
2, \x>-00 x> x 2 x——00 


log(1 + 1/x)/* 
2.4.31. lim x(x + 1) [log(1 + 1/x))? = tim nee 
x—>0oO x—00 x(x 


+ 1) 
; (SS) / (GR) _ 2x(x + 1) log( + 1/x) 
= 1 ——— —$——_  ] = Lin —— = 
x(x + 1) x2(x + 1)? X00 2x+1 


: 2x +2 . = ; 2 ; log(1 + 1/x) 7 
(im, 54) (tim +toe +9) = (im, 5) (te, “) = 


om CUAP/U+ 1/2) _ | 
ete (Ix 


pao ua OO ge OBST OE 
x0 x> x—0 5x4 x0 0x3 
—cosx + l . sinx 1 
lim —— = lim —— = —. 
x>0 60x? x30 120x 120 


e* 1 
2.4.33. Ifa <0, then lim — = (tim =) (aim e*) = 00-00 = 00. Ifa = 0, 
x00 x@ x00 x@ x00 
x 
then lim anes ( lim e*) = oo. Ifa > 0 and k is the smallest positive integer such that 
x00 x X00 
x 


a <k, thenk applications of L Hospital’s rule yields lim a 
x00 x@ 


Z e* 1 i e* 
-—- hn -—-——_--::-- ————uoeoeo— im —_— -—-~. 
Q x—>oo xa-1 a(a—1)---(a-k+ 1) x00 yak 
tan x 2 tanx 
. , i e sec™ xe 
2.4.34. lim e™*cosx = lim ——~—= lim ——_— = 
x—>3n/2— x—>3n/2— 1/ cos x x—>32/2— SIN X SeC~ Xx 


tanx 
e 


lim - == —OOo. 
x—>37/2— SIN X 
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2.4.35. Ifa <0,then lim (log x)* log(log x) = ( lim (og.)") ( lim log(log»)) = 
x>1+ x>1+ x>1+ 


oo(—o0) = —oo. Ifa = 0, then lim (log x)* log(logx) = [{ lim log(logx) = —0Oo. 
x>1+ x2>1+ 


log(I 
If > 0,then lim (log.x)*log(logx) = lim loses) 2 
x> x 


1+ (log x)~* 
] 1 
c= AUDEN 5 2 Hn tiga eee cig) 
x>1+ —a(log x)~¢7!/x a x—>1+ 


x 


2.4.36. lim —— = lim = lim x* =o. 
x>0o xlogx x00 (x logx)! x00 


x*(xlogx)! _ 


2.4.37. (sin x)""* = exp|tan x log(sin x)] and ey tan x log(sinx) = 
x>7/2 


log(si t 5 
lim logtsin#) = lim —“*~ = iim sinxcosx = 0,so lim (sin.x)"* 
x—>n/2  cotx x—>n/2—csc2x  x>n/2 x—>n/2 
er : ae 
r} 
2.4.38. We prove by induction that lim ii = Oifn => 1. We first verify Py: 
x> 
. e~—l—x . e~—) . : 
lim ————— = lim = 0. Now suppose that n > 1 and P,, is true. Applying 


n+1eo,¢ n+1 r—1 n r 
oe > rie 
! ! ! 
: r=0 es : r=1 (r 1) : r=0 J 
lim ——j— = lim ———___ = lim ——___ = 0, 
x>0 xn x0 (n + 1)x” x20 (n+ 1)x” 


by P,. Therefore, P, implies Py+1. 


n x2rtl 
eras _4y 
a di Gr +i! 
2.4.39. We prove by induction that lim = ai = Oifn => 0. We 
x> x 


. _ sinx—x . cosx—1 : 
first verify Po: lim ————— = lim ———— = 0. Now suppose that n > 0 and P,, is 
x0 x x0 1 


Section 2.4 L’Hospital’s Rule 41 


true. Applying L Hospital’s rule twice yields 


3 x2rtl 3 x2r 
sinx — ) (—1)’ —_ cosx— ) (—1)’—— 

! ! 
es mars (2r+1)! ek = (2r)! 
x—0 x2n+3 x—>0 (2n + 3)x2nt2 

n+1 2r-1 


Xx 

Sey 5 | \ 

aw d¢ Ga 

= lim ——_____ 
xo0 (Qn + 2)(2n + 3)x2"F1 


n x2rtl 
5 gon, na 
Sl DI r+! 


— lim ———7=9_ =, 
x0 (2n + 2)(Qn + 3)x2"41 


by P,. Therefore, P, implies Py+1. 


2.4.40. (Proof by induction.) Px is obvious if k < 0. Suppose that n > 0 and Py is true 
fork <n. Then 


: gale ; xan ; —(n 4 Daw n+1 ; gahiee 
lim = lim > = lim ————— = lim = 0. 
x30 ntl x>0 e1/x x30 —Jel/x /x3 2 x 0 xn! 


Hence, P,+1 is true. 


2.4.41. (a) Since f is continuous at xo, limy+x, (f(x) — f(xo)) = 0. Since limy—x9 (x — 
X —X0 

= limy—x, f(x). Therefore, f’(xo) exists and equals lim,;+x, f’(x), so f’ is continuous 

at Xo. 


xo) = 0 and limyx, f’(x) exists, LHospital’s rule implies that lim 
x—>X0 


g(x), xX <= Xo, 
1+ g(x), x > Xp. 
St (x) = g' (x) if x # xo, so limy+x. f(x) = limy—x, g’ (x) exists. However, f is not 
continuous at x9, so f’ (xq) does not exist. 

2.4.42. (a) (Proof by induction.) Since L;(x) = log(Lo(x)) = logx = Lo(logx), 
P, is true. Now suppose that n > 1 and Py is true. Then Ly+ (x) = log(Ln(x)) = 
log(Ln_1 (log x)) (by Py) = Ln—1 (log x). Hence, P, implies Py+1. 

(b) (Proof by induction.) Since Lo(0+) = 0 and L,(0+) = log(0+) = —oo, P; is 

true. Now suppose that n > 1 and Py, is true. Then Ly(an41+) = Ln—1 log(an41)+) = 

Ln—1 log(e*” )+) = Ln-1 (Gn +) = Oand Lynsi(Qn41+) = Ln(log(an41)+) = Ln Mog(e* )+) 
= Ly(dn+) = —00, so Py+ is true. 

(c) Since Ly-1 (Gn +) = 0 and Ly(an+) = —oo, LHospital’s rule yields 


: a Sa: Ln(x) AS a Li) = 
AO ee a aaa Gane ye 


1 
—— im | (Ly,=1())” since L) = Lj Lyai: Thus, dim Ln)" Ln (x) = (Ln—-1 (an) +)* = 


A xan 


0, from (b). 


(b) Let g’ be continuous on (—oo, co) and define f(x) = The 
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(d) We first prove by induction that (A) limyo0 Ln(x) = oo. This is true forn = 0. 

Now suppose that n > 0 and (A) is true. Since Lyj41(x) = log(Ly(x)), (A) implies 

that limy—+o0 Ln+41(x) = oo (Exercise 2.1.25). Ifa < 0, then lim (Ly(x))*/Ly-1(x) = 
x—0oO 


(Jim, ae (x))*) (Jim, 1 /Ln—i(x)) = 0-0 = 0. If@ = 0,then lim (Ln (x))"/Ln-1 (x) = 


( lim 1/Ln-1(%)) = 0. Ifa > 0, let k be the smallest integer such that a < k. Then k 
x—>0O 
applications of L’ Hospital’s rule (using Li, = Li,_,/Ln—1 each time) yields 


tim, (Ln (x))* Ln) = oa = 1)... =k + 1) im (Lal) /Ln—1 (2) = 0. 


2.4.43. If 0 < Ly < L, there is an x9 such that f’(x) > Ly f(x) > if x > xo. Since 
f(x) > 0 on (0, 00), it follows that f’(x) > Oif x > xo, so f(x) > f(xo) if x > xo 
and f'(x) > Lf(xo) if x > xo. Therefore, f(x) > f(xo) 1 + Li(x — x0)) if x > xo 
(Theorem 2.3.11), so limy—+oo f(x) = oo. By an induction proof based on Exercise 2.1.25, 
limy— oo fn(x) = 00. Since (A) fi(x) = f’(fn-1(*)) fi_, (x), an induction proof shows 
a 
that f(x) > 0 for sufficiently large x. Hence, LHospital’s rule yields lim (in) 


X00 fa—1(x) (x) 
CO 


if the limit on the right exists in the extended reals. Because of 
x00 Sha (x) 


(A) this implies that (B) lim nor =a lim (fn(x))® f’(fn—-1 («)) if the limit on the 
x—-oo n—-1 x—>0O 


right exists in the extended reals. Since fn(x) = f(fn—-1(x)), (B) can be rewritten as 


km 2" f'fn-1(%))) 
x00 fix) fGn-1(%)) 


fx) 


= ooand lim f,-1(x) = ov, Exercise 2.1.25 implies that 
oe) F(x) x00 


im om = L. Since Jim n (fn (x))* = 0, (C) implies that Jim, nor or = 


a(oo)L 
2.4.44. (a) | SOF = exp(f(x)) log | f(x)| and lim f(x)) log] f(x)| = tim EU) 


Poff) cen 
, x)/ f(x : 
i PCF ~ hy FO) = 0. s0 lime rey FEM = 1. 
: los) oa tim WEIL — yy MOUSE) 
/(f@)-1I) — = = 
mene =00( 7) 1) got ee 
W(FO)-D = ¢. 


o lim (fn (x))* (C) 


= 1, NYO) limy-+ x9 I f(x)| 


| 


1 
lj 
Rare F(x) 
(c) | f(x)|!4@ = exp 
x 
0, so limy-+x¢ f(x) [/F@-D = i, 


exp (“80 + i) 
g(x) 


and lim los FCO)! = lim LOO/FR) = lim 


xo F(R) tof) ex FR) 


gdh Od Oe. 


2.4.45. (1 M80) = z 
(1+ f(x) x>b- —g(X) xb— g(x) 
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L, so limyp_-(1 + f(x))/@@ = e#. 

2.4.46. The first four forms are not indeterminate; the rest are. A function may be of the 

form oo — oo aS X — Xo+ and —oo + 00 as X — Xo—, but approach a limit as x > x9. 

sin x 
x2 


(For example, f(x) = — — with x9 = 0.) Similar comments apply to the other pairs 


of indeterminate forms. 


2.5 TAYLOR’S THEOREM 


—1/x2 
2.5.1. We show by induction that (A) f(x) = sens xe . , where gn 
’ x= 


is a polynomial. If n = 0, the definition of f implies (A) with go(u) = un Suppose 
that n > O and (A) is true. If x 4 0, then f TD) = gnti(1/x), with gn4i(u) = 


(x) 
2u3qn(u) — u2qi,(u). Since f™(0) = 0 (from (A)), f@FPO) = lim ee 
x2 XxX 
1 —1/x? -1/x2 
lim Lae? Lea However, the last limit equals zero because lim . = 0 for 
x—>0 x x0 x 


every integer k (Exercise 2.41.40). Since f™ = 0 forn > 0, every Taylor polynomial of 
f about 0 is identically zero. 


F(*) = Tn41@) 


2.5.2. From Theorem 2.5.1, (A) pid = 0. Since Ty41(x) = Ty(x) + 


(x = xo)?+1 
(n+1) — T, rd) 
bila am xo)”*1, (A) implies that im LEO) = i G0), which can 
(n+ 1)! xo (x —XxX9)?t! (n + 1)! 
E -E aan (n+) 
be rewrittenas lim —27{* ——"*""" 2 n(Xo) = ie) ay Therefore, E;, (xo) = pails) 
X>X0 x — Xo (n + 1)! (n+ 1)! 


2.5.3. (a) The hypotheses implies that (A) f(x) = do +a1(x —Xo0) + E(x) (x — Xo), where 
(B) lim E(x) = 0. Therefore, lim f(x) = do, so do = f(x) because f is continuous 
x>Xx0 x>x0 


at x9. Now (A) and (B) imply that f’(xo) = lim Lx) = Feo) = 
x>x0 =X —X 
3 . 
(b) Let x9 = ado = a) = a2 = Oand f(x) = ‘3 as sae Then f and 
Zee = 30: 1 
i’ Se ee ae all are both continuous at 0 and lim ee bs = 
0 x=0 X>Xx0 x2 


0, but f’”(0) does not exist. 
2.5.4. (a) From Lemma 2.5.2, f(xo th) = f(xo)+f'(xo)At+ 
f(x 0) 


|-—- + E(xo + iy) a 


and f(xp—h) = f(xo)— f’ Goyh+ (OY + E(xo —h))h?, where lim E(x) = 0, 
xXx>XO 
so the limit in question equals f’’ (xo) + aa (E2(xo + h) + E2(xo —h)) = f" (x0). 
(b) Counterexample: Let x9 = 0 and f(x) = x|x|. Then 
km 2 =2fO + FC _ | HAL AA 
im 2" —* = Jim 


= 0. 
h->0 h2 h-0 h2 
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However, f’(x) = 2|x|, so f’(0) does not exist. 
2.5.5. (a) For necessity, suppose that f has a simple zero at xo. Then Lemma 2.3.2 
implies that f(x) = g(x)(x — xo) with g(x) = f’(xo) + Ei(x), where lim E(x) = 
x>XO 
E\(0) = 0, so g is continuous at x9 and lim g(x) = f’(xo) # 0. Since g(x) = 
x>XO 
f(x) 


X — XQ 
that f(x) = g(x)(x — xo) where g has the stated properties. Then f(xo9) = 0 and 


, g is differentiable on a deleted neighborhood of xo. For sufficiency, suppose 


f'(xo0) = lim = lim g(x) = g(%o) #0. 
x>-0 xX -— xo x—>xo 
(b) Let g(x) = 14+ |x — xo|, so f(x) = (x — x0) + |x — Xo]). Then f(x9) = 0 and 
Sf’ (xo) = 1, but g is not differentiable at xo. 
2.5.6. (a) For necessity, suppose that f has a double zero at x9. Then Lemma 2.5.2 implies 


that (A) f(x) = g(x)(x — xo)? with g(x) = f'&o) + Eo(x), where im Eo(x) = 


2, 
f' (xo) 
2 


g is twice differentiable on a deleted neighborhood N of xo. Differentiating 


Eo(0) = 0, so g is continuous at x9 and (B) lim g(x) = 
x—->X0 
f(x) 
(x = xo) , 
(A) yields f"(x) = g!(x)(« — x0)? + 2g(x)(% — x0), x € N, so (C) g'(x)(e — x0) = 


= f"(xo) + E1(x), 


# 0. Since g(x) = 


—— — 2g(x). Applying Lemma 2.5.2 to f’ shows that 
xX —Xo xX — X0 


/ 
where lim E(x) = 0; therefore, lim ec = f”(xo). This, (B), and (C) imply 
xXx xx (x — X9)” 
that lim (x — xo)g’(x) = 0. 
x>XO 


For sufficiency, suppose that f(x) = g(x)(x — xo)” where g has the stated properties 


on a deleted neighborhood N of xo. Then f(xo) = 0 and f’(xo) = lim IO) = 
x70 X — Xo 


lim g(x)(x — xo) = 0. If x € N —{xo}, then f(x) = g’/(x)(x — x0)? + 22(x)(x — x0), 
x>XO0 

so f”(0) = limy— xo 8’ (x)(x — xo) + 2g(x) = 2g(xo) 4 0. 

(b) Let g(x) = 14+|x—xo|, so f(x) = (x—x0)*?(1+|x—xo]). Then f(x9) = f’(xo) = 0 
and f” (xo) = 2, but g is not differentiable at xo. 
2.5.7. Let Py be the stated proposition. Exercise 2.5.6 implies P;. We show that if P,, is 
true for some n > 1, then P,+ is true.. 


For necessity, suppose that f has a zero of multiplicity m + 1 at x9. Then Lemma 2.5.2 


Fer ao) 
implies that (A) f(x) = g(x)(x — xo)"*! with g(x) = ————— + E(x), where 


(n + 1)! 
Peo) 
lim Eo(x) = Eo(0) = 0, so g is continuous at x9 and (B) lim g(x) = ———-——— 
x>x0 x>x0 (n +1)! 
0. Since g(x) = ao g isn + | times differentiable on a deleted neighborhood 
X —X0 
N of xo. Differentiating (A) yields f’(x) = g1(x)(x — x0)”, x € N, where (C) gi (x) = 
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g' (x)(x—x0)+(n+1)g(x). However, applying Lemma 2.5.2 to f’ shows that (D) g(x) = 
(+1) 
cael) + E,(x), where (E) lim E,(x) = 0. From (C) and (D), g’(x)(x — x0) = 
n! xXx>XO 


(n+1) 
f nl & Je NO a ety (n+ 1)g(x). Now (B) and (E) imply that (F) jim ae xo)g’ (x) = 0. 


We must still show that (G) lim (x — xo)/ g(x) = 0,2 < j <n. Since f’ has a zero 
x—>X0 


of multiplicity m at xo, P, implies that lim (x — xo) g(x) =0,1<j7 <n-1. From 
x—->X0 
(C) this is equivalent to 
lim g4*)(x)(x — xo) t+ im, gM (x\(x—x)i =0, 2<j<n-1. (HD 


x—>X0 
From (C), (F) and (H) with 7 = 1 imply (G) with 7 = 2. Moreover, if 3 < r <n —1,(G) 
and (H) with 7 = r — | imply (G) with 7 = r. This completes the necessity part of P,+1. 
For sufficiency, suppose that f(x) = g(x)(x — xo)"*! where g is continuous at x9 and 
n + 1 times differentiable on a deleted neighborhood N of xo, g(xo) # 0, and (H) 


jim | = x0)! g(x) = 0, 1 < j <n. Then f(xo) = Oand f’(xo) = LL Goan f°) = 
X — XQ 

“linn. g(x)(x — xo) = 0. Now define 
x>XO0 

g (x) = g(x) (x =. Xo) ao (n F I)g(x), x # 0, 

: (n + 1)g(xo), x=0. 
Then g; is continuous at x9 (since lim (x — xo)g(x) = 0) and n times differentiable 
x—->X0Q 


on N, g1(xo) 4 0, and lim (x — xo)i g(x) = 0,1 < j < n-1. Since f’(x) = 
x—>X0Q 
g1(x)(x — xo)”, Py implies that f’ has a zero of multiplity n at xo. Therefore, f has a 
zero of multiplicity m + 1 at x9. This completes the proof of the sufficiency part of Pn+1. 
2.5.8. (a) The assumption implies that (A) @ + @1(x — Xo) +++: + Qn(x — x0)” = 
o(x)(x — xo)", where lim (x) = 0. Letting x — xo shows that ~@ = 0. Now (A) 
x—>XO 
implies that a + a(x — x9)-++ + a@n(x — xo)""! = O(x)(x — xo)". Letting x > 0 
here shows that a; = 0. Applying this argument n + 1 times yields the conclusion. 
—T, 
(b) By Theorem 2.5.1 lim FOZ TIO) 
x>X0 (x = Xo)” 
D(x) — Tnx) 


lim ——————— _ = 0. Now apply (a) with O = p—T, 
x>xXx0 (x — Xo)” 


= 0. This and our assumption on p imply that 


T, —S 
2.5.9. Let T, and Sy, be the nth Taylor polynomials of f and g about x9. Then lim Tn) = Sn) = 


xX—>Xx0 (x = Xo)” 
T(x) — f) F@)—8@) , |. g(x) — Sn) 
m ——— 4+ lim ——— + lim ————.. 
x>x0 (x — Xo)” x—>x9 (X — Xg)” x—>x9 (xX — Xg)” 
The first and last limits on the right vanish by Theorem 2.5.1, the second by assumption. 
Now apply Exercise 2.5.8(a) with O = T;, — Sy. 
Fu()Gn(x) = fO)g@)) _ 


2.5.10. (a) FnGn—-—fg = (Fn—f)Gnt+ f(Gn—-g), so (A) lim 
X>X0 (x — Xo)” 
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F, _ G = 

Gut) tim FHA FO 4. p69) yim Gal 800 
x>x9 (x — Xo)” x-x0  (X — X9)" 

let P, be the polynomial obtained by retaining only the powers of x — xo through the 


nth in FyGy. Then Py = FaGn — dn4i(x — xo)"t! + +++ + don(x — x0)?", where 


= 0, by Theorem 2.5.1. Now 


a. ae aegyttt Snes 
An+1; --+> 42n are constants. Since lim ——————— = Oifk > 0, (A) implies that 
x>x0 (x — Xo)" 
P = 
tim £2@)— OCD) _ 9 Therefore, Exercise 2.5.8(b) implies that P, = Hy. 
x>X0 (x — Xo)” 
ee ee 8 
(b) (i) Let f(x) = e*, g(x) = sinx. Then Fa(x) = 1+x+4+ * + e + er and 


Pe 
G4a(x) = x- — Multiplying Fy by G4 and discarding powers x* with k > 4 yields 


Ha(x) =x+x74 as Therefore, h’(0) = 1, h”(0) = 2, h'"(0) = 2, and h™ (0) = 0. 


3 
(ii) Let f(x) = cosmx/2, g(x) = logx. Then Fy(x) = —F( -1)+ a — 1)? and 
GAD dal Sie 


Ga(x) = (x-1)- ae + a at Multiplying F4 by G4 and discarding 
1 5 n> on 
powers (x —1)* withk > 4 yields H4(x) = —a& -—1)*+— “(x 13+ (= - *) (x - 


1)*. Therefore, h’(1) = 0, h’(1) = —2,h'"(1) = ae ,and h (1) = —m + > 


(iii) Let f(x) = x2, g(x) = cosx. Then Fy(x) = Cains) See + 


2 2 4 
1 m\2 1 1 m\3 ron 
a (x _ =) + (x - =) and Ga(x) = — (x = =) + j (x a =) ; ee Fy 
k 
by G4 and ee powers (x — a) with k > 4 yields H4(x) = _ Ge a) - 
2 3 4 
1 (x — =) (% = i) (x - =) + (x — =) . Therefore, h’(2/2) = =, h(a /2) = 


2 
—27, hl" (a /2) = -6+ ~. and h (1/2) = 4m. 


(iv) Let f(x) = a + x)7!, g(x) = e-*. Then Fy(x) = 1— x + x? — x3 + x4 and 
4 

G4a(x) = 1-x ie 5 -— + = Multiplying Fy by G4 and discarding powers x* with 
5 8 65 

k > 4 yields H4(x) = 1-2x + ae — a0 + a Therefore, h’(0) = —2,h’(0) = 5, 

h’’(0) = —16, and h (0) = 65. 

2.5.11. (a) By Lemma 2, f(y) = Fn(y) + E(y)(y — yo)”, where lim E(y) = 0. Hence, 

y>Yo 
sion LSC) = Fal) _ 
(A) x—>xo (x - Xo)” 


X — Xo 


= ~0. (g'(x0))” = 
Since F/ is bounded in some neighborhood of g(x) and lim g(x) = lim Gy(x) = 
x>x0 x>x0 


Section 2.5 Taylor’s Theorem 47 


g(xo), Theorem 2.3.14 implies that there is a constant M such | Fn(g(x)) — Fn(Gn(x))| < 
F, — F,(G 
M |g(x)—Gn (x)| for x in some neighborhood of xo. Therefore, eee < 
X — Xo 


M = = > hence (B) lim Fuge) — Fn(Gn)) = 0,since lim 
(x = Xo)” x—>xo 


(x — Xo)” x>x0 (xX — Xo)" 
0 (Lemma 2.5.2). (A) and (B) imply that lim —————_______— = 0, and the con- 
xXx>XO 


SF (g(*)) — Fa (Gn(x)) 
(x — x0)” 


clusion follows from Exercise 2.5.8(b). 
pene 4 ae 
(b) Fa(x) = 1- os + oy and G4(x)x — rat Forming F4(G4(x)) and discarding powers 
re : ae 5x" ’ ” 
x* with k > 4 yields Ha(x) = 1—- ae + a" Therefore, h’(0) = 0, h’”(0) = — 
h’(0) = 0, and h“ (0) = 5. 


2.5.12. (a) With f(y) = 1/y and yo = 1, Fux(y) = Veo 1)" — 1)". Apply 
Exercise 2.5.1 1(a). 


I ! ‘ : 
(b) (i) g(x) — sin x, so G4(x) = 1 _ 5 (x — =) + 24 (x —= =) i Forming dl = 


k 1 2 
G4(x)]’ and discarding powers (x — a) withk > 4 yields H4(x) = 1+ 5 (x - =) + 


5 4 

om (x — =) , 80h! (1/2) = 0, h(t /2) = 1, h(x /2) = 0, and h (17/2) = 5. 
4 

(ii) g(x) = 14+ x4 x?, so Ga(x) = 1+ x+x?. Forming Soll — Ga(x)]" and discarding 
r=1 

powers x* with k > 4 yields H4(x) = 1—x + x3 — x4 s0 h’(0) = —1, h’(0) = 0, 

h’’(0) = 6, and h\ (0) = —24 


(iii) We first consider ho(x) = (sec x)//2, for which go(x) = /2cos x, which satisfies 


the normalization condition go(z/2) = 1. The fourth Talylor polynomial of go about 
Has Gus) = 1=(0=4) 3 (0-4) +9 (0-2) + (8-4) Pom 

is =1-(x-—)-=(x-— =(x-— — (x ——) . Formin 
mt os EE ON AG ee DAN . 
4 


k 
poll — G4(x)]’” and discarding powers (x - *) with k > 4 yields the fourth Taylor 
r=1 


polynomial H4(x) = 1+ (x _ =) + (x - =); + = (x — z) + Le (x - =) for 


2 4 6 4 8 4 
h/ V2, so h'(x/4) = V2, h" (1/4) = 3V2, ae = ae and BGs = 57/2. 
3 
(iv) g(x) = 1+log(1+ x), so Ga(x) = (eee + —-5 a Forming SU -Galw)l 


a ee 
and discarding powers * with k > 4 yields H4(x) = 1—x + ae - ae + ae so 
h'(0) = —1, h’(0) = 3, h’”(0) = —14, and h (0) = 88. 
(c) Since hg = 1, which is its own Taylor polynomial for every n, Exercise 2.5.10 implies 
that H,G, = 1+ powers of (x — xo) higher than n. However, Hy(x)Gy(x) = 1+ 


g(x) = G(x) _ 
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n 
> CE(x — Xa powers of x — xo higher than n, with cy, = Sia bese: 1<k <n. 
k=1 r= 
k 
Hence > aybg_y = 0,1 < k <n. This implies the result. 
r=0 


2.5.13. (a) f’(x) = Gxt + 2x)e**, so f’(0) = 0; f(x) = (9x® + 18x3 + 2)e%*, so 
Jt" (0) > 0; hence 0 is a local minimum of /. 

(b) f’(x) = (x5 + 3x2)e**, so £70) = 0; f(x) = (9x7 + 24x4 + 6x)e**, so 
f"O) = 0; f(x) = (27x? + 135x® + 114x3 + 6)e**, so f’”(0) = 6; hence 0 is not a 
local extreme point of f. 


34.3x-—2 
Ore= eens SOL A= 


so f”(0) = 2; hence 0 is a local minimum of /. 

x(x? + 3x — 2) 
iG): = -— 80 0): = Of). = 
(@) fo) = “FR 80 0) = 0 "9 
Jf” (0) = —2; hence 0 is a local maximum of /f. 
(e) f(x) = (x? sin? x + 2x) cosx + 2x sin? x — x? sinx, so f/(0) = 0; f"(x) = 
6x? sin x cos? x + (12x sin? x — x? + 2) cos x + (2— 3x?) sin? x —4x sinx, so f”(0) = 2; 
hence 0 is a local minimum of /. 


2(x® + 6x4 — 7x3 — 3x + 1) 
(47-1)? 


o) 


—2(x3 — 3x? —3x +1) 


G2 + De » SO 


(f) f’(x) = ex (cos x + 2x sinx), so f’(0) = 1; hence 0 is neither a local maximum nor 
a local mininum. 


(g) f’(x) = e* (2x cos(x”) + sin(x?)), so f’(0) = 0; 
f" (x) = e* ((4x + 2) cos(x7) + (1 — 4x7) sin(x7)) , 


so f” (0) = 2; hence 0 is a local minimum of /. 

(h) f’(x) = eX (2x cos x—sinx), so f’(0) = 0; f”"(x) = e* (4x24 1) cos x—4x sin x), 
so f” (0) = 1; hence 0 is a local minimum of /. 

2.5.14. If f(x) = ex? if x # 0 and f(0) = 0 (minimum value) then / is infinitely 
differentiable for all x and f™ (0) = 0 for all n. (See Exercise 2.4.40 and its solution.) 


2.5.15. Since f'(x) = x* + bx +c and f”(x) = 2x + b, there are three cases: (i) If 
b? < 4c, then f’ has no zeros, so f has no relative extrema. (ii) If b? > 4c, the zeros of f’ 


- Vv b2 — —b—Vb2—4 
are xj = oe and x2 = ee Since f" (x1) = Vb? —4c > 0 


2 
and f"(x2) = Size 4c < 0, f(x1) is a relative minimum and f(x2) is a relative 
maximum of f/f. (iii) If b? = 4c, then f’ has the repeated zero r; = —b/2. Therefore, 


f'(x) = («x — 11), so f/(11) = f’(r1) = 0 while f’"(r1) = 2, so f has no relative 
extreme points. 


2.5.16. (a) f(x) = sinx, f’(x) = cosx, f"(x) = —sinx, f(x) = —cos x. Therefore, 
f(O) = 0, f’ Oe = aL and f”(0) = 0, so Theorem 2.5.4 with x9 = 0 andn = 2 implies 


ox for some c between 0 and x. Since | cosc| < 1, this implies that 


that sinx = x — 
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: ljay3, 1 
|sinx —x| < = (=) if |x| << —. 
20 


6 20 
1 
b) f(x) = V1 4x, f’(x) = ——_, f”" (x) = ——————. Therefore, f(0) = 0 
) f@) = VTFR 0) = I") = F0) 
1 
and f’(0) = 5 so Theorem 2.5.4 with x9 = 0 andn = 1 implies that /1+x = 
[a ta ag between O.and x. Therefore, |./T4x—1—2|< + if 
— + ——\,, for some c between 0 and x. Therefore, -1l-sz=}<ai 
2" Be +137 ie 21 ~ 3 
Ix|< =. 
8 
1 
(c) f(x) = cosx, f’(x) = —sinx, f”(x) = —cosx Therefore, f(z/4) = a and 
1 
f'(#/2) = Wei so Theorem 2.5.4 with x9 = ~ and n = 1 implies that cosx = 


1 4 cosc \2 uA : 
—= [! - (x - 4) —-—_ (x - —) for some c between — and x. Since | cosc| < —= 
4 4 2 


Va 4 2 
5 

if <x < = this implies that 

51 

16° 
1 1 o> aa 6 

(d) f(x) = logx, f"@) = =, fe) = -, £7") =, fM@) = 2. There- 
x x x x 

fore, f(1) = 0, f’0) = 1, f”C) = -1, and f’’(1) = 2 so Theorem 2.5.4 with x9 = 1 


AOD OD eG aie = 


cos x = (! (x *)]| < x” Pe eee 
J2 4 512/24 


and n = 3 implies that logx = (x — 1) 


2 3 
ae peiwesia andy Theis esol a ve 
rm z or some c between | and xX. ererore, 3x 4(64)4 11/64 => 
—— if|x-1 _—. 
qa ea 
ntl 
2.5.17. Since Ty41(x) = Ty(x) + @aDl Tr(x) < Ty4i(x) if x > 0. Ifn = 0 


Theorem 2.5.4, implies that e* = T,(x) + e6x"*!/(n + 1)! where 0 < cy < x. Since 


1 < e < e*~ if 0 < cy < x, this implies that if x > 0 then e* > T,41(x) and 
n+1 


x 
x x 
e< Tn(x) +e @+p! 


xntl -1 
1 - | Ta(x) if0<x < [n+ DyVOr, 
n : 


2.5.18. (a) To verify Py: 


x” 
The last inequality implies that e* | 1 - ———— ], so e* < 
pay ee @+ =| 


Aler fi) +e + ee fe) = er file +h) +--+ + eK f(x +h) 
—€1 fi(x) — +++ — ce fg (X) 
= C1 Afi(x) +-+- +c, A fe (x). 
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Now suppose that P, is true forn > 1. Then 


A” Tey fix) Hie + Ce fio)] = ACA [er fix) + + Ce fe) 
= A[cy A" fi(x) +++ + cK A" fx) 
= cA(A" fi(x)) +++ + cK A (A® f(x) 
= cy A" fix) Hee + cA f(x), 


where the second equality follows from P,, the third from P;. This verifies P,+1. 
(b) P; is just the definition of A f(x). Now suppose that n > 1 and Py is true. Then 


AN! f(x) = ACA" fx) = CD (") A f(x + mh) 


m=0 


(by P, and (a)). Therefore, 


A oy Soe (") Lf (x + (m+ Dh) — f(m + kh)| 
m=0 


n+1 
ap 2 ert Se ) = 1460+ min = oe 1)? (fh) form 


m=0 


= (-1)"*! f(x) + yenntm (") —1+ (") f(x + mh) 
m m 


m=1 


+ f(x+(n+4+ Ih) 
n+1 n+1 

= Secure i ) ro + mh), 
m=0 


which verifies Py+1. 

2.5.19. Since A°(x — x9)® = A®°l = 1, Po is true. Since Al = 1—1 = O and 
A(x — Xo) = (x +h— x0) — (x — Xo) = h, P; is true. Now suppose that n > 1 and Py, is 
true. If 0 < m <n, then A”*!(x — x9)” = A(A"(x — x9)”) = AO (by P,)= 0A1 = 0, 
by P;. Also, A”*1(x — x9)” = A (A"(x — x9)") = hn! (by Py) = h™n!Al = 0, by Py. 
To complete the induction we must show that (A) A?*1(x—x9)"*! = (n+1)!h"*!. From 


n+1 
1 
the binomial theorem (Exercise 1.2.19), (x+h—xo)"t! = oS ( ee (x—x9)”, 


m=0 


n-1 
1 
which implies that A(x — x9)"*! = (n+ I)h(x— x0)" + sy 1G i ee (x—x0)”. 


n+1 


Therefore, A"t!(x—xo)"t! = (n+ 1)hA" (x— wt BN Caen 


Now P, and Exercise 2.5.18 imply that A”*!(x — mrt = = ts + Dh(nth") = (an t+ 
1)!h"*!, This completes the induction. 
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2.5.20. (a) By Theorem 2.5.4, 


S (x0 +h) = f(xo) + f’(xo)h + Po) are ft" es 
Flo — I) = flo) — Fok + Feo) — Mea) 


where x9 < Cy < Xo +h and x9 —h < co < Xo. Therefore, 


A? f (xo —h) 


h 
a = fo) + SUP "Cer) — fr) 


SO a2 Mah 
io — f"(x Py les 


where M3 = SUP|xo-¢l<h A 
(b) By Theorem 2.5.4, 


f (x0 +h) = Tay + fey yh424, 


r=0 
where x9 < Cc, < Xo +h, and 
() (af 
a r at 
f(x0 —h) = oe J (v0) +P cada 


where x9 —h < cz < Xo. Therefore, 


2 2 
a = feo) + | FCC) + FC) | us 
sO 
A? f(o=h) on | Mah? 
h2 = 1g? 
where 


Mg= sup [f"(c)l. 


|xo—c|<h 


2.5.21. From Theorem 2.5.4, 


fxo +h) = f (x0) + f’ Goh + £0) a: f'"co ae 
where x9 < Co < Xo +/h. Solving this for f’(xo) yields 


ary 


h2 
f'(x0) = = F(x) = Fea) 
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(A) 


(B) 
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Now we must express f’’(xo) in terms of A? f(x9) and values of f’”. To this end we apply 
Theorem 2.5.4 again to write 


fv + 2h) = fv) +2f"Cxo)h + 2F"(xoyh? + SF Mevdh? 


where x9 < ci < Xo + 2h. Subtracting twice the equation (A) from this yields 


F(v0 + 2h) — 2flxo +h) = — flo) + fora)? + 5 FMevyh — 5 F’"cadh?. 
Solving this for f’’(xo) yields 


A? f (x0) _ 


Feo) _ 2 Meh + gf" co)h. © 


St’ (xo) = 


Substituting (C) into (B) yields 


Af (x 1 2 1 
f'G0) = SO — a? foro) + (S4"e) ~ 5 f"(eo)) 
hence k = —h/2. 
2.5.22. If m = 0, then Theorem 2.5.4 implies that 
“ f (xo) ep SOG aka 
Ft (xo + mh) = a he Gayo sae 


where X90 < Cm < Xo + mh. In particular, this is true if 0 < m <n. Therefore, 
n 


n “ f (x0) rAn or 1 n—m [| n n 


m=0 


mn r(r) 
From Exercise 2.5.19, A"m” = . i - Osmsn, , SO ) LP G0) jr an . 
nih” if m=n. = r! 
1 n 
f™(xo)h”. Now (A) implies the stated inequality, with A, = ———— ) "Vitel, 
(n+ 1)! yap Vin 


2.5.23. If x = x; for some /, the relation holds for any c. If not, then g(y) has at least 
n +2 distinct zeros in (a, b). Repeated applications of Rolle’s theorem imply that g“ has 
at least n + 2 —r zeros in (a,b). In particular, g"+ (c) = 0 for some c in (a,b). Since 
p@ry =0, g@™*V(y) = f@tD(y) — K. Setting y = c yields the result. 


2.5.24. Take a = Xo and b = x in Theorem 2.5.5. 


CHAPTER 3 


Integral Calculus of Functions of 
One Variable 


3.1 DEFINITION OF THE INTEGRAL 


3.1.1. Suppose that L; and L» both have the properties required of L in Definition 3.1.1. 
Let « > 0. Then there is a 6 > 0 such that if o is Riemann sum of f over any partition 
P of [a, b] with || P| < 6, then Jo — Ly| < € and |o — Lo| < €. Therefore, |L2 — Li| = 
|Li —-0 +0 —Ly| < |o — L2| + lo — Li | < 2e. Since € can be chosen arbitrarily small, 
it follows that L; = Lo. 


b 
3.1.2. (a) Suppose that i F(x) dx exists and let € > 0. Choose 6 > 0 so that |o — 
a 


fe F(x) dx| < €/2 if is any Riemann sum of f over a partition of [a, b] with || P|| < 6. 
Now suppose that 0 and o2 are Riemann sums of f over partitions P; and Pz with norms 
less than 6. Then 


|o1 —02| = 


b b 
of feds + f F(x) dx — 02 


b b 
o- [ F(x) dx + [ F(x) dx — 02 <S+5=6€ 


s 


(b) Part (a) implies that if ¢ > 0, there is a 5 > 0 such that if o and o’ are Riemann sums 
of f over a partition P with || P|| < 6, then |o — o’| < €. Just choose « < M to show that 
f is not integrable over [a, b]. 

3.1.3. For a given « > 0 we can choose 6 so that |o =f? F(x) dx| < cif ||P|| < dando 
is any Riemann sum of f over P (Definition 3.1.1). Then choose P so that || P|| < 6 and 
there is a Riemann sum o of f over P such that |o — A| < €. Then | - ie F(x) dx| < 
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|A—o|+|o- is F(x) dx| < 2e. Since € can be chosen arbitrarily small, this implies that 


b 
A= fi f(x)dx 
3.1.4. By the mean value theorem (x3 - x7_4)/3 a dF (x; — xj;-1) for some d; in 
(xj-1, x;). Then 


3 3 
i b3 ~— q3 
Daft —x p= ee = = 


j=l 


n 
Now leto = - F(x; — xj-1) be an arbitrary Riemann sum of f(x) = x? over P. 
j=1 
Since xj-1 < cj < xj, |e} —d?| = |e; — dj||cz + dj| < 2|| P|] max({al, |b), so 
lo — (b>? — a3)/3| < 2|| P||(b — a) max(|a], |b]). Since || P || can can be chosen arbitrarily 
small, this implies the conclusion. 


3.1.5. Let P = {xo,X2,...,Xn} be an arbitrary partition of [a,b]. By the mean value 
theorem, (xt? x™ 1) Jn + 1) = d(x; — xj-1) for some d; in (x;-1,x;). Then 


n xt xt 
pmti_qmtl 


ber a a i a 


j=l 


n 
Now let o = ye cj (x; — xj-1) be an arbitrary Riemann sum of f(x) = x” over P. 
J=1 
Then 


|c%" —d"|= apr 


<||P\|@n—1)a"™, 


where A = max{|a|, |D]}. al 


pmtl 


—a 
P —1)A™!(h - 
an < ||Pil(m—-1) (b —a) 


Since || P || can be chosen arbitrarily small, this implies the conclusion. 
3.1.6. Leto = ae Slej(xj - #1) be a Riemann sum for f over [a,b]. De- 


fine xi, = —-Xn-j,0 < j <n, and ej = —Cp—j+1, 1 < j <n. Then we can 
rewrite 0 aso = ae ‘=f (Ce; xy — 1); that is, every Riemann sum of f(x) over 
a partition P = {xo,%1,.. xn} of la, We a Riemann sum of f(—x) over the partition 
POS £6 Xi cats hy} OF - b,—a]. The converse is also true, by the same argument. 


Therefore, Definition 3.1.1 implies the conclusion. 
n 


3.1.7. If P = {x0, X1,..., Xn}, thens(P) = Y © mj (xj—xj-1), where m,; = infy;,_;<x<x,; f(x). 
j=1 


n 
An arbitrary Reimann sum of f over P is of the forma = 2 S(cj)(xj — xj-1) where 
j=1 
Xj-1 < cj <x;. Since f(cj;) > mj,o = s(P). 
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€ 


Now let € > 0 and choose ¢; in [x;-1,x,;] so that f(¢;) < m; + —————, 
. : . . . n(x; —Xj-1) 


n 
1 < j <n. The Riemann sum produced in this way is 0 = Ss Fes; — xj-1) > 
j=l 
n 


Sy lm, + ——)| (x; —x;-1) = s(P) + €. Now Theorem 1.1.8 implies that 
jal : n(x; —Xj-1) j , 


S(P) is the infimum of the set of Riemann sums of f over P. 


3.1.8. (a) From Theorem 2.2.9, for 1 < j <n, there are points a; and 5; in [x;-1, xj] 
such that f(a;) = M; and f(b;) = m;. Therefore, S(P) = esi S(aj)(xj — Xj-1) 
and s(P) = 1 f(bj)(xj — xj-1). 


1 
3.1.9. (a) Every lower sum of f(x) is a Riemann sum for g(x) = —x, so / f(x) dx = 
0 


1 1 “AL 
-| xdx = at Every upper sum of f(x) isa Riemann for h(x) = x, so | f(x)dx = 
0 0 


1 
1 

xdx=-. 

i 2 


1 1 
(b) Every lower sum of f(x) is a Riemann sum for g(x) = x,s0 f f(x) dx = / xdx = 
vO 0 


1 “PL 1 

% Every upper sum of f(x) is a Riemann sum for h(x) = 1, so | f(x) dx = / dx = 
0 0 

1. 

3.1.10. Let x; = a+ j(b—a)/n and 


(b —a) 


o= > e*J-1(x; —xj-1) = e* ye exp [(j — 1)(b —a)/n| 
j=l H j=l 
_ g(b-a) 1-e@ (b—a)/n 
en 1—eb=ain e@-a)in —]" 


= (e? = e*) 


b 
Since lim x/(e* — 1) = 1, Exercise 3.1.3 implies that f e* dx =e? —e%, 
x a 


3.1.11. Let x; = jb/n and consider the Riemann sum 


” be b 
c= > sin x j—1(%; —Xj-1) = = Ze — De 


j=l 
bin - : b jb 
9 os Ho) 4 S664 
2sinb/n dX, [eos a mas n 
= a [ + cos - —cos(n — a - cos : 


which approaches 1 — cos b as n > oo. Now use Exercise 3.1.3. 
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3.1.12. Let x; = jb/n and and consider the Riemann sum 


o= Y > cos. xj (x; —xj-1) = Ss > 008 —— 
j=l 


j=l 


Din eee ee a : 

~ 2sinb/n dX, sin + DS —sin(j — v2 
b/n _#b . ; 

~ Qsinb/n |- ait + sinb + sin(n — >| 


which approaches sin b as n — oo. Now use Exercise 3.1.3. 


3.1.13. Let P = {xo,%1,...,Xn} be a partition of [a, b]. Then every Riemann - Stieltjes 
sum of f with respect to g over P, 


n n 

YF; [s@s) — g&j-1)] = D5 FCs)&; - xj-0, 

j=l j=l 
is a Riemann sum of f over P, and conversely. This implies the conclusion. 
3.1.14. Let P = {xo0, X1,..., Xn} be a partition of [a, b] such that || P || < min(d—a, b—d). 
Let ¢1, C2, ..., Cn be the intermediate points occurring in a Riemann - Stieltjes sum of f 
with respect to g over P; that is, xj-1 < cj < xj,1 < j <n. Ifd ¢ [xj;-1, xj], 
then g(x;) — g(xj-1) = 0. Therefore, if x;-1 < d < x; for some i in {1,2,...,n}, 
then o = f(cs)[gi — g(a)] + f(ci)(g2 — 81) + F(en)Ig(b) — go]. On the other hand, if 
c = x; for some i in {1,2,...,n}, theno = f(c1)[g1 — g(a] + f(ci-1)[g(@) — g1)] + 
Fc [g2—¢(d)| + f (cn) [g¢(b) — g2]. From the continuity assumptions on /, in either case 

b 

o> f(a[gi—g(a|+ f(d)(g2 — 81) + FO)[g)— 82] = fa f(x) dg(x) as || P|| > 0. 
3.1.15. See the proof of Exercise 3.1.14. 


b 
3.1.16. (b) If g is increasing and f is unbounded on [a, 5], then / f(x) dg(x) does not 
exist. (See the proof of Theorem 3.1.2.) 
3.1.17. Same as Definition 3.1.3, except that x; — x;-1 is replaced by g(x;) — g(x;-1). 


3.2 EXISTENCE OF THE INTEGRAL 


3.2.1. First suppose r = 1, so P’ is obtained by adding one point c to the partition 
P = {x0,%1,..., Xn}; then x;-1 < c < x; for somei in {1,2,...,n}. If 7 #7, then the 
product rj; (x; — x;—-1) appears in both s(P’) and s(P), and cancels out of the difference 
s(P’) — s(P). Therefore, if 

my = inf f(x) and mj2= anf F(x), 


Xj—1<x<c CSXSXj 


then 
s(P’) — s(P) = mit (c — xi-1) — mi2(i — c) — mi (xi — xi-1) 
= (mj, — mj)(c — Xj-1) + (mi2 — mi) (x — €). 


(A) 
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Since (1) implies that 0 < rj, —m; <2M,r = 1, 2, (A) implies that 
0 < s(P’)—s(P) < 2M(x; — xj-1) < 2M||P|. 


This proves (3) forr = 1. 


Now suppose r > | and P’ is obtained by adding points c1, C2,..., c, to P. Let PO = P, 
and, for j > 1 let P be the partition of [a, b] obtained by adding c; to PY"). Then the 
result just proved implies that 


one PY) = PU) <2mM||Po |, Peper. 
Adding these inequalities and taking account of cancellations that occur yields 
0<s(P™)—s(PO) <2M(|PO| + |POL+--+ PoP). —B) 
Since PO = P, P™ = P’ and || P| < || P&-|| for 1 < k < r — 1, (B) implies that 
0 <s(P’)—s(P) < 2Mr|| PI, 


which is equivalent to (2). 


3.2.2. Suppose that P is a partition of [a, b] and o is a Riemann sum of f over P. From the 


b b b 
/ fax / f)ax| < | i fsa —s(P)| + WP) 


triangle inequality, (A) 


o| + 


b 
o— i F(x) dx Now suppose € > 0. From Definition 3.1.3, there is a partition 
a 
b b € 
Po of [a, b] such that ) | F(x) dx = s(Po) > / F(x) dx - 3" From Definition 3.1.1, 
a a 


b 
there is ad > 0 such that (C) Jo -{ F(x) dx| < ; if ||P || < 6. Now suppose || P || < 6 
a 


and P is a refinement of Po. Since s(P) > s(Po) by Lemma 3.2.1, (B) implies that 
b b b 
[ fence sey> f feodx— $000) |1P)- [ fooas 


€. eis 
< 3 in addition to 


(C). Now (A), (C), and (D) imply that (E) 


b b %e 
/ f(x) dx -{ f(x) dx| < = + |s(P)-o| 
a a 
for every Riemann sum o of f over P. Since s(P) is the infimum of these Riemann sums 


(Theorem (3.1.4)), we may choose o so that |s(P) —o| < =: Now (E) implies that 
b b 

[ terax- fo feoas 
a a 


” pes ” eee) de. 
f sores f 


3.2.3. The first inequality follows immediately from Definition 3.1.3. To establish the 
second inequality, suppose | f(x)| < K ifa < x < b. From Definition 3.1.3, there is a 


< e€. Since € is an arbitrary positive number, it follows that 
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b 
partition Po = {xo0, X1,...,X,+41} of [a, b] such that (A) s(Po) > / f(x) dx -— =: If P 
a 


is any partition of [a, b], let P’ be constructed from the partition points of Po and P. Then 
(B) s(P’) = s(Po), by Lemma 3.2.1. Since P’ is obtained by adding at most r points to 
P, Lemma 3.2.1 implies that (C) s(P’) < s(P) + 2Kr||P I Now (A), and (C) imply 


that s(P) > s(P’) —2Kr||P|| => s(Po) — 2Kr||P|| > >f F(x) dx - 5 —2Kr||P|| for 


every partition P. Therefore, s(P) > iE f(x) dx —e if ||P||<6d= — 
, 


3.2.4. Le [ f(x) dx = L. Ife > 0, there isa dé > 0 such that L —€/3 <0 < L+€/3 


if o is any Riemann sum of f over a partition P with || P|| < 6. Since s(P) and S(P) are 
respectively the infimum and supremum of all Riemann sums of f over P (Theorem 3.1.4), 
L—e/3 < s(P) < S(P) < L+e/3 if || P|| < 6. Therefore, |S(P)—s(P)| < € if ||P || < 6. 
3.2.5. (Quantities with subscripts f and g refer to f and g, respectively.) We first 
show that g is integrable on [a,b]. Let « > 0. From Theorem 3.2.7, there is a parti- 
tion P = {x0,X1,...,Xn} of [a,b] such that (A) S¢(P) — sy(P) < ©. Let S be the 
set of integers in {1,...,} such that [x;-1,x,;] contains points from H. Since (A) re- 
mains valid if P is refined, we may assume that (B) yy Ge —x;) < €. Now sup- 
jes 
pose | f(x)| < M and |g(x)| < M. Since f(x) = g(x) forx € [x;-1, x,]if j ¢ S, 


|(Se(P) i Sg(P)) = (S¢(P) = sp(P))| = a [(Mg.j —mg,j)—(Myzp —myp)] = 
jes 

4M ies Oj-1 — xj) < 4Me, from (B). This and (A) imply that Sg(P) — sg(P) < 
S¢(P)—sp¢(P) + 4Me < (4M + l)e. Therefore, g is integrable over [a, b], by Theo- 
rem 3.2.7. 

To complete the proof we apply Exercise 3.1.3 to g, with A = [. 7 F(x) dx. Let € > 0 and 
5 > 0 be given. Let P be a partition such that: (i) || P|| < 4; (ii) |o¢ — Al < € if of is 
any Riemann sum of f of P; and (iii) (B) holds. Now let og and of be Riemann sums 
over P corresponding to the same choice of the intermediate points co, C1, ..., Cn. Then 


log -—of| = Y Ig(cs) — f(cp |; —xj-1)| < 2M Ss —xj;) < 2Me. Therefore, 
jes jes 

log — Al = |g —of) + (Of — A)| < log — Al = log —o¥| + lor — A] S 2M + Ie, 
which completes the proof (Exercise 3.1.3). 

3.2.6. If P is an arbitrary partition of [, 6], let s(P.) and S(P) be lower and upper sums of 
g over P. Let P be the partition of [w, 8] containing vo, v1, ..., vz and the partition points 
of P. For 1 < ¢ < L let Px be the partition of [ve_1, vg] constructed from the partition 
points of of P contained in that interval. Let s(P¢) and S(P¢) be the lower and upper sums 
of g over Py. Lete > 0. 
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De py L 
(a) Let OQ; = etl ‘ g(u) du. From Lemma 3.2.1, (A) s(P) < s(P) a Y > se(P). 
f=1 Pel t=1 


ve 
From Theorem 1.1.3, and Definition 3.1.3, sg(P) < / g(u) du. Therefore, (A) implies 
ve-1 
that s(P) < Q,;. Moreover, again from Definition 3.1.3 and Theorem 1.1.3, there is a a 


ve¢ 
partition Py of [vg_1, vg] such that s( Pz) > g(u) du — =: hence, if P is the partition 
ve-1 
of [a, B] constructed from the points in P;, P2,..., Pz, then s(P) > Q, —«. Hence, 


B 
O1 =| g(u) du, from Theorem 1.1.3. 
ES 


3 L 
/ ; g(u) du. From Lemma 3.2.1, (A) S(P) = S(P) = Y> Se(P). 
YI f=1 


L 
(a) Let 2 = DO 
=1 


From Theorem 1.1.8 and Definition 3.1.3, Sg(P) = ie g(u) du. Therefore, (A) implies 

that S(P) > Q2. Moreover, again from Definition 3.13 and Theorem 1.1.8, there is a a 

partition Pe of [ve_1, ve] such that S(Pz) < is g(u)dut+ =: hence, if P is the partition 
t-1 

of [a, 6] constructed from the points in P;, P2,..., Pz, then S(P) < Q2 +. Hence, 


B 
Q.= i. g(u) du, from Theorem 1.1.8. 
Qa 


3.2.7. (a) Let V be the total variation of f on [a,b]. If a < x < b, then f(x) = 
f(a) + fo) ip (f(x) — f@) + F@) — fe) 
—— 2. 2 
GON pel ANS Oe) = FDI) o> Wr Oe 

2 2 = 2 , 


; therefore, 


If(x)| < 


(b) Let P = {x0,X1,..., Xn} be a partition of [a, b] and « > 0. From Theorem 3.1.4, we 


n 
can choose ¢1,...,C, andc},...,cj, so that x;_1 < Cj,C; < x;,(A)|S(P)- Ss S(ej)(xj — Xj-1)| < 


J=1 


= and (B) |s(P) — > f(x; — x7-1)] < =: Since S(P)—s(P) = S(P)— > fea; 


j=l j=l 
xj-a) + YS (fey) — fle) (7 — xj-1)8(P) + YS fle) (y — x)-1), the triangle in- 
j=l j=l 
equality, (A), and (B) imply that S(P) — s(P) <¢€+ yy If(es) — fe Ij —x;-1) S 
j=l 


€+ K||P|| < 2e if ||P || < ra Theorem 3.2.7 implies that f is integrable on [a, D]. 
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3.2.8. 


D> se F Gy) — fej = DO se) Ss) -— DS ees) fGy-1) 


jJ=1 j=l jJ=1 


n n—-1 
=o seep fy — Do seis fy) 


jJ=1 J=0 


= (enti) f (Xn) — 8(co) f(x0) — > f(xslg(ci41) — sca) 


J=0 


= g(b) f(b) -— s@F@— Yo faNlgcj+1) — scs)- 


J=0 


n 
If ye g(c;)[f(x;) — f(x;-1)] is a Riemann-Stieltjes sum of g with respect to f over 
j=l 


n 
P, then > F(xplg(cj4+1) — g(cj)] is a Riemann-Stieltjes sum of f with respect to g 
j=0 
over P’ = {co,C1,...,€n41}. (If cj = cj41 for some i, then c; is counted only once in 
b 


P’.) Moreover, || P’|| < 2||P||. Now suppose « > 0. Since F(x) dg(x) exists, there 


a 


n b 
is ad > O such that > Sa plyg(ej+i1) — g(c;)] -[ St (x) dg(x)| < ¢€ if ||P’|| < 6. 
j=0 # 
Therefore, the identity derived above implies that 


n b 
Y> slesLf xj) — fey — f)g) + f@g(a) + / f@de@)| <e 


jJ=1 


if || P|| < 6/2. This implies the conclusion. 

3.2.9. (a) Let V be the total variation of g on [a, b]. Suppose that € > 0. Choose 6 > 0 so 
€ 

that (A) | f(x)—f(x’)| < ai if x and x’ are in [a, b] and |x—x’| < 6 (Theorem 2.2.12). Let 


n 
P = {x0,%1,...,Xn} ando = > Sci g(x) — g(xj-1)]. Let P’ = {to, t1,..., tm} be 
j=1 
m 


arefinement of P, ando’ = » f(c)[g(ti)—g(t—1)]. Suppose that th, =xXj,05j <n. 


i=1 


n kj 

Then (B)|o—o'|< D> DO I F(e)— F(C))||gGi)—g(t-1)]. Since xj-1 < cj < xj 
J=1li=1+k;_ 

and xj-1 <c, < x;ifl+kj;-; <i < k;, it follows that |c; — cj] < ||P) if1 +k; < 
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i < kj, j = 1,...,n. Therefore, (A) and (B) imply that |o — 0’| < (—)Vv - = if 
| P || < 6. 
Let Po be a refinement of both P; and P2, and let og be an Riemann-Stieltjes sum of f 
with respect to g over Po. From (a), |o1 — 00| < €/2 and |o2 — 00| < €/2. Therefore, 
|o1 — 02| < €, from the triangle inequality. 
(c) Let M = supy<,<p f(x) (Theorem 2.2.8). If o is any Riemann-Stieltjes sum of f 
with respect to g over [a,b], then Jo] < MV. Hence |L(p)| < MV. Since L(6) is 
nondecreasing and bounded below, L = aa L(6) (Theorem 2.1.9). 

>0 


(d) Suppose thate > 0. From (a) and (c) there is a5 > 0 such that (C) L < L(6) < L+e 
and (D) |o — oo0| < € if o and oo are Riemann-Stieltjes sums of f with respect to g over 
any partitions P and Po of [a, b] with norm less than 6. From the definition of L(6), we 
can choose Po and o9 so that L(6) — € < 09 < L(6). Then (C) implies that |og — L| < e. 
Now (D) and the triangle inequality imply that jo — L| < |o — 00| + |oo — L| < 2¢€ ifo 
is a Riemann-Stieltjes sum of f with respect to g over any partition P of [a,b] with norm 


b 
less than 6. Hence, i F(x) dg(x) = L, by Definition 3.1.5. 
a 


b 
3.2.10. / g(x) df (x) exists by Exercise 3.2.9 with f and g interchanged. Therefore, 
a 
b 
i: F(x) dg(x) exists, by Exercise 3.2.8, again with f and g interchanged. 
a 


3.3 PROPERTIES OF THE INTEGRAL 


3.3.1. Trivial if c = 0. Suppose c 4 0 and « > 0. If G is a Riemann sum of cf, then 
n n 


c= Ss cf (cj \(xj —xj-1) = ¢ oy S(cj)(xj — X7-1) = co, where o is a Riemann 
j=1 j=l 
sum for f. Since f is integrable on [a, b], Definition 3.1.1 implies that there isa 6 > 0 


i coer ee e 
such that |o — / f(x) dx| < — ifo is a Riemann sum of f over any partition P of 
a 


[c| 


b 
[a, b] such that || P || < 6. Therefore, jo — / cf (x) dx] < € if @ is a Riemann sum of cf 
a 


over any partition P of [a, b] such that || P|| < 5, so cf is integrable over [a, b], again by 
Definition 3.1.1. 

3.3.2. If fi and fp are integrable on [a, b] and c; and c2 are constants, then Theorem 3.3.2 
implies that cy f; and c2 fo are integrable on [a, b] and ie ci fi(x) dx = ci is Fi(x) dx, 
i = 1,2. Therefore, Theorem 3.3.1 implies Pz. Now suppose n > 2 and Py is true. Let f,, 
ho, --»5 fn+1 be integrable on [a, b] and cy, C2, ..., Cn+1 be constants. By Theorem 3.3.1, 


F b b 
C1 fi, Co fa, ---> Cnt+1 fn+1 are integrable on [a, b], and Oi ci f(x) dx = cj a fi(x) dx, 
‘ b b 
i= 1,2,...,n+1. Now fi(fi + cafe +--+ cntifrsid(x)dx = fo lla fi + 
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cafe tot en fax) + ens Ings dx = fr (er fi + cafe tot en u(x) dx + 
Je cna fng1(x) dx (by Pa)= er fP file)dx ter f? fala)dx te ten fo fala) dx + 
Cn+1 fe FSn+1(x) dx by Py and Theorem 3.3.2. Therefore, P, implies Py+1. 


3.3.3. Yes; let f(x) = 1 if x is rational, f(x) = —1 if x is irrational. Then S(P) = b—a 
and s(P) = a—b for every partition P of [a, b], so f is not integrable on [a, b]. However, 
| f(x)| = 1 for all x in [a, b], so | f| is integrable on [a, d]. 

3.3.4. If f(x) => my, and g(x) > m2 (a < x < b), write fg = (f —m1)(g — m2) + 
mz f +m,g —m,mp2. The first product on the right is integrable by the proof given in the 
text. To complete the proof, use Theorem 3.3.3. 


3.3.5. Let “barred” quantities refer to 1/f. First suppose f(x) > p > O(a < x < 
b). If P = {xo,..., Xn} is a partition of [a,b], then Mj; = 1/mj; andm; = 1/M,, 
so M; —™m; = (Mj; —mj;)/m;Mj; < (Mj —mj;)/p?; hence (A) S(P) —3(P) < 
(S(P) — s(P))/p?. Now suppose € > 0. If f is integrable on [a, b], then Theorem 3.2.7 
implies that there is partition P of [a, b] such that S(P) — s(P) < pe, so (A) implies that 
S(P)—3(P) < €. Therefore, 1/f is integrable on [a, b], again by Theorem 3.2.7. Now 
suppose | f(x)| > p > 0 but f(x) < 0 for some x in [a, b]. Since f? is integrable on [a, b] 
by Theorem 3.3.6, applying the result just proved to g = f? shows that 1/f? is integrable 
on [a, b]. Therefore, 1/f = fg is integrable on [a, b], again by Theorem 3.3.6. 


3.3.6. Since ft = (f +|f|)/2, f— = (Ff -|f|)/2 and f = f* + f-, Theorems 3.3.3 
and 3.3.5 imply the result. 

3.3.7. (a) Since i u(x)u(x)dx = Je x?.dx = 1/3 and i; v(x) dx = fo x dx = 1/2, 
U=c = 2/3. 

(b) Since if u(x)v(x) dx = es x? sinxdx =0,47=c =0. 

(c) Since fs u(x)v(x) dx = fe x2e* dx = e—2and if v(x) dx = i e*dx =e-1, 


u = (e —2)/(e —1) andc = /(e —2)/(e —1). 

3.3.8. Suppose €« > 0. By Theorem 3.2.7 there are partitions P; of [a,b] and Po of [b, c] 
such that S(P1) — s(P1) < €/2 and S(P2) — s(P2) < €/2. Let P be the partition of [a, c] 
with partition points from P; and P2; then S(P) — s(P) = [S(P1) — s(P1)] + [S(P2) - 
S(P2)] < €. Hence f is integrable on [a,c], by Theorem 3.2.7. To complete the proof, 
observe that Riemann sums over partitions of [a,c] having b as a partition point can be 
broken up as Og ,c] = [a,b] + 9 [b,c]: 

3.3.9. Ifa < b < c, Theorem 3.3.9 implies the conclusion. There are eight other pos- 
sible orderings of a, b, and c. Suppose, for example, thatc < a < b. Then Theo- 
rem 3.3.9 implies that (A) r f(x)dx = f% f(x)dx + ie J (x) dx. Since r f(x)dx = 
—f, f(x) dxand f% f(x) dx = — f f(x) dx by definition, (A) is equivalent to — ff f(x) dx = 
—f" f(x) dx+f? f (x) dx, which is equivalent to [* f(x) dx = fi f(x) dx+ ff f(x) dx. 
The other possibilities can be handled similarly. 

3.3.10. Proof by induction. Theorems 3.3.8 and 3.3.9 imply P2. Now suppose n > 2 and 
Py, is true. Leta = dg < ay < +++ < Gn41 = b. Theorem 3.3.8 and P2 imply that (A) 


JE fax = 2" fQxydx + fert! f(x) dx. By Pn, f2" f(x)dx =f"! f(a)dx + 
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ot [E" | f(x) dx. This and (A) imply Pr+1 


3.3.11. By Exercise 3.3.10, (A) [2 f(x)dx = He i id yf) dx. Applying Theo- 
rem 3.3.7 withu = f,v = l,a = xj;-1, and b = x; shows that fo _ f(x) dx = 
S(€;)(x; — xj-1) for some ¢; € [x;-1, xj], j = 1,2, ..., n. Therefore, (A) implies that 
fe f@)dx = 7, SExy — xj-1). 

3.3.12. Let P = {xo, %1,...,%n} and let og = )Y_, f(E;)(xj — xj-1) be the Riemann 
sum chosen in the solution of Exercise 3.3.11. Ifo = }"7_, Fees Maj — Xj-1) is any 


= |o—o0| < ei FEM aj - 
j=l 
xj;-1). From Theorem 2.3.14, Men — Fen s < M(x; — xj-1) < M||P||. Therefore, 


(A) implies that _ [ F(x) dx 


Riemann sum over P, then (A) 7 - A f(x) dx 


<MIPI DG) - xj-1) = M||P\|(b—a). 
j=1 


3.3.13. (a) 4 f(x) dx = 0 because every Riemann sum for f is > 0. If f is continuous at 
cin[a, b] and f(c) > 0, there is an interval [w, 6] C [a, b] such that f(x) > f(c)/2ifx € 
[@, B]. From Exercise 3.3.9, (A) rhs f(x) dx = [* f(x) dx + fe f(x)dx + Nhs f(x) dx. 
Since [™ f(x) dx > Oand fp J (x) dx = 0, (A) implies that th f(x) dx = fe f(x)dx = 
F(c)(B — a)/2, where the last inequality follows from Theorem 3.3.2. 


: [ f(a) dt = f(a), we can write 
=P 


3.3.14. Since 
x 


F(x) — F(a) 
x-a 


- fa) =— | f@- falar. 


F F 
From this and Theorem 3.3.5, (A) Fe) FO) 
x 


fla so “Lf — flaldi|. 


Since f is continuous from the right at ia there is for cer € > 0a6 > O such that 
|[f@t) — f@| < ¢€ifa < x < a+ 6 and t is between x and a. Therefore, from 
(x ei —al 


(A) ) (ae fa < ¢ 
x—al 
FL(@) = f(a). 


1 b 
—/ f(b) dt = f(b), we can write 


= eifa <x < a+6. This proves that 


Since 


F(x) - “) 


1 b 
a - 70) = | fe) fora. 


F(x) - a 


From this and Theorem 3.3.5, (B) i 


b 
: if If) — FO zr 


Since f is continuous from the left at is there is for ae € > 0a6 > 0 such that 
| f(b) — f(it)| < « if b-—6 < x < b and t is between x and b. Therefore, from (B), 
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F(x) — F(b) baal 
— b 
0] << 
3.3.15. 7 aw If f is integrable on |a,b| anda < c < b, then the function g defined 
by G(x) = as F(t) dt satisfies a Lipschitz condition on [a, b], and is therefore continuous 
on [a, b]. 
THEOREM. If f is integrable on [a,b] anda < c < b, then G(x) = & F(t) dt is 
differentiable at any point in (a,b) where f is continuous, with G'(xo) = —f (xo). If f is 
continuous from the right at a, then G!, (a) = — f(a). If f is continuous from the left at b, 
then G'_(b) = — f(b). 
Rewrite G(x) = PCF) dt and apply Theorems 3.3.10 and 3.3.11 tog =—/f. 


3.3.16. (a) Since arbitrary constants can be added to antiderivatives, (A) need not hold for 
specific antiderivatives of f, g, and f + g. 


= eifb—5 < x <b. This proves that F’ (b) = f(b). 


(b) Every antiderivative of f + g can be obtained by adding antiderivatives of f and g, 
and every such sum is an antiderivative of f + g. 


3.3.17. If c 4 0, every antiderivative of cf can be written as cF, where F is an antideriva- 
tive of f; conversely, if F is an antiderivative of f, then cF is an antiderivative of cf. 
This statement is false if c = 0, since then any constant is an antiderivative of cf, while 
cF = 0 for any F. 


3.3.18. (a) Po is true, by Corollary 3.3.13. Now suppose n > 0 and Py is true. If f+?) 
is integrable on [a, b], integration by parts yields 


fertDa) 
n+1 


0 fUV OO —1"dt = + _“- q)jntl = 1 iN fA” 7 tt at 
F n+1 Ja 


Now P», implies Py4+1. 

(b) If f+ is continuous on [a, b],(a) and Theorem 3.3.7 imply the conclusion of Theo- 
rem 2.5.5. 

3.3.19. If c and c; have the property, then f(b) NS g(x)dx = 0, which implies that 
is g(x) dx = 0, since f(b) > 0. Exercise 3.3.13 implies that c = c1. 

3.3.20. Let m = inf { f(x) | a<x< b} and define F(x) = f(x) —m. Then F is 
nonnegative on [a,b]. Moreover, F is integrable on [a,b] if and only if f is, while 
F ((t))¢’ (t) is integrable on [c, d] if and only if f(¢(t))¢’ (t) is. The assumed version 
of Theorem 3.3.18 implies that if either F is Serle on [a, 2 or F((t))¢’ (t) is inte- 


grable on [c, d] then so is the other, and (A) i F(x)dx = a F(¢(t))|¢' (t)| dt. Now 


note that (B) a mdx = (b—a). If ¢ is nondecreasing, then g(c) = a, d(d) = 

and |$'(t)| = $/(t), so (C) [4 mig’ dt = [4 mg'(t)dt = m(g(d) - b(c)) = 

m(b — a). If ¢ is nonincreasing, then ¢(c) = b, d(d) = a, and |¢’(t)| = —¢'(t), so 

(D) [E ml" (Ol dt = — [fF mg(O dt = —m(b(d) — (c)) = m(b — a). Now (A), (B), 

(C), and (D) imply that if either f is integrable on [a, b] or f(¢(t))¢’ (¢) is integrable on 
b d 


[c, d] then so is the other, and f fixydx = f S(o()|¢' @)| dt. 
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3.3.21. If @ is nonincreasing on [c, d], then ¢(—t) is nondecreasing on [—d, —c], and (A) 


qe) = —¢'(—t). Now suppose / is integrable on [a, b]. Then Exercise 3.1.6 implies 


b a 
that f(—x) is integrable on [—b, —a], and (B) f(x)dx = / f(—x) dx. Applying 
—b 
the assumed restricted version of Theorem 3.3.18 to (—t) and f(—x) and recalling (A), 
—a =C 
we infer that (C) / f(-x) dx = -| St (o(—t))¢’ (—t) dt. Applying Exercise 3.1.6 
—b —d 


ae d 

to f(B())#(C), we conclude that (D) [| Fb-N)e'-Hat = [FOO at. 
b d ‘ 

Now (B), (C), and (D) imply that (E) / F(x)dx = -{ S(o(t))¢'(t) dt. Since 


b d 
|o’(t)| = —¢’(t), (E) is equivalent wo | f(x)dx = i S(@())|¢’ | dt. A similar 
argument applies if we start with the assumption that f(¢ (1)! (t) is integrable on [c, d]. 
3.3.22. A typical RS sum for ape F(x) dg(x) is 


n n 
o=)) feplges)— jal = Do Seis EG; — x71) 
J=1 j=l 
where xj-1 < cj < x; (mean value theorem). Let o’ = )"'_, f(€;)g’ (Ej )(xj — xj-1), 
which is a Riemann sum for fe FS (x)g' (x) dx. Then 


lo —o"| < (max {| f(c;) — fs) |1 <7 <n}) Mb —-a), 


where |g’(x)| < M on [a,b]. By Theorem 2.2.12, f is uniformly continuous on [a, b]; 
therefore, |o — o’| can be made arbitrarily small by choosing || P || sufficiently small. Since 


b b 
Be / F(x)e’(x) dx| < lo —0'| +o’ - i Fla)g!(x) dx 


’ 


the existence of . JS (x)g'(x) dx implies the conclusion. 


b n 
3.3.23. A typical RS sum for f I(x) dg(x) is (A) o = ee Sle igs) — g(xj-1)). 
a j=l 
g' (aj) 
2 
g"(aj-1) 


From Theorem 2.5.4, (B) g(x;) = g(cj) + g/ (cj)(xj —cj) + (x; —c;)* for some 


a; € (cj, x;) and (C) g(xj-1) = g(c;) +8 (e/)@j-1-cs) + (xj-1—¢;)? for 


some @j—1 € (x;~1,c;). Subtracting (C) from (B) and substituting the result in (A) yields 


1 n 
gaa t+ 507 Ses le" (ajay — es)? — "(ajay aja —¢))"] (D) 
j=l 
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ff b 
where o’ = > f(c;)g' (cj )(x; — xj—-1) is a Riemann sum for | ST (x)g' (x) dx. Now 
j=l g 
suppose | f(x)| < M and |g”(x)| < K,a < x <b. Fom(D), 


MKS 
Fs Alero S- [@ey - 67)? + @yj-1 -¢;)"] < MK(b — a) ||P I. 
j=l 


Therefore, 
b b 
a= / F(x)e' (x) dx o! — / F(x)e (x) dx 


<|lo—o'|+ 


(E) 
< MK(b—a)||P\|+ 


b 
of - / Flx)e’(x) dx 


b 
If € > 0, there isa 6 > 0 such that MK(b —a)é < and |o’ -{ Sf (x)g! (x) dx 
a 


€ 
a 
2 


b 
if ||P || < 6. Therefore, (E) implies that o- [ Sf (x)g' (x) dx} < ¢€ if ||P|| < 6. This 
a 


b b 
implies that | fede) = f Sf (x)g' (x) dx. 


3.4 IMPROPER INTEGRALS 


3.4.1. (a) Suppose that | f(x)| < M,a < x < b after f(b) is defined. If « > 0, choose by 
so thata < by < b and M(b —}j) < «. Since f is integrable on [a, bj], there is a partition 
Py = {a,x1,..., 61} of [a, by] such that S(P |) — s(P2) < € (Theorem 3.2.7). Then P = 


b 
{a,X1,..., 61, b} is a partition of [a, b] for which S(P)—s(P) < 3e. Hence, [ f(x) dx 


a 
exists (Theorem 3.2.7). Now define F(c) = Hse f(x) dx (a < c < b). Since F is con- 
b 
tinuous on [a, b] (Theorem 3.3.10), F(b—) = F(b), which implies that i, f(x)dx = 
a 


c 


c b 
lim i Ff (x) dx. Since i / F(x) dx is independent of f(b). f F(x) dx is inde- 


c>b-— 


pendent of f(b). 
(b) Let f be locally integrable and bounded on (a, b], and let f(a) be defined arbitrar- 


b 
ily. Then f is properly integrable on [a, b], / f(x) dx does not depend on f(a), and 
a 


b b 
i f(x) dx = slim, [ f(x) dx. 


3.4.2. Let a and a, be in (a,b). Suppose that we know that the improper integrals 


a b ay a 
i: F(x) dx and [ f(x) dx both exist. Leta <c <b. Then [ f(x) dx = / F(x)dxt+ 
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ay 


F(x) dx. Letting c — a+ shows that ay fo f(x)dx = if F(x) axt[ F(x) dx. 


Also, 0, f° f(x)dx = [ St (x) dx +f f(x) dx. Letting c — b— shows that (B) 
i F(x) dx =. fovdc+ [ lx) dx. Adding (A)and (B)and noting that f f(x)dx = 


- [ fesas srowsthat f" foyae + [ faydx = f° foyar+ [ F(x) dx. 


b 
3.4.3. Suppose that f is locally integrable on [a, b) and [ J (x) dx exists according to 


Definition 3.4.1. Leta <a <c. Then f(x)dx = iE fad +f F(x) dx, 


so pile P" £6) dx exists. Theorem 3.3.8 implies that is F(x) dx exists (as a proper 


a 


aaa and Theorem 3.3.10 implies that im fo f(x)dx = fe f(x) dx. Hence, 

Pye dx exists according to Definition 3.4.3. Moreover, Pye) dx = i F(x) dx+ 

pr ee f(x)dx = a (fp F(x) dx +f fonds) =, = lim nf F(x) dx, so Def- 

initions 3.4.1 and 3.4.3 yield the same value for ih f(x) dx. A similar argument applies 
a 


b 
if f is locally integrable on (a, b] and i J (x) dx exists according to Definition 3.4.2. 
a 
3.4.4. (a) Proper if p > 2, improper if p < 2. In either case 
1/x 1 1 
I= lim & (x? sin) dx = —c? sin- =0 
c>0+ Je dx x c 


if p > 0; divergent if p < 0. 
(b) Proper if p > 2, improper if p < 2. In either case 


2/n 1 1 
I= lim &. (x? cos =) dx = —c? cos— =0 
c>0t+ Je dx x Cc 


if p > 0; divergent if p < 0. 
c _ pape 
(c) Improper for all p. / e P*dx = ‘ OP a . Therefore, 
5 : 


C; p= 
Co 

i cP dx = VP p> 0, 
0 oo, po. 


1 —coPtl _ 
(d) Proper for p < 0, improper for p > 0. i “Pdx = fa - UP DEY 
> —loge, p=l. 
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1 
Therefore, f xP? dx = ae Spi (pels 
0 oo, p2=l 


1 
(e) Improper for all p. Write the integral as J = J; + Jo, with J; = i x ? dx and In = 
0 


[o@) c 
x? dx. From (d), /; converges if and only if p < 1. Now consider I). x Pdx= 
1 


1 
—pt+l _ = = 
| (c WGP) BA Uy acces oe I), p>, 
loge, p=. oo, p<i. 
verges only if p < 1 and /2 converges only if p > 1, J diverges for all p. 


Since /; con- 


c 


Co 
3.4.5. (a) We show by induction that x"e *~dx =n!. e ~dx = 1-e. Letting 
0 0 
c — O verifies Po. Now let n > 0 and suppose that P,, is true. Integrating by parts yields 


c c 
i ee deoseto™ +n vf e *x" dx. Letting c > oo and invoking P, 
0 0 


[o.@) 
yietas [ e*dx=(n4+1)n!=(n4+1)!. 
0 
z = 


ee 1 ~ 
(b) e *sinx dx = — 5 (cosc + sinc) + 7 so | e ~sinx dx = 
0 0 


; : © xdx Yds . 
(c) Write 7 = 1, + ih with h = and J, = ay Since J; = 
0 = 
1 
5 log(c? + 1) > co as c > ov, J; diverges. Therefore, J diverges. 


© xdx 1 oxdx 
@) [ FS =1- Vim > 1ase + 1-90 ——. = 1 
0 Vil—x2 0 Vil—x2 


* (cosx  sinx sinc 
(e) i dx = ——— — -—lasc — 04. Therefore, 
és x x c 


™(cosx  sinx 
ee 
0 xX Xx 
© (sinx  cosx cosc 
of (8422) ae 
x/2 x xX 
© /sinx  cosx 
iA ( 5 ere ) av=o 
m/2 x x 


3.4.6. If € > 0, there is an ay such thata <a; <band| f< f(t) dt =e i f(t) dt| < €/2 


— Oasc — o. Therefore, 


b 
if ay <c <b (from Definition 3.4.1 it [ F(t) dt is improper; from Exercise 3.4.1 if it is 
a 


proper). Therefore, ifa; <x <c <b, 


[roa [ roa- [roa 


a fear [ porae 


s 


+ [ fiyar— fo f(t) dt 


€ 
<n. 
2 
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Letting c — b— here shows that <eifa, <x <b. This implies the stated 


[ F(x) dx 


conclusion. 
x 
3.4.7. Apply Exercise 2.1.38 to F(x) = / F(t) dt. 
a 


1 i 1 2-4 al | i 
3.4.8. (a) pocKe eee > —ifx > e?. since f oe = oo, f eS ay = 
/X J/X ge Rf 2 Al: 


°° logx + sinx 
oo. Therefore, ——_.—— dx = o© (Theorem 3.4.6(b)). 
1 JX 


lee) 2 3 3/2 
(b) I = 1, +> where [, =) fa) 
0 


(x4 + 1)3/2 


0 (2 3/2 
3 
sin? x dx and I, = i eg 
ae (x4 =i 1)3/2 


Gia sin? x < CEPI < Ge < Z + a6 < oe if |x| > 
(x4 + 13/2 (x4 + 13/2 x6 x|3 x2 x|3 
foe) 1 —J/3 1 foe) 2 3 3/2 
J/3. since [ sdx <ooand [ Ta dx <M, Rs i eee es 
BE “oo B+ DP 


sin? x dx < oo. Therfore J; and /> converge (Theorem 3.4.6(a)), 


ee (x? zits 3)3/2 
and ———— 
aoe. (4 1)3/2 
and so does J. 


(jl EOE s 1 1 rhage ee 
——— Pie x ince — = wu, 
V1 4+ x? Jims. aa” 1 * 
peace (Th 3.4.6(b)) 
TT 2X = eorem 5.4. : 
0 v1l4+x2 
1 44 cosx %° 4+cosx 
(d) J = J, + Ib where 1) = / ——— dx and In = ———— dx. 0 < 
o A+ a 1 (+x)/x 
PEON, 2 ifx > 0. Si ee. i Sostth 3.4.6(a)). 0 < 
Piss x ince 1 CO eorem 
(+a)Je ~ Ve VE 
saat uaa oye ST Si i In < 00 (Th 3.4.6(a)). Therefore, I 
Sa 4 WX ince 7 CO eorem ererore, 
Gbxnyx ee ee 
converges. 


(e) Convergent, by Exercise 3.4.5(a),(b), and Theorem 3.4.4. 


CO CO 
(f) Since 2+sinx > Land f x ? dx = oo (Exercise 34.4ta)), | x ?(2+sinx) dx = 
0 


i 0 

: sin x 1 ? sin x 
3.4.9. (a) lim ——]= lim = 1, so the analog of Theorem 3.4.7(a) 

= & 
x—>0+ xP xP x>0+ Xx 
m/2 os a /2 d 
implies that J = i; “* dx andl; = / 2 7 converge or diverge together. Since 
0 
a/2 gq 1 —p+2 
i ae —— (=) —c ?** 1. 7, < co-and therefore J < oo-if and only 
co 6 6XP-1— 2 pp | \2 


if p <2. 
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(b) lim (—) [a ) = lim cosx = 1, so the analog of Theorem 3.4.7(a) im- 
x>0+ x>0+ 


n/2 m/2 
plies that [ -[ * dx and Jj = = —> converge or diverge together. Since 
0 Xx 
a aogy 1 p+ 1 
” —_—= ey —c ?t!! 7, < co-and therefore J < oo-if and only if 
ee XP l—p p\\2 
p<il 


(c) Write 7 = J, + In where = fo xPe™* dx and I, = i xPe-* dx. Since 
1 
Jim L(x? e*)/x? = im, e~ = 1, < o if and only if (A) xP dx < o, by 


the enue of Tico 3. nm 7(a). Since (A) holds if and only if p > -1,h < wif 


and only if p > —1. Since lim (x-?e~*)/e7*/? = lim x?e~*/? = 0 for all p and 
X00 X00 


e*/2 dx < 00, the analog of Theorem 3.4.7(a) implies that [2 < oo for all p. There- 


1 
fore, J < oo ifand only if p > —1 
(d) Let f(x) = sinx(tanx)-? = (cosx)?(sinx)-?*!. Then J = ion f(x)dx isa 
proper integral if 0 < p < 1. 
If p < 0, then f is locally integrable on [0,2/2). The mean value theorem implies that 
OS X 


cos x = —(sinc)(x — 2/2) for some c between x and 2/2. Therefore, lim ——— 
x>n/2X — n/2 
f(x) ee is 
1,so lim —M—— = 1. Since (x — 2/2)? dx < oo if and only if p > —1, 
xn /2— (x = we /2)P 


0 

Theorem 3.4.7(a) implies that J < oo if—1 < p<Oand/ = oifp<-—l. 

If p > 1, then f is locally integrable on (0, 7/2]. The mean value theorem implies that 
OS X 


cos x = —(sinc)(x — 2/2) for some c between x and 7/2. Therefore, lim ——~ 
x>n/2 xX — a/2 
: f(x) ae ; 
1,so lim —M#~— = I. Since (x — 2/2)? dx < oo if and only if p > —1, 
xn /2- (x = wt /2)P 0 
Theorem 3.4.7(a) implies that J < oo if—1 < p<Oand/ = oifp<-—l. 
T Le+i(T) 
3.4.10. The substitution wu = Lx+1(x) transforms f F(x) dx into | u Pdu. 
a Lxe+1(@) 


Since a Lxe41(T) = oo, Example 3.4.3 yields the conclusion. 
—>0o 
3.4.12. If f(x) = do +++» +ayx" and g(x) = bo ++++ + dmx™ (an, bm # 0), then 
f(x) 
: g(x) 
lim 


x—>2koo |x|"—™ 


= |an/bm|. 


[o.@) 
Therefore, oa lax <0o and f a ive < oo if and only it | xP Mdx < 
1 - 1 
oo; that is, if and only ifm —n > 2. 

3413. ey = £ tafe +e = Osos = HP e208) = 
f?—-2fg + 9? = 0,80 fg < (f7 + g?)/2. Therefore, | fg| < (f7 + g”)/2. Now use 
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Theorem 3.4.6. 


3.4.14. Since f is nonoscillatory at b—, there is an interval [a;,b) on which f does not 
change sign. Assume that f(x) > 0 and |g(x)| < M fora; <x <b; then 


/ I f(c)g(x)|dx <M / f@dx = M [FO — Fla). 


Since F is bounded on [a, b), this implies that sup,, <.<, tee | f(x)g(x)|dx < oo. Use 
Theorem 3.4.5. A similar argument applies if f(x) <0 on [a1, b). 


3.4.15. Since g is nonincreasing, it is locally integrable on [a, b) (Theorem 3.2.9), and 
b 


therefore so is fg (Theorem 3.3.6). Since | f(x)g(x)| < g(a)|f(x)I, / | f(x)g(x)|dx < 


b 
oo ef | f(x)|dx < co (Theorem 3.4.6); hence, F(x)g(x)dx converges (Theo- 
rem 3.4.9). Ifa<x<c< ee then | {* fs @dt! = ii IfMlg@dt < g(x) fe |fOlde. 
Letting c > b— yields ? fgtods| < g(x) iN | f(t)|dt. Now divide by g(x) and ap- 


ply Exercise 3.4.6 to | f|. 


b 
3.4.16. If f does not change sign on [a1, b), wherea < a, < b, then obviously | t(x)dx 
b b b 
and / | f(x)|dx converge or diverge together. Since / Jt (x)dx and i Ft (x)dx con- 
ay a a\ 


b b 
verge or diverge together, as do i | f(x)|dx and / | f (x)|dx, the conclusion follows. 
a a) 


b 
3.4.17. (a) If g is nonincreasing, then g(x) > 0 on [a, b) ince f g(x) dx = oo) and 


a 


Xr+1 E Xj+1 fl 
[Oo irescol axe > hs "fool ge) dx = p Do g(tjar) 
4 j=0°% j=0 


p Xr+2 
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b 
If g is nondecreasing, we may assume that g(x) > 0 (since i g(x) dx = ov); then 
a 


[reset axe = | °, If@le@) dx > p> ge;) 


j=1 
g(x) dx 


poe 


Xj —Xj-1 


ee g(x) dx > as ro. 
i (a 


Cc Cc 
(b) If g is monotonic, then g’ does not change sign; hence, / |e’(x)| dx = | i g(x) dx| = 
a a 


Ig(c) — g(a)| > |g@)| asc > b-. 

3.4.18. (a) p => 1: Since |x-? cosx| < x~?, absolutely convergent (Example 3.4.3 and 

Theorem 3.4.6). 0 < p < 1: convergent by Theorem 3.4.10 with f(x) = cosx and 

g(x) = x ?, but not absolutely convergent because of Theorem 3.4.12; hence, condi- 
c 


tionally convergent. p = 0: i cosxdx = sinc; divergent. p > 0: divergent by 
0 

Theorem 3.4.11). 

(b) p > 1: absolutely convergent by Theorem 3.4.6, since 


1 
x(log x)?’ 


sin x 
x > 2, 


x (log x)? 
and 


Bt ad log 2)!-? — (1 ae 2 log 2)!-? 
i is Fe 2 eo 52 la flogc) ci On Eee as C > OO. 


2 x(logx)P 7° p-l p-l 


[o,) 
Pp < 1: convergent by Theorem 3.4.10 with g(x) = 1/x(logx)?. However, since i g(x)dx = 
2 
oo, not absolutely convergent (Theorem 3.4.12); hence, conditionally convergent. 


(c) p > 1: absolutely convergent by Example 3.4.3 and Theorem 3.4.6, since | sinx/x? logx| < 
x-?. 0 < p < 1: convergent by Theorem 3.4.10; not absolutely convergent, by Theo- 
rem 3.4.12; hence, conditionally convergent. p < 0: divergent by Theorem 3.4.11. 


(d) If f(x) = x? sin1/x and g(x) = x~?71, then Jim “ = 1, so the integral 
oo 2(Xx 
converges absolutely if and only if p > 0 (Theorem 34. 7). Since f(x) > 0 for all x in 


[1, co) there is no possibility of conditional conveergence. 


- 2 : 1 
2 
(e) Let f(x) = ——— Write the integral as 7 = I; + In, where J; = i f(x) dx 
x 0 


Co 
and I = ip F(x) dx (both improper).e 
1 
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First consider /,. Note that f(x) > 0,0 < x < 1. Since 1 Fyfe = 2 and 
x> 


x ?t3 dx < oo if and only p < 4, Theorem 3.4.7 implies that /; converges if and 


0 
only p < 4, and the convergence is absolute. 


Now consider J. Since | sin? x sin2x| < 1, Example 3.4.3 and Theorem 3.4.6 imply that 
x x 


I, converges absolutely if p > 1. since [ sin* t sin2tdt = 2 | sin? tcostdt = 
0 0 


Sat is bounded, Theorem 3.4.10 with g(x) = x? implies that /2 converges if 
Pp > 0; however, Theorem 3.4.12 implies that the convergence is not absolute in this case, 
(i+1/2)n (+x 1 
since | sin? x cosx dx = i sin? xcosxdx = -, j = 1, 2,3, ..., and 
j (i+1/2)x # 
Co 
/ x Pdx =ooif p> 0. 
0 


Hence, we conclude that J converges absolutely if 1 < p < 4, or conditionally if 0 < p < 
1. 
sin x 
Let f(x) = ——— 
HLet fo) = 7p 
1 lee) 
h= / F(x) dx, and I, = / f(x) dx. Since | f(x)| < x~??, Example 3.4.3 and 
-1 1 
Theorem 3.4.6 imply that /3 converges absolutely if p > 1/2. Theorem 3.4.10 implies that 
I3 converges if p > 0, while Theorem 3.4.12 implies that the convergence is not absolute 
if 0 < p < 1/2; hence, the convergence is conditional in this case. A similar analysis 
show that J; converges absolutely if p > 1/2, conditionally if 0 < p < 1/2. Therefore, J 
converges absolutely if p > 1/2, conditionally if0 < p < 1/2. 


c Cc CO 
3.4.19. f g(x)sinx dx = a(x) e0s.x|5+ g'(x) cos x dx. since [ g'(x) cos x dx 
0 0 0 
CO 


-1 
. Write the integral as 7 = J; +1/)+]3, with = / F(x) dx, 
—0O 


converges by Theorem 3.4.10, g(x) sin x dx converges if and only if lim g(c)cosc 
0 coo 

exists, which occurs if and only if L = 0. 

3.4.20.(a) |e **h(x)| < |e **h(x)| if x > O and s > so. Use Theorem 3.4.6. 


(b) Use Theorem 3.4.10, with f(x) = h(x)e* and g(x) = e~&750)*, 
at+1 
T° so we conjecture 


x 
A 
3.4.21. Assume that a > 1. If f(t) = A, then f t* f(t)dt = — 
0 a 


x 
A 
that lim x7! i; t® f(t) dt = ——. To verify this, define 
x—00 0 a+1 


F(x) =x7¢7} ik 1” f(t) dt — — = x77! ike 1“(f(t) — A) dt. 


a+1 


Given € > 0, choose xo so that | f(x) — A| < € if x > xo. Then, if x > xo, 


|F(o)| <8 (% | f(t) — Al dt + | 


x 


xo 
1% at) = a t*| f(t)—Al dtt+e. 
0 


0 
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Since the last integral is a constant indpendent of x, this implies that lim |F(x)| < e. 
x—0O 
Since € can be chosen arbitrarly small, lim F(x) = 0. 
x—-0O 


x 


3.4.22. (A) ” fg) at = F(x)g(x) -| F(t)g’ (t) dt. If |F(x)| < M on [a,b), 
then (A) implies that " 


if Fg) at 


This yields the conclusion. 


<M Ee +f ar | = M (2g(x) — g({a)). 


3.4.23. Let € > 0 be given. From Exercise 3.4.6, there is a number xo in [a, b) such that 
x 

F(x) = / f(t) dt satisfies |F(x)| < € if x9 < x < b. Now suppose that x9 < x < b; 
xo 


then 


i f(g) dt = / f(g) dt — F(t) 


+ i. F(t)g’(t)dt. (A) 


1 
g(x) 


+ 3. Since the integral on the right is a constant independent of 


Since g/(x) = 0, < €g(x), so (A) implies that < 


/ " Fg dt 


xO 


i ” ¢(tg(t) at 


/ Fett) dt 


1 
g(x) ; 
x and g(x) > oo as x > b-, lim —~ 

$700 82) 
arbitrarily small, lim —— i F(t)g(t) dt 
x00 B(x) |Ja 


3.4.24. Ifa <x < x, <b, then 


< 3e. Since € can be chosen 


/ “fat at 


=0 


i fg) dt =—F()e(t) 


+ [ F(t)g' (t) dt. 


Let F(x) = supy<;<p |F(t)|; since am F(t) = 0 (Exercise 3.4.6), F is defined and 

nonincreasing on [a,b), and (B) im F(x) = 0. Since |F(t)g/(t)| < -l|F(x)\¢’@ 

(x <t <b), i. |F(t)g’(t)| dt < oo. Since oe F(x1)g(x1) = 0, letting x; — b—in 

(A) yields f f(t)g(t) dt = F(x)g(x) + f F(t)g' (t) dt. This and the assumptions on 
x x 

< 2F (x)g(x), and (B) now yields the result. 


b 
g imply that / F(t)g(t) dt 


3.4.25. Use Theorem 3.4.13. 


1 loo) 
(a)x = its f x? sinl/xdx = j t-?~? sint dt; absolutely convergent if p > —1 


0 1 
by Example 3.4.3 and Theorem 3.4.6; conditionally convergent if —2 < p < 1 by Theo- 
rems 3.4.10 and 3.4.12; divergent if p < —2 by Theorem 3.4.11. 
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1 0 
(b) x = e', sot = logx; a |logx|?dx = / tPe' dt = I, + In, where ) = 
0 — 


CO 
-1 0 0 
/ tPe' dt, In = t?e' dt. I, converges absolutely for every p. Since t? dt 
—oo -1 
converges if and only if p > —1, Theorem 3.4.7 with f= = t? and g(t) = e't? rapes 
that [2 converges if and only if p > —1, since jim e’ = 1. Therefore, J converges 


absolutely if and only if p > —1. There is no possibility of conditional convergence. 


Co 
(c)t = logx,sox =e; ] = i x? cos(logx) dx = ie e+) cost dt. Absolutely 
1 0 


convergent by Theorem 3.4.6 if p < —1, since e(Pt It dy converges if p < —l. 
0 
Divergent if p > —1, by Theorem 3.4.11. 
Co Co 
(d) t = logx, sox = e’ (log x)? dx = te’ dt. Since jim, t?e' = oo for all 


Pp, Theorem 3.4.7(b) with - of = te’ and g(t) = 1 implies soe for all p. 


CO 1 [o.@) 
(e)t = x?,sox =1t!/?. If p > 0, then sinx? dx = — t—}+1/P gint dt, which 


) P Jo 
is conditionally convergent if and only if p > 1, by Theorems 3.4.10, 3.4.12, and 3.4.11. If 
1 Cc 
p <0,then/ = —— t141/P sint dt = (11 +1>)/p, where I; = i t!41/P sint dt 


P Jo 
and Iz = hae t1+1/P sint dt. In converges absolutely for all p < 0, while 7; is converges 
absolutely if p < —1. Hence, J converges absolutely if p < —1. 


° dt dt 1 dt / 
3.4.26. (a) ug =a [ Se then wy = af _ eee ee 
uy x u x 


2 2 2 
; Sis Yi at 1 uy oUt 
u t 
| ee A " 
“aut [ =z, 80 Uz + pur = (uy + pur) =0. 
uy x Uy 
ae “dt 1 ge. dhe yi 
If uv. = uy —, then u, = u} oe es ae 
D) 2 D; 2 2: 2 2: 
0 Uy 0 Uy uy 0 Uy uy uy 
Ps 


* dt 
ut [ —, S0uy + pug = (ui + pur) 
0 Uy 0 


a © dt 
(b) Let u be a positive solution of (A) on [0, 00). ir [ < oo, letyy =u / = 
0 x 


dx 
u?(x) 
and yz = u; then 


ad ‘ie dt\ , Le dt 1 ‘ 
= =u sz ]u-|u sz - yu 
Yio V1 y2 x. u2 . u2 U 


i a Je Eeteap tf - tak d 

an im = im —s— = VU. = = WW, e = u an = 

x00 yo(x) x00 J, u(t) 0 u(x) - ‘ 
x 


t 
u — +; then 
0 u? 
* dt 1 * dt 
,—Viy2=u wf —+- -wu fo =1 
Yiyo — Vy V2 ( ce ow 
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x dt -1 ! Toc sayh 
aie ae (/ | = 0. Ineither case, (=) = ee 
0 u (t) y2 V5 


x 
3.4.27. (b) uo = —cye"*~ + coe* + i h(t) cosh(x — t)dt; u” = cye~* + coe* + 
0 


ja h(t) sinh(x — t)dt + A(t) =u+ h(x). 
0 


Xt t 


(b) Since sinh(x — t) = os . 


u(x) = («: - ; ik h(tye’ at) er (<2 + an h(t)e* at) e*, 


lL f* 1 f* 
soa(x) =c, — >| h(t)e’ dt and b(x) = cz + >/ h(t)e dt. 
2 Jo 2 Jo 


=X: 


[o@) 1 [o.@) 
(c) If lim a(x) = A (finite), then h(t)e’ dt converges, and A = a-5 | h(tje' dt. 
x—->0oO 0 0 
[o.@) 
From Exercise 3.4.24 with f(x) = h(x)e* and g(x) = e7?*, / h(t)e~* dt converges, 
0 


CO 1 CO 
and lim |. h(t)e dt =0. Let B= ats | h(t)e ‘dt. Then e?*[b(x)—B] = 
x—->oo x 0 


- | h(tje' dt > Oas x > ov, and e*[u(x) — Ae~* — Be*] = [a(x) — A] + 
e2* [b(x) — B] > 0asx > oo. 

(d) Since jim) b(x) =B (finite), he f(x)e * dx converges. From Exercise 3.4.23 with 
f(x) = h(x)e™* and g(x) = e?*, Jim, oo A Ff (x)e* dt = 0, which implies that 
lim a(x)e~?* : 
x00 


3.4.28. 


= 0. Now (a) implies the conclusion. 
x 
way tart [hol Oys)— Corde 
0 


u” = cry + coy + i, A(t)Lyi(t)y3 (x) — y{ (x) y2(0)] at 


+h(x)lyr Gey (x) — yh (a)y2(0)] = —pOou + h(x). 
a(x) =¢1- [ h(t)ya(t) dt, b(x) = en + [ h(t)y1(t) dt. 


Co 
(b) From Exercise 3.4.24 with f = hy2 and g = yo/yo, i h(t)yi(t) dt converges 
0 


and lim 2 hit)yi(@t)dt = 0. Let A = cy -f h(t)ye(t) dt, B = co + 
x00 yi (x) Jx 0 
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ie h(t)yi(t) dt. Then 
0 


u(x) — Ayi(x) — By2(x) 
yi(x) 


2 ) 


= a h(t)y2(t) us 2 fo h(t)y,(t) dt > 0as x > co. 


(c) From Exercise 3.4.23 with f = hy; and g = y2/y1, lim —— yi) 


X>0O yo yo(t) 
yi(x) eo ME) 
a) = 0, so lim | 50) =atf[™ h(t)yi(t) dt. 


3.4.29. Let F(x) = [ F(t)g(t) dt; then 


* ey ia eke — AW) 
[food [ (Fy) Poa =F 


[ h(t)y2(t) dt = 0. 


Therefore, dim, a(x)———= 


: iy P 
of -f i= F(t)dt. (A) 
z ’ Pi \en. 2 . 
since | F(t)g(t) dt converges, ae F(x) exists (finite). Since (4) is integrable in 
Aw) _. ; : AY 

(t 


exists (finite). Since (4) is absolutely integrable and F is bounded 


[a,b), lim 

x—>>0O 
on [a,b), Theorem 3.4.6 implies that the integral on the right side of (A) converges as 
x — oo. This implies the conclusion. 


3.4.30. The assumptions imply that for some c in [x1, x2], 


(Theorem 3.3.7) 


/ Flx)e(x) dx 


= fe / eGcdx 


x2 
> pf le(x)| dx > pM. 


1 


Therefore, the inequality of Exercise 3.4.7 with f replaced by fgcannot hold if « < pM. 
b 
Hence, i FI (x)g(x) dx diverges. 
a 


3.5 ANOTHER LOOK AT THE EXISTENCE OF THE PROPER RIEMANN INTEGRAL 


3.5.1. Let M = sup f(x),m= inf f(x),andp=_ sup |f(x)— f(x’)|. Then 
a<x<b asx<b x,x’€[a,b] 

(A) p < M—™m. Ife > 0, then f(x) > M —«€/2and f(x’) < m+ /2 for some x, x’ in 
[a,b]; hence, f(x) — f(x’) => M—m-—e,so p > M —m-—e. Since this is true for every 
€ > 0, 9 => M —™m. This and (A) imply that p = M —m. 

3.5.2. If S and S; are the sets of discontinuities of f and | f|, then (A) S; Cc S. If f is 
integrable, then S is of Lebesgue measure zero (Theorem 3.5.1, and (A) implies that S; 
is also; hence, | f| is integrable (Theorem 3.5.6). Since 1/f is bounded and has the same 
discontinuities as f if | f(x)| = o > 0, the same argument yields the second result. 
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3.5.3. If € > 0, there are open intervals {/;} and ti} such that S$; C 'e I; and Sz C 


J 


n n 
[J 2), with }° LUy) < ¢/2 and 0 LU) < €/2,n 21. Let Ud = 
J j=1 j=1 


n 

{h, I, Io, 1,...}. Then )° Lf) < €,n > 1. and Sy) U Sz C |_J 17. Hence, $1 U Sp 
j=l J 

is of Lebesgue measure zero. 
3.5.4. Let S¢ and Sz be the sets of discontinuities of f and g, respectively. Since f and 
g are integrable on [a, b], S; and S2 are of measure zero (Theorem 3.5.6). Hence, $1 U S2 
is of measure zero (Exercise 3.5.3). Therefore, the sets of discontinuities of f + g and fg 
are of measure zero, so f + g and fg are integrable on [a, b] (Theorem 3.5.6). 


3.5.5. Let S¢ and Sy, be the sets of discontinuities of f and h. Since f is integrable on 
[a, b], Sy is of Lebesgue measure zero (Theorem 3.5.6). Since g is continuous on [q, 6], 
Sp C Sy. (Theorem 2.2.7). Hence, S; is of Lebesgue measure zero, so h is integrable on 
[a, b] (Theorem 3.5.6). 


1 n 
3.5.6. Let tT = ; sy |F(u jn)—F(vjn)|, 4 = Fog/(b—a), and Py = {Xon, Xin,---,Xnn}, 
j=1 
where xjn = a+ j(b—a)/n,0 < j <n. Define Mj, = sup {h(x) | Xj-tn <x < Xin 
and m jn = inf {h(x) | Xj-tyn Sx inh. Let s(P,) and S(P,,) be the lower and upper 


n 
sums of h over P,; then (A) S(P,) — s(Pn) = - > (Min —mjn). Since h is integrable 
j=1 
over [a, b] (Exercise 3.5.5), (B) littn+oo(S(Pn) : S(Pn)) = 0 (Exercise 3.2.4). Since 
IG(f(ujn)) — G(f(vjn))| <( —a)(M jn —Mjn) (A) and (B) imply that limyoo tT = 0. 
3.5.7. Let S = {x € [a,b] | f(x) A O}. P = {x0, %1,...,Xn} be an arbitrary partition 
of [a,b]. None of the intervals [x;~1,x,;] is contained in S, since any subset of S is 
necessarily of measure zero. Therefore, foreach j > 1, there isac; in [x ;—~1, x;] such that 


n 
(cj) = 9, so oa S(cj)(x; — x;-1) = 0. Thus, associated with every partition of [a, b] 
jJ=1 


b 
is a Riemann sum of f that equals zero. Hence, / f(x) dx = 0, by Definition 3.1.1. 
a 
3.5.8. Apply Exercise 3.5.7 toh = f — g. Since f(x) — g(x) = 0 except on a set of 
b b b 
measure zero, / (f(x) — g(x)) dx = 0. Therefore, / f(x)dx = i g(x) dx. 
a a a 


CHAPTER 4 
Infinite Sequences and Series 


4.1 SEQUENCES OF REAL NUMBERS 


4.1.1. If € > 0, there is an integer N such that |sy —s| < €. Therefore, s > sy —¢€ > —e, 

since sy > 0; that is, s is greater than any negative number, and is therefore nonnegative. 

4.1.2. (a) From Definition 4.1.1, lim s, = s (finite) if, for each € > 0, there is an inteer 
n—->oo 

N such that (A) |s, — s| < € ifn > N. Now let t, = |s, — s|. From Definition 4.1.1 

with {s,} replaced by {t,} and s replaced by zero, lim t, = 0 if, for each € > 0, there 

noo 

is an integer N such that (B) |t,| < € ifm > N. Since the inequalities (A) and (B) are 

equivalent, the conclusion follows. 

(b) Suppose that |s, —s| < t, forn > No. Let € > 0. Since jim tn = 0 there is an integer 

N, such that |t,| < ¢ ifn > N,. Therefore, |s—s,| < ¢ ifn = N= = max(No, N1). Hence, 

lim s, = s, by Definition 4.1.1. 

noo 

4.1.3. 


1 
(a) |S, — 2| = ae <eifn > N,where N > 1/e. Therefore, Jim, Sn = 2. 


at+n le=p| lo B| 
b) (A) |s, — 1] = = 

(b) (A) Isp | B+n [B+n| nil + B/nl’ 
all n, so limy+oo Sy = 1. Now suppose that a # f. First choose N; > 2|B|. Ifn > Ni, 
then n > 26, so |B/n| < 1/2, which implies that |1 + B/n| > |1 —|6/n|| > 1/2 and 


y= 
< 2; therefore, (A) implies that (B) |s, — 1] < Ae) ifn > N,. Now let 
n 


If a = 8, then s, = 1 for 


[1 + B/n| 
N> be an integer such that N2 > 2|a — B|/e and let N = max(N1, N2). Then (B) implies 
that |s, —1| <«ifn > N. Hence, lim s, = 1. 

noo 


1. nx 1 1 : 

(c) |sp| = |—sin —] < —. Choose N > 1/e; then |s,| < — < € ifn > N. Hence, 
n 4 n N 

lim s, = 0. 

n—-oo 
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4.1.4. (a) limyoo 81 = 1/2: 


1 n 1 
6-3 |= aT vate 
2n—2n—J/n+1 Vn+1 
> 2(22n+ J/n+1) ~ 20n+ Jn +1) 
_vmtt_ 1 


~A(n+1) 4/n4I1 


ifn > 3. Ife > Ois given then choose N > 3 so that 4./n + 1 > 1/e. Then |s, —1/2| < € 
ifn >N. 


(b) limy—oo 5) = 1/2: 


n+2n+2 (n?+n)+(n4+1) 1 
= = 14+ -, 
n2+n n?+n n 
so 
1 
Isp —1] =. 
n 


If € > Ois given, choose N so that N > 1/e. Then |s, —1| < eifn > N. 


(c) limp—+oo Sn = 0; since | sinn| < 1, 
|sinn| 1 
vn Jn 
If € > Ois given, choose N so that N > 1/e?. Then |s,| <¢ ifn > N. 
(d) 


[Sn — O| = 


_ (Vn? +n—n)(Vn? +n +n) 
- Jn2+n+n 


n>+n—n? 


n 
— MnZ4n4+n Vne4+n4+n 


Note that 0 < sy, < 1/2. We'll show that limy.o9 5, = 1/2. 


Sn 


1 n 1 
Sy, -- =o C 
"2° VnF+n+n 2 
Sate on Sn 


- 2(V/n?2 +n +n) (Vn? +n +n) 


Therefore, 


<—. 


~ 2Vn2+n+n) 8n 


Sn - = 


| ISn| 


Section 4.1 Sequences of Real Numbers 81 
Given € > 0 choose N > 1/8¢; then 


Sn,—--|<e if non. 


4.1.5. The integer N in Definition 4.1.1 and does not depend upon e¢ if and only if the 
sequence is constant for sufficiently large n. To see that this is sufficent, suppose that that 
Sn = 8 foralln > Ny. Then |s, —s| = Oifn > N,. Therefore, if € is an arbitrary positive 
number, then |s, — s| < € ifm > Nj. To see that it is necessary, suppose that there is an 
integer N such that |s, — s| < «ifn > N, for every « > 0. Fixingn > WN and letting 
€ — 0+, we see that s, = s. 

4.1.6. Let € > 0. Since limy—+o9 S$, = s there is an integer N such that |s, — s| < € 
ifn > N. since ||sn| — |s|| < |s2 —s| for all n, ||sn| — |s|| < € form > N; hence, 
limp—oo |Sn| = |s|. 

4.1.7. Let € > 0. Since jim Sn = S there is an integer Ny such that (A) |s, —s| < € if 
n > Nj. By assumption, there is an integer N2 such that (B) |t, — sp| < € ifn > Nz. Both 
(A) and (B) hold if m > N = max(Nj, N2), so |tn — S| < |tn — Sn| + [Sn — S| < 2e if 
n> N. Hence, limy+o9 t, = 8, by Definition 4.1.1. 

4.1.8. Let a = inf{s,}. If ~ > —oo, Theorem 1.1.8 implies that if > 0 thena < sy < 
a+ € for some integer NV. Since a < sy, < sy ifn = N, it follows thata < s, <a+e 
ifn > N. This implies that |s, —a| < «ifn > N, so jim, Sn = a by Definition 4.1.1. 


If @ = —oo and D is any real number, then sy < b for some integer N. Then s, < b for 
n> N,so lim sy, = —oo. 
n—->oo 


atn+l a+n 


4.1.9. (a) ss a a maT ER a 


7 (a+n+1)\(B+n)—-(a+n)\(B+n+4+ 1) 


(B+n+1)(B +n) 
= p-a 
— (B+nt+I(B+n) 
nats ee: eee ; a+n 
Therefore, {s,} is increasing if B > a, decreasing ifa < f. Since |s,| = B+ 
n 


[1+ a/n| : : : : 
ears < 1+ |a|,n > 1, {s,} is bounded. Since {s,} is monotonic and bounded, 
n 
Theorem 4.1.6 implies that {s,,} converges. 
Sn+1 (n +1)! n” ne ote 
b = —_—____ — = | ——_ < 1, so {s,} is decreasing. Since s, > 0 for all 
©) Sn (n+ 1)"*1! nl n+1 {sn} . " 


n, Theorem 4.1.6 implies that {s,} converges. 
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pti n 


r 
c ae = —_ 

(c) Sn+1 Sn Ta pati Tenge 

- pot + r”) a rer a pty 
a (1+ r?+1)(1 +r”) 


= r’(r —1) 


Therefore, {s,,} is decreasing if0 <r < 1, increasing ifr > 1. Since 0 < sy, <1 foralln, 

Theorem 4.1.6 implies that {s,} converges. 

(a) Sati _ (Q2n+2)! 27"(n!)?_ (Qn +2)2Qn+1) _ 2n+1 
Sn 22"421(n + 12 (Qn)! = 4(n +192 On 4-2 

decreasing. Since s, > 0 for all n, Theorem 4.1.6 implies that {s,,} converges. 

4.1.10. If x > 0, then Tan~!x > 0. Moreover xn41 — Xn = f(Xn) where f(x) = 


Tan !(x) — x. Since f(0) = Oand f’(x) = ix —1<0ifx 40,e f(x) < Oif 
x 
x > 0. Therefore, if x9 > 0, then0 < x; < xg. By induction, 0 < Xn41 < Xn. By 


Theorem 4.1.6, limyp—oo Xn = inf{s,}. 


< 1, so {Sy} is 


1 A\? 1 4\ 4A 
4.111, (a) If > 0,then 3,4 = 7 (s+ 5) -A=3(s+244+5)-$ = 
1 Axe 
—(s,-—) > 0,80 5941 > VAifn > 0. 
4 Sn 


1 A 1/A A-s? 

(b) Ifn > 1, then sy41 — Sy = = (5S, +—)]—5Sn = = (| — — 5, ) = — < 0 from 
2 Sn 2. Sn 28n 

(a). 


(c) Since {s,} is nondecreasing and bounded below, it is convergent by Theorem 4.1.6(b) 
1 A 1 A 
(d) Let s = lim,+... Thens = lim — («. + -) = =(s + —), which implies that 
noo Sn 2 S 


2 

s? = Ashence, s = V/A. 
4.1.12. If {sn} is nondecreasing, then sup{s,} = oo, while if {s,} is nonincreasing, then 
inf{s,} = —oo. In either case the conclusion follows from Theorem 4.1.6. 
4.1.13. Suppose that s, = f(n) forn > N1. Let € > 0. Since limy+oo f(x) = L there is 
an integer N > N, such that | f(x) — L| < «ifx > N,so|s, —L| = |f(n) —L| < ¢€ if 
n> N. Therefore, lim s, = L. 

noo 

at+x Il1+a/x 


4.1.14. (a) f(x) = ee = T+ Bix — last — oo; therefore, fim sn =1. 


1 
(b) f(x) = cos — as t > co; therefore, lim s, = 1. 
x noo 


in 1 —1/x? cos 1 
SLA ioriogpiiar stile: lim f(x) = lim eesti — 
1/x x00 x00 


—1/x? 
; 1 ‘ 
lim cos — = 1; therefore, limy—+o9 Ss, = 1. 
x00 x 


(c) f(x) = sai = 
x 
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x—>0Oo x X70 X 


1 1 1 
(d) f(x) = logx-—x = —x (: - *); since lim ~~ = lim — = 0, lim f(x) = 
x noo 


—oo, so lim sy, = —o0. 
noo 


(e) f(x) = log(x + 1) — log(x — 1) = log (4) = log (4) — log1 = Oas 


x > oo; lim s, = 0. 
n—->oo 
4.1.15. If c = 0, then cs, = 0 forall n, so lim (cs,) = 0 = 0- es. Now suppose that 
noo 
c # Oande > 0. Since lim s, = s, there is an integer N such that |s—s,| <eifn > N; 
noo 
then |cs, —cs| < |cle ifn > N,so lim (csp) = cs. 
noo 


4.1.16. Suppose that s = oo and c > 0. For arbitrary a there is an integer N such that (A) 
Sn > a/cifn > N.Thencs, > aifn > N,so lim (cs,) = 0 = cs. 
n->oo 


Suppose that s = oo andc < 0. For arbitrary a there is an integer N such that (A) sy > a/c 
ifn > N. Thencs, <aifn > N,so lim (cs,) = —co = cs. 
noo 


Suppose that s = —oo andc > 0. For arbitrary a there is an integer N such that (A) 
Sn <a/cifn > N.Thencs, <aifn > N,so lim (cs,) = —co = cs. 
noo 


Suppose that s = —oo andc < 0. For arbitrary a there is an integer N such that (A) 
Sn <a/cifn > N.Thencs, >aifn > N,so lim (cs,) = 00 = cs. 
noo 


4.1.17. If € > 0, there are integers Ny and N>2 such that (A) |s, —s| < € ifm > Ny and (B) 
lt, —t| <¢€ifn > No. If N = max(Nj, N2), then (A) and (B) both hold when n > N, 
80 |(Sn + tn) £ (Ss + £)| < [Sn —5| + [ty —t| < 2¢ ifn > N = max(Nj, N2). Therefore, 
lim (Ss, +t%)=sH#t. 

noo 

4.1.18. The equality holds if s and ¢ are both finite (Exercise 4.1.17). Now suppose that 
§ = oo andt > —oo. Then a = inf{t,} is finite and if a is arbitrary there is an integer NV 
such that s, > a—aifn > N. Therefore, s, +t, > aifn > N, so limy—+o0 (Sn + th) = 
o=st+t. 

Now suppose that s = —oo andt < oo. Then 6 = sup{t,} is finite and if a is arbitrary, 
there is an integer N such that s, <a—B ifn > N. Therefore, s, + ty <aifn > N,so 
limy+o0(Sn + tn) = —cO = s+. 

4.1.19. There is an integer N such that |t, —t| < (1—p)|t| ifn > N. (Takee = (1—p)|t| 
in the definition of limit); therefore, 


t-—(—-p)|t]<m<t+QU-—p)t], n=N. 


If t > 0, the first inequality is equivalent to t, > pt,n => N;ift < 0, the second inequality 
is equivalent tot, < pt,n => WN. 


1+t, 1+t 2t, 
4.1.20. sy, = =e 5; therefore, s, —s = th -—ljs= ae . Since lim ty, = 
1-t 1l-t, 1-t, noo 


1 
0 there is an integer Ny; such that |t,| < 1/2 ifn > Ny. Then |1 —t,| > 1 —|tn| > 5 and 
1 


[1 — ta| 


< 2ifn > Nj, so |s, —5| < 4|st,| ifn > N,. Ife > 0, choose N > Nj so that 
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Itn| < Tal ifn > N. Then |s, —s| <€ifn> N. 

Ss 
4.1.21. We showed in the text that the equality holds if s and ¢ are both finite, so we 
consider only the case where s = +oo and t # 0. Our assumptions concerning {t,} for 
sufficiently large n are justified by Exercise 4.1.19 if |t| < oo, or by the definitions of 
lim ty = +o0 if |t| = co. 
noo 


Suppose that s = oo, tf > 0, and 0 < b < ¢. There is an integer Nj such that s, > 0 and 
th > bifn > Ny, 80 (A) Sptn > bs, ifn > Nj. For arbitrary a there is an integer N > Nj 
such that s, > a/b, and therefore bs, > a, ifn > N. From (A), sytn > a ifn > Ny, so 
jim Sntn =o=st. 


Suppose that s = oo, t < 0, andt < b <0. There is an integer N; such that s, > 0 and 
th < bifn > Ny, 80 (B) Syty < bsp ifn > Ny. For arbitrary a there is an integer N > Nj 
such that s, > a/b, and therefore bs, < a,ifn > N. From (B), Syt, < aifn > Ny, so 
jim Syth = —CO= St. 


Suppose that s = —oo, t > 0, and 0 < b < t. There is an integer Ny such that s, < 0 and 
th > bifn > Ny, 80 (C) Syty < bsp ifn > Ny. For arbitrary a there is an integer N > Nj 
such that s, < a/b, and therefore bs, < a,ifn > N. From (©), Syt, < aifn > Nj, so 
jim Sptn = —OO= St. 


Suppose that s = —oo, t < 0, andt < b < 0. There is an integer Ny such that s, < 0 and 
th < bifn > Ny, so (D) Sptn > bs, ifn > Nj. For arbitrary a, there is an integer N > Nj 
such that s, < a/b, and therefore bs, > a, ifn > N. From (D), sytp > a ifn > Ny, so 
(jim Sntn =o=st. 


4.1.22. The case where where s and ¢ are both finite is covered in the text. Therefore, we 
need only consider the cases where either s or ¢ (but not both) is too, andt # 0. Let 
e>0. 


Suppose that s is finite and tf = -too. Since s is finite there is a constant M such that 
|sn| < M for all n (Theorem 4.1.4), and there is an integer N such that |t,| > M/e if 
n > N, and therefore |sytn| < ¢,ifn > N. Therefore, lim s_)/t, =O0= s/t. 

noo 


Suppose that |s| = oo and 0 < |t| < oo. Then there is an integer Nj such that 0 < 
|tn| < 2|t| and the products {spt n—N, have the sign of s/t ifn > Ny. Therefore, sy/tn 
is defined and |sy/tn| > |Sn|/2|t| if > M1. If a is an arbitrary real number there is an 
integer N > N, such that |s,| > 2Ja||¢|, and therefore |s,/tn| > |a| ifn > N. Hence, 
(fim sn/tn = s/t. 


4.1.23. Since {s,} is bounded below there is a number a@ such that s, > @ for all n. Since 
{Sn} does not diverge to oo, there is a number # such that s, < 6 for infinitely many n. If 
my = inf{sp, Se41,---,Sktr,---}, then a < mg < B, so {mx} is bounded. Since {mx} 
is nondecreasing it converges, by Theorem 4.1.6. Let (A) 5 = om mr. If € > 0, then 


oo 
my > s —€ for large k, and since s, > my, forn > k, sy > s —€ for large n. If there were 
an € such that s, < s + € for only finitely many n, there would be an integer K such that 
Sn = &S +€ifn > K. However, this implies that mg, > 5s + ifk > K, which contradicts 
(A). Therefore, s has the stated properties. 
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Ift > s, the inequality s, > t—(t —s)/2 = 5 + (t —s)/2 cannot hold for all large n, since 
Sn <5 +(¢ —s)/2 for infinitely many n. If t < s, the inequality s, < t+ (s —t)/2 = 
s — (s —t)/2 cannot hold for infinitely many n, because sy > s — (s — t)/2 for large n. 
Therefore, s is the only real number with the stated properties. 


4.1.25. (a) Since sam = 1 and Sam41 = —1,5 = lands = —1. 
3 3 2 
(b) Since sz, = (2 + =) and Som+1 = -(2 + Crate & 3 =2ands = —2. 
6m + 1 2m+2 


(c) Since 52m = and Sam+1 = 


(d) Since the numbers 0, /3/2, and —/3/2 (and only these) appear infinitely many times 
in the sequence, ¥ = J/3/2 and s = —J/3/2. 


4.1.26. If y > 0, then |s,| > y/2 for large n. If s, is not sign-constant for large n, then 
Sn > y/2and Sm < —y/2 for infinitely many m and n. Therefore, s < —y/2 < y/2 <5, 
and {s,} diverges (Theorem 4.1.12). 


4.1.27. Choose N so that |sn—Sm| < €ifn,m > N. Then |sp| < |Sn—sn|+|5n| < €+|sn| 
ifn >N. 


4.1.28. (a) If s = oo, then lim s, = oo (Definition 4.1.10 and therefore lim (—s,) = 
noo noo 
—oo (Theorem 4.1.8), so lim (—s,) = —oo (Definition 4.1.10). If s < oo and € > 0, then 
noo 


Sn > S—€ for largen ands, < s +e for infinitely many n; hence, —s, < —s +e for largen 
and —s, > —s —€ for infinitely many n. The uniqueness of Tim (—s,) (Theorem 4.1.9(a)) 
noo 


implies the conclusion. 
(b)5 = lim [—(—s,)] = — lim (—s,) (by (a)), which yields the conclusion. 
noo n—>oo 
4.1.29. (a) Obvious if 5 + f = oo. If § +7 = —ow, assume without loss of generality 


that ¥ = —oo and t, < b < co forall n. If 6 is arbitrary, then s, < 6 — b, and therefore 
Sn + tn < B, for large n; hence, lim (s, + t,) = —oo. Now suppose that 5 and 7 are finite 
n—->oo 


and € > 0. Then sy <3¥+e/2andt, <f+€/2,s0 (A) Sy +t <5+7 + «€ for large n. 
Therefore, lim (sy+¢,) < oo. By definition, (B) 5,+t, > —€+ lim (s;++;) for infinitely 
noo Jrw - : 


many n. Since (A) and (B) must both hold for some n, —€ + Tim (sj +t;)) <34+f+€ if 
€ > 0. Letting € — 0+ yields the result. nae 
(b) Applying (a) to {—s,} and {—t,} yields 
lim [-(sn + tn)] < lim (—sn) + lim (—tn), 
n—>oo noo noo 
and Exercise 4.1.28(a) implies the result. 


4.1.30. (a)( i). Trivial if Sf = oo. If Sf < oo, then (A) Syt, < (§ + ©) + €) for large 
n, and (B) Sptn > —e + lim s;t; for infinitely many n. Since (A) and (B) both hold for 


some n, —€ + lim s;t; < (5 +¢€)@ + €) for small positive ¢. This implies (i). 
jroo 


(a)(ii). Obvious if st = 0. If s = co, t > t > 0, anda > 0;, then t, > T, Sp > a/t, and 
Snt, > a ifn is sufficiently large; hence, lim sytyp = oo. If0 < € < s,t < oo, then (A) 
n—->oo 
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Sntn > (s —€)(t — €) for n sufficiently large, and (B) Sntn < ¢€ + lim s;t; for infinitely 


many 7. Since (A) and (B) both hold for some n, (s — €)(t —€) < € + lim s;t; for small 
joo 
positive €. This implies (A). 
(b) (i) _ 
lim Spt, = — lim (—Sp)tp (Exercise 4.1.28(a)) 
ro noo 
<-t lim (—s,) (Exercise 4.1.30(a)) 
n->oo 
= St (Exercise 4.1.28(b).) 
(b) (ii) _ _ 
lim sytp = — lim (—sp)tn (Exercise 4.1.28(b)) 
noo noo 


< (Exercise 4.1.30(b)) 
= st (Exercise 28(a)) 


A 
uF 

5] 
£ 


4.1.31. (a)(i) Since s = 35 (Theorem 4.1.12), lim spt, < st (Exercise 4.1.30(a)(i)); 
n—->oo 
hence, it suffices to show that lim syt, > st. This is obvious if sf = 0. Suppose that 
n—->oo 


st = coand B > 0. If0 < o < f ands = o, thent, > o for infinitely many n 
and s, > B/o for all but finitely many n. Therefore spt, > 6, for infinitely many n, so 
lim sptn = oo = sf. A similar argument applies if f = oo and s > 0. Now suppose 
noo 

that 0 < s,f < coand0 <€ <s,0 <e€ <f. Then (s —¢€)(—€) < Spty for infinitely 
many n. Since Sytn <¢€+ lim s;t; for large n, (s —e)\f—«€) <€ + lim sjt;, if € is 

JIAO J7ow 

sufficiently small. This implies the conclusion. (a)(ii). From 26(a)(ii), it suffices to show 
that (A) lim Spt, < st. Obvious if st = oo. If s and ¢ are finite (obviously > 0), then 


noo 
Sntn < (s + €)(t + €) for infinitely many n and Spt, > —e + lim sjt; for sufficiently 


joo 
large n; hence, —€ + lim s;t; < (s + €)(¢ + €) ife€ > 0. This implies (A). 
j7oo 
(b) Use Exercises 4.1.28 and 4.1.31(a). 
4.1.32. Let c1, C2, ..., Cx be the distinct terms in {s,}. If k = 1, the conclusion is obvious. 


Ifk > 1 let eo = min {Ici =¢,| | if jh. Since {s,} converges, there is an integer NV such 
that |s, — Sm| < €o ifn,m > N (Theorem 4.1.13). Therefore, s, must be constant for 
n>N. 


4.1.33. If 5; = so, then s, = So for all n, soe limy+oo Sn = So. Now supppose s; # So. 


Sn + Sn— Sn—1 — § Sn — Sn— , 
Snti— Sp = ees —Sp = = SO |Sn41 — Sn| = ue From this and 
: f Ss, —S ‘ 
induction, |5,+1 — S,| = Bol n> 1. Now, ifn >m, 

ISn — Sm| = |(Sn — Sn—1) + (Sn—1 — Sn—2) + +++ + (Sm+1 — Sm)| 


< [Sp — Sp—1| + |Sn—1 — Sn—2| + +++ + [Sm4i1 — S| 


|s1 — Sol 1 1 [s1 — So| 
ey ae Desk SAR pee < pm=T 
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[oe 
since a 2* = 2 ies 0, choose N so that 2-1 > 1/(|s1 — Sole). Then |sy — sm| < € 


k= 
ifn >m>wN. 


4.1.34. Suppose that s is finite and « > 0. Choose m so that |s, — s| < € ifm > m. Then, 
ifn >m, 


(s1 — 8) + (82 — 8) +-+++ (Sn — 5S) 


ltn — | = 
n 
te (s1 —S) +++: + (Sm — 5S) limi SSeS 
= n n 
$1 —S) tees + Sm —S n-m 
< Woras) test (ms) pom 
n n 


Since the numerator of the first fraction on the left is is independent of n,e lim |t,—s| < €. 
n—->oo 
Since € can be made arbitrarily small, lim |t, —s| = 0; hence, lim t, = s. 
noo noo 
If s = co and b > 0, choose m so that s, > b ifn > m. Then, ifn > m, 


Smtitess+5n [Sites +5m|_ n-—m [sy +++++Sm| 
th = —$—————__ - ———_ > ——) - —__—_.. 
n n n n 


Since the numerator of the second fraction on the right is independent of n, lim ft, > bD. 
noo 
Since b is arbitrary, lim ty, = oo. If s = —oo, apply this result to {—sy}. 
noo 


4.1.35. (a) Suppose that M is an integer > a. It suffices to show that 


jim (1-2) (1-7) (1-2) =o. 


n 


Denote the product here by a,. Then loga, = > log (1 a =): If0 < x < 1, then 
k=M 


log(1 — x) < —x (Theorem 2.5.4), so 


n Mn pk+i n+1 
1 dx dx n+l 
logd, < —a@ ) rae ) [ Cano ft = aloe Va 
k=M k=M 


hence, lim loga, = —co, so lim dy = 0. 
n—->oo n—->oo 


() 


4.2 EARLIER TOPICS REVISITED WITH SEQUENCES 


(b) is of the form in (a), witha = q+ 1. 


4.2.1. If ae Sn, exists, there is an integer N such that 
—>0o 


Snj — Si; = oo (1 So ~) = (-1)” (1 + ~) 
1 ei 


<1 
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if i, 7 => N. This is impossible unless n; and n; have the same parity ifi, j > k. 


4.2.4. If s = oo and a is arbitrary, there is an integer N such that s, > aifn > N. There is 
an integer K such thatn, > N ifk > K; therefore, s,, > aifk > K,so as Snyp = OO. 
—>0o 


If s = —oo and a is arbitrary, there is an integer N such that s, < aifn > N. There is an 
integer K such that nz > N ifk > K; therefore, s,, <aifk > K,so om Snp = —OO. 
oo 


4.2.4. Ife > 0, there is an integer N such that |s — s,| < ¢€ ifn > N. There is an integer 
K such thatn, > N ifk > K. Therefore, ifk > K, then |s — (-1)* sn, | < 


4.2.5. Suppose that |s| > 0. Since lim |s,| = |s|, there is an integer N such that 
noo 
Isn| > |s|/2 ifn > N (Exercise 4.1.19). Since |s — s,| = |s| + |s,| if s and s, have 


the same sign, |s — s,| > 3|s|/2 for infinitely many n. This contradicts the definition of 
lim s, = s. Therefore, s = 0. 
noo 


4.2.6. If {s,} is nonincreasing, then {5,, } is also, so it suffices to show that (A) inf{s,,} = 
inf{s,} and apply Theorem 4.1.6(b). Since the set of terms of {s,, } is contained in the set 
of terms of {s,}, (B) inf{sn} < inf{sn,}. Since {sy} is noninceasing, there is for every n 
an integer nz > n such that sy > Sp,. This implies that inf{s,} > inf{s,,}. This and (B) 
imply the conclusion. 

4.2.7. (b) Choose 11, n2,..., so thatny < nz < +++ < ng <-+++ and xy, > k. (If this 
were impossible for some k, then {x,} would be bounded above.) 


(c) Choose 11, n2,..., so that, < nz <+++ < ng < +++ andxy, < —k. (If this were 
impossible for some k, then {x,} would be bounded below.) 


4.2.8. Since {s,} is bounded, {s,} has a convergent subsequence (Theorem 4.2.5)(a). Let 
Ss be the limit of this convergent subsequence. If {s,} does not converge to s, there is an 
€o9 > Oanda subsequence {s,,, } such that (A) |sn,—s| = €0 k = 1. Since {s,, } is bounded, 
{Sn,} has a convergent subsequence which must also converge to s, by assumption. This 
contradicts (A); hence, lim s, = s. 

noo 
For the counterexample, let {t, } be any convergent sequence (with jim th = t)and {sy} = 
{t1, 1, t2,2,...,t&%,n,...}, which does not converge. A convergent {s,, } must be bounded; 
hence, there is an integer K such that {5,, }¢2 x is subsequence of {f,}, and therefore 
lim sy, = ¢. 
k->oo 
4.2.9. Lete > 0. If jim. F(x) = L, there is a 6 > 0 such that | f(x) — L| < « if 
0 < |x —xX| <6. If feet is any sequence of points in N= such that jim, Xn = X, there is 
an integer N aka < |Xn —X| < difn > N. Then | f(x) Say <eifn > N,so 
lim fn) = 
noo 
For sufficiency, suppose that lim f(x) does not exist, or exists and differs from L. Then 

xX 


there is an €9 > O such that, for each integer n, there is an x, in Nx that satisfies | f(x,) — 
L| >€o. Then lim x, =X but lim /(x,) either does not exist or exists and differs from 
n—-oo n—->oo 


E: 
4.2.10. Choose {x} in [a,b] so that f(x,) < min(a + 1/n, f(xn-1)), n > 2. Then 
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{f(xn)}5° is nonincreasing and inf{ f(x,)}P2, = a; hence, (A) lim f(x) = o (The- 
noo 
orem 4.1.6)(b). Let {xn,} be a convergent subsequence of {x,} (Theorem 4.2.5(a)). If 


x= es n Xnxs then By S(Xn,) = o, because of (A) and Theorem 4.2.2. Moreover, 
xE a Bhi and f is continuous on [a, b], so oy St (%n,) = f(x) (Theorem 4.2.6). Hence, 
f(x) =. 


Now choose {xn} in [a,b] so that f(%,) > max(B — 1/n, f(%n-1)), n => 2. Then 
{ f(%n)}3° is nondecreasing and sup{ f(xn)}72.. = B; hence, (B) fim, F (xn) = B (The- 


orem 4.1.6)(a). Let {x,,} be a convergent subsequence of {xn} (Theorem 4.2.5(a)). If 


X= ee n Xing: then ie S(xn,) = B, because of (B) and Theorem 4.2.2. Moreover, 
xeE a Bhi and f is continuous on [a, b], so Fa St (%n,) = f(X) (Theorem 4.2.6). Hence, 
f@) = 8. 


4.2.11. If f is not uniformly continuous on [a,b], then, for some €9 > 0, there are se- 
quences {x,} and {y,} in [a, b] such that |x,—yn| < 1/n and (A) | f(xn)—fOn)| = €0. By 
Theorem 4.2.6(a), {x7} has a subsequence {x,, } that converges to a limit X in [a, b]. Since 
IXnz — Yny| < 1/ng, ee Yn, = X also. Then ae Sn) = ae SOn) = f®) 
(Theorem 4.2.6), which contradicts (A). 

4.2.12. Let {x,} and {y,} be sequences such that Jim, xn = Jim, Yn = X and let 
Him fn) = L. If {zn} = (21, Yi. X2, Yo. X3, Y3,---}othen lim zn =*,so lim f(Zn) 
exists, by assumption. Since { f(xn)} is a subsequence of { f(Zn)}, Theorem 4.2.2 implies 
that lim f(zn) = L. Since { f(yn)} is a subsequence of { f(Zn)}, lim f(vn) = L. Now 
Spuly Pacing 4.2.9. oie 
4.2.13. Apply Exercise 4.1.12 to g(x) = = 


4.3 INFINITE SERIES OF CONSTANTS 


4.3.1. Apply Theorem 4.1.8 to the partial sums of the series. 
4.3.2. Apply Theorem 4.1.8 to the partial sums of the series. 


4.3.3. (a) If An = a, +++: +n, Bn = D1 +--+ dy, and a; = b; fori > N, then 
Ayn = By, +C ifn > N, where C is a constant. 


lo.) 
(b) If An = ay + +++ +n, and By = by +--+ + by, then By, = Ax. If 0 bp = B, 


co (oe) 


then lim Ax = lim Bn, = B (Theorem 4.2.2), so dm = B. If dm = A (finite) 

and € > 0, there is an integer K such that |B,, — A] = |Ag — A| < € ifk > K. Since 
CO 

Bn = Bn, ifng <n < ng41,|Bn — A| < € ifn > nx. Therefore, yD = A. A similar 


1 
argument applies if A = oo. 
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4.3.4. (a) Apply Theorem 4.3.5. 


1 1 1 1 r+1 
b) No; — =o, but — + —— 4+ ---4+ —— < > O0asn > oo. 
(b) ee n n+l1 n+r n 
m 
4.3.5. If « > 0, there is an integer K such that Sai <¢/2ifm >k > K (The- 
k 


m [oe) 
SS dn| < €/2. Since > dn converges, this 


orem 4.3.5). Therefore, ifk > K, lim 
m—->oo 


n=k n=k 
lo. e) 
means that > dn| <€/2<e. 
n=k 
m m 
1 nd od 1 1 
4.3.6. (a) 3. —< Dy aac < if = aa ee Since this holds for 
oa ne A Sn XP Se XP p— 1K —1)P- 
lo. e) 
1 1 1 
lim >k, ee 
Pictaeee Qo ap p—1(k-1)P7! 
n= 
(b) By writing 


ero (-l" ffl 1 1 1 
ee |G) ees) 


and 
2 (4)F 1 1 1 1 1 1 
—1)* Nee ee ae | ee caf eee Df! Sey Be i 
( > n i NEG hea) NES. eA <% 
Sly ||, 2 eT. A 
we see that Dee » ae Since this holds for all m > k, oe » a8 


lo.) lo.) 
4.3.7. Use Theorem 4.3.9; note that ye by = a bn+1- 


n=k n=k-1 
Vn? —1 nv l—1/n? V1—1/n? snag? 
———. = —____- ——.. With b, = 


1 1 
4.3.8. (a) dn = - =e oo cied 
ee VnF +1 nd/2/T41/n5 03/2 JPET /n8 nee 


‘ an ; 
lim — = 1;since Yo bn < oO, an < oO. 


noo by 
and b, = —~, lim — = 2. Since So bn < Ow, 


b) With a, = ————____—___ 
o "nti t 4 sin(nz/4)] n?" noo by, 


y an < oO. 


l-e “1 1 a 1 
(c) dy = SE ache = —. Since lim am — land }°— =o, lim ad, =~, 
nN b n noo 


n n—>oo Dy 

by Corollary 4.3.12 

(d) If a, = cos a then lim a, = 1 and Sean = oo by Corollary 4.3.6 
n noo 
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. 0 1 . . a 
(e) dy, = sin 33 let by = a2 Since Jim = a7 and ae < ©, yian < oo, by 
Corollary 4.3.12. 


1 1 
(f) adn = — tan =; let b, = ~e Since jim. > = 7 and yh < OO, Sa < 00, by 
Corollary 4.3.12. 


1 1 
(g) — cot =; let b, = a Since jim. = | and Yo bn = 0, So ai = ov, by Corol- 
lary 4.3.12. 
] 
(h) dn = =; let Bn = 
n 
S\ dn < 00, by Theorem 4.3.11 (a). 


: ‘ an : 
aa/2 Since Ea = lim = 0 and yb < 0, 


CO 
4.3.9, it f f(x) dx < 00, there is an M such that 


Xn 


i fxydx =o Se Adee Me GSE (A) 
k m=k 


oo n+1 
(Theorem 3.4.5). Therefore, Se f(x)dx < M,n > k, so the series converges 


n=k°" 
(Theorem 4.3.8). Conversely, if the series converges, then (A) holds for some M (The- 
orem 4.3.8). If T > k, choose an integer N such that N > T. Then (A) implies that 


T N oo 
/ F(x)dx < i f(x)dx < M, so | f(x) dx < oo (Theorem 3.4.5). 
k k k 
All three series diverge if p < 0, by Corollary 4.3.6. For p > 0 we consider the associated 
improper integrals. 
fo.) x 1 oo [o.e) 
4.3.10. ca [ s— dx = = log(x? — 0) = oo; if p F 1. f 
x?—1 2 
1 (x? =? 1)7P?t1 


(= 0o if0<p<l, 
2 -p+l1 <co ifp>l. 
p>. 


Xx 
— 
G?—1p 


x= 


Therefore, the series converge if and only if 


GOs” | 356 1 " re ; 2 x 1 (x? + 4)-Pt1 | 
w | sin f* = 75 lose +4) = ooiitp £1, f Guar 6 Sp 


Therefore, the series converge if and only if p > 1. 


= 0O 
< 0O 


inh 
(c) since lim et 1, the series diverges if p = 1, by Corollary 4.3.6; if p F 
noo coshn thes 
oo inh hn)? — i 
; Puan oo (hha ei a ie ets Therefore, the series 
(cosh x)? —pt+l <0 ifp>1. 


converge if and only if p > 1. 
4.3.11. Use the integral test. 


M _ (g!)2 ! 
4.3.12.If f = 5 then i se ey < 0. Apply the integral test with f = ae 
& & & 


if0<p<l, 
ifp>1l. 
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ie n+l dy = 1 a AX m+l dx = 1 
4.3.13. > | ae < > ae < > i Sshence, f oi < 3 7} < 
n= 


n=N+1 n=N+1 n=N+1 vo =N+1 
™ dx °° dx a | °° dx 
/ —. Letting m — oo yields i. —< Ss — < i —., which implies the 
N xP Neg og N x? 


result. 
k+1 

4.3.14. (a) (A) f(kK + 1) < F(x) dx < f(k). Since 
k 


n-1 k+1 
= 1043 | ra+y- f peas], 
k=1 4 


the first inequality in (A) implies that dn41 < an < f(1). Also, 


n—-1 


k+1 
n=) [ya -{ reyas| + fn) > 0. 


k=1 


by the second inequality in (A). Therefore, lim a, = inf{a,}, by Theorem 4.1.6(b). Since 
noo 


3 [yw - t() ix is an increasing function of n, inf{a,} > 0 

aie F(x) = 1/x. 

4.3.15. (a) an = a by = 7 then in = no <3. 
Since }* by < 00, 1. dy < 00, by Theorem 4.3.11(b). 

(b) an = as Le. if b, =r”, then lim ie 1; since Yo bn converges if0 < p < 1 


noo n 


and diverges if p > 1, the same is true of > an, by Corollary 4.3.12. 


1 
(c) Since limp+oo e-”? coshnp = 5 the series diverges, by Corollary 4.3.6. 


1 1 1 
cae n = ——— , then lim ae. = lim {1+ as = |; since 
n? (log n)? n(log n) noo by — n->00 n 


YS bn < 00 by the integral test, > an < 00, by Corollary 4.3.12. 


(d) dn = 


1 l 
(e) dy, = eee a , then lim ot = lim {1+ all = 1; since 
n? logn nlogn noo by, noo n 
a bn = oo by the integral test, Yo an = oo, by Corollary 4.3.12. 
_(+if/ny 1 SA & BVP 2h 
(f) ay = aa ee =e La =e; since )" bn < 


00, ) dn < 00, by Corollary 4.3.12. 
4.3.16. The series diverges if gg = 1 = --- = dm = O (Exercise 4.3.13). Suppose that 
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qi = 0if0 <i < j andq; #0. Let a, be the general term of the series and 
bn = ——_ if j =0, 
by = ———_ if l1<j<m 
+1 aj =m, 
Lo(n)... Lj-1) [Lj @)]° 


where pg; > O and 0 < |p| < |q;|. Then )° dy =oifp< Oand )° bn <ooifp>0 
(Exercise 4.3.11). From Exercise 2.4.42, 


an 0 if qj > 0, 
(o-6) if qj < 0. 


Now use Theorem 4.3.11. 
2+ sin*(n7/4)_ 


. 1 =<— an oe 9 NI 
4.3.17. (a) an = an ;if by, = ce then a ee = im (2+ sin =) = 
3. Since yon < 00, }' dy < 00, by Theorem 4.3.11(a). 
n(n +1). . anti ~ nt+2 1 ; 
(b) dy, = rr ae dim pe = dim 16: = Z ae < oo by the ratio test. 
3-sIi 2 1 — = 
(eet a Se (3-sin) = 4, 
n(n +1) n? n>0 hb, = n>on+]1 2 
Since So bn < 00, )/ dy < 00, by Theorem 4.3.11(a). 
d = —__ — ——__ if b, = —, then lim — =0.S bn < &, 
(d) an n(n +1) 2” + cos(nm/2) SOR imate bn ince ) | = 
>> an < 00, by Theorem 4.3.11(a). 
! 1 
4.3.18. (a) dy = let lim males lim oe = 0 an = ©, by the ratio test. 
r™ n>o Ay noo r 
1 Pp 
(b) dy = n?r” lim Gn+1 = limr (: + -) = 7: a converges if0 <r < l, 
n—-oo an n—->oo n 


diverges if r = 1, by the ratio test. Ifr = 1, the series is Ss n?, which converges if and 
only if p < —1. 


De ont. Gnge —_ ; 
(c) dy, = ae dim ae = dim eT Sean < oo, by the ratio test. 
p2nti an+1 r2 
d) a, = ——_; _ im — = lm ——————__ = 0;; an < ©, by the 
(d) ay (2n+ 1)! 2>0 ay n>oo (2n + 2)(2n + 3) 2 . , 
ratio test. 
(€) dn = = med 2 ij e =0)> by the rati 
©) Gn = Gayl nits dq neste On + Ind) 0 Laan < 0% BY the ratio 
test. 
(2n)! an4i 2n+1 1 . An+1 

4.3.19. (a = ——_|, 5, —_- 1 = ——_ - 1 = -——_; 1 -l)j= 

(a) dn 22"(n!)2" ay 2n+2 2n+2 ae an 


1 
~>? Yo an = oo, by Raabe’s test. 
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- (3n)! an+1 _ Bat+2Gnt+l) . 5(9n + 4) 
— 334nl(n + Din+3) an 


~ Ont+20+4 On+2)(n+4)’ 
lim n (= _ i) = —5; ae? < 00, by Raabe’s test. 


n->Co an 
2”"n! an+1 2(n + 1) . an+1 
(¢) adn = >>: — 1 = 51 EE: lim -1l)= 
5+++7-(2n+3) an 2n+5 2n+5 n> an 
3 
~>? Sas < oo, by Raabe’s test. 
(d) a, = a(a + 1)---(a@+n—1) shh es yO ai ns IE ine ep. 
"— BB+I)-Bta-) | "Gn Btn Btn 
fin (| Sa — B; convergent ifaw < Bf — 1, divergent ifa > 6 —1. If 
noo an 
B-1 


1 . an F 
Puan If b, = a then LA = 1; since So bn =o, 


Sdn = 00, by Corollary 4.3.12. 
ne Qt (=)8). 


n 


a = B—1, thena, = 


4.3.20. (a) dy = 
oo, by Cauchy’s root test. 

1+ sin3nd\” 1+sin3n6 —_— 2 

| » ghln = = _ lim alt < 3 ea < oo, by 


noo 


1 n . 
a” = 52 (1); jim, al/® = o0; Sa = 


(b) adn = 


Cauchy’s root test. 


1 i i‘ 1 i — 
(©) dy = (n+) [=] all” = (ne ayiln (iS). mus 
noo 


3 SS an < 0, by Cauchy’s root test. 


2 


1\" 1\" 1 
(d) ad, = (1 _ -) sail” a (: _ ~) ; lim al/n =-; a < oo, by Cauchy’s root 
n n> e 


n (oe) 
test. 


4.3.22. Recall that if a series S; is obtained by dropping finitely many terms from a series 


k 
S, then S and S; converge or diverge together. Let the given series be S = SS an 
=m 


k lore) 
where m < k, and let 5 = > |a,|. Since S converges, so does S} = » adn. Let 
=k 


n=m 
(oe) 


Si = Si |a,|; then Si = eee so Si converges. But S and S converge or diverge 
n=m 

together, so S converges. 

4.3.23. If the assertion were false, there would be an integer No and a constant Jo such 
Notk 

that » an < Jo for all k > 0. But this implies that Soa; < oo (Theorem 4.3.8), a 
n=No 

contradiction. 
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lo.) lo.) 
4.3.24. Suppose that a ldn| < oo. Let by = |an| — an; then 0 < by < 2|ay|, so ye bn 


n=m n=m 
Co 
converges absolutely, by the comparison test. Since dy = |an| — bn, Ss an converges, by 
n=m 


Theorem 4.3.3. 


1 : . ad 1 
4.3.25. (a)dy = Cl" oen” ye |dn| < 00, by the integral test, since | panes dx 
oO. 
sinn@ 1 
(b) dn = re Poe lan| < oo, by comparison with y oe 
1 18 IX a 
C) dyn = (—1)”—=sin-—; since sin | < —, an| < oo, by comparison with 
©) an = CI esing a | ee el y comp 


We 
oe 


7 1 = 1 
(d) dn = Bee a = —,, then lim lan <1. Since ) | 75 < 00, > |an| < 


n3—1 n3/2? n>oo by 
oo, by Theorem 4.3.11(a). 
4.3.26. (a) anb ne > sath x d by = sinn@. The partial 
3.26. (a) a = ———— ., with a, = ——————_ an = sinn@. The partia 
Oe ee aye easier er aa : 
sums of >> by, are bounded (shown in text), and 
n+1 n 
a =¢q,. =; —— 
n+l Mt (n+ 1)? + (—1)"*1 n2 + (-1)" 
- (-1)”(2n + 1) —n(n +1) 
~ G@ +l? + CDG? + CD") 
: . 1 
Therefore, dim 1? |an+1 —dy| = 1. Since ae < ©, ss ldn41 — An| < 00, by 
Theorem 4.3.11(a). Now apply Dirichlet’s test. 
cosnd 1 . . °\ cosné 
(b) dnbn = with a, = — and b, = cosn@. To be specific, consider ye ‘ 
n n = a 


sin (r — $) 6 —sin(r + 5) 6 


i §= 0 # 2k 
Since cosr 2sin(O/2) (6 # 2k), 
(sin 30 — sin 30) + (sin 36 — sin 26) + --- + (sin(n — 5) 6 —sin(n + 3)6) 
0 9sin(8/2)ssi<‘is—sSSSSCSCSCisS 
2 sin 30 —sin(n + 3)0 
2 sin(6/2) ; 
hich implies that |B, | < | So Sires pa 4 
which implies that |B,| < sing" = . Since |dn41 — an en — an 


ye =z <<, the conclusion follows from Dirichlet’s theorem. 
n 


< 
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1 
4.3.27. (a) dn = —= is decreasing with n and |B,| < 2 for all n. Abel’s test implies 


i 


1 
convergence. Since ) ei = ov, the convergence is conditional. 
n 


1 
(b) dy = — is decreasing with n and {|B,|} is bounded (shown in text). Abel’s test implies 
n 


Sl nn ats nn 
convergence. Now consider the series S = S — sin “|. Since > — sin | > 
n 6 n 6 
n=1 m+1 
: sin 2 fs ee s by Theorem 4.3.8. H 
————~ |sin —| for every m an —=0,S =o, eorem 4.3.8. Hence, 
6m+ lh! 6 » m - 
1. nx 8 
2 — sin We converges conditionally. 
n 
; 1 ni 1 1 : : 
Since (c) 72 cos a < 30) and xe "2 < 00, the given series converges absolutely. 


1-3-5---@Q 1 3 
Nae ea a a fc 
4-6-8---(2n + 4) an 2n+6 n>o\ dy 
3 
—x, so y an < oo by Raabe’s test, and the given series converges absolutely, by the 


2 
comparison test. 


do + +++ + agn* 


4.3.28. Let g(n) = by ace bane 
s 


, with a,, bs #0. Then 


lim |g(a)r”|!/" = |r| lim |g(n)|/" = Ir]: 
noo noo 


hence, the series converges absolutely if |r| < 1 (Theorem 4.3.17). If |r| > 1, then 
lim |g(n)r”| = oo, so the series diverges (Corollary 4.3.6). If |r| = 1, Theorem 4.3.11 
noo 


ak 


implies absolute convergence if and only if s > k + 2, since jim, lg(n)|ns-* = . The 


AY 
series does not converge conditionally if r = 1, since its terms have the same sign for large 
n (Exercise 4.3.22); if r = —1, the series converges conditionally if and only if s = k + 1 
(Corollary 4.3.22). 


4.3.29. Since (an + bn)* > 0, +2anb2 < a2 + b2, 80 |anbn| < (az + b2)/2. Apply the 
comparison test. 


4.3.30. (a) If os |an| < oo, then |a,| < 1, and so a? < |a,| for large n, and the compari- 


son test implies that by a < OO. 


n n n 
4.3.31. Let Br = Dj, 5n = > ajbj, and tf] = > (aj — aj41)By;; then (A) 5, = 


j=1 j=1 j=1 
tn-1 +n Bn = th-1 forn sufficiently large. From Theorem 4.3.11(b), lim t, = ov, since 
noo 
(aj — aj41)B; 


B : 
lim = lim —. > 0. Now (A) implies that lim s, = oo. 
jroo Aj —AjH1)Wj joo Wj smi 


4.3.32. (a) If | sinm@| < sine, then |m@ — jz| < ¢€ for some integer j, and ja +€ < 
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(m+ 1)6 < (j + 1)m -€ if 0 < 2e < 0 < m — 2; hence, | sin(m + 1)6@| > sine. 
(b) The series converges (Example 4.3.22). To see that it does not converge absolutely, 
assume without loss of generality that 0 < 2¢ < 6 < m — 2e and use Exercise 4.3.31, with 


: . Bn 
dn = n-”, by, = |sinn@|, and w, = n. From (a), lim — > 0. Also, dy — dn41e = 


n>o N 
p(n +1)? 1, 80) n(dn — an41) = 00 


(- = cg 1 
4.3.33. Insert th 
nsert parentheses: yo 2p Ga = -x). 


n=1 m=1 


1 2 1 
4.3.34. Insert parentheses: so -> Hees eae + =) 
m m m 


n=1 
4.3.35. Their partial sums are the same re sufficiently large n. 


4.3.36. In all parts we use the notation introduced in the proof for finite jz and v, and 
Mo =Npo = 0. 


(a) Suppose that k > 1. Let mx be an integer such that 


Mk Nk-1 
mye >My, and So ai - > Bj >et+k. (A) 
i=1 j=l 
Let nx be the smallest integer such that 
Mk Nk 
nk >Ne-1 and Yo ai _ ee <p. (B) 


Then (A) implies that lim By, = oo. Since n x is the smallest integer for which (B) holds, 
n—->oo 


L—Bny < Bmytn, <b, k 22. (C) 
Since by, < Oif my +ng_1) <n <mp+nk, 
Binytny < Bn < Bmytng_y> Mk + Me SNS my +g. (D) 
Since by, > Oif mp +ng <n < my41 + NK, 
Bmytng < Bn < Brgy ytnyg, Mk +k SNS MEH + Nk. (E) 
From the first inequalities in (C), (D), and (E), 
Bn = U— Bay, Me +Ne-1 SS meg, +g. (F) 


From the second inequality in (C), B, < p for infinitely many values of n. However, since 
limj—+oo Bj; = 0, (F) implies that if ¢ > 0, then B, < ys — € for only finitely many values 


of n. Therefore, lim By, = 
n—>o 
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Mk Nk-1 

(b) Suppose that k > 1. Let mz be an integer such that mz, > mz_, and » aj — Ds Bj > 
mr = 
We ee 

k. Then lim By = oo. Let ng be an integer such that nz, > ng_, and Soa _ SS < 

noo ‘d 

i=l j=l 

—k. Then lim By, = —oo. 


n—->oo 

mk Nk-1 

(c) Suppose that k > 1. Let my, be an integer such that mz, > mz_, and Soa — ye Bj > 
i=l j=l 

k. Letng = k. Then Bnytn,_, > k and Bn,in, > k — Br. Since jm By = 0, 

—>0o 
lim By, =o, 
noo 


4.3.37. It must have infinitely many nonnegative terms {a;} and infinitely many negative 
t —B; h that j= = d li j= li ; =0. 
erms {—8;} such tha a Ol; > 8B; oo and lim a; pall Bj 


4.3.38. The series of positive terms must diverge to oo and the series of nonpositive terms 
must converge. 


(n) (n) 
4.3.39. Let ayn = —s and by = a then 
n! 
: Pnor rl (n—ryt ~ nl r is ni” 


from Exercise 2.3.12. 
4.3.40. Let K = ae la;|. 


ICn — An Bn| = |C — AnB + An(B — Bn)| < |C — An Bn| + |An||B - Bn| 
< |C —A,B|+ K|B— Bl. 


Given € > 0, choose Nj so that |B — B,| < ¢ ifn < N,. Then 


ICn — AnBn| <|C —AnB| + Ke, n> Mi. (A) 
n n n 
Ch = 3s a m— | = oe 2 bm—r = aire. 
m=0 r=0 m=r r=0 
therefore, 
n — AnB = Yao r— B). (B) 


n 


Choose Nz > N; so that |a,| < €ifn > N> (Theorem 4.3.5). Since {B,} converges, 


r=N2 
{B,} is bounded. Let M be a constant such that | B,| + |B| < M forn > 0. From (B), 
No-1 
|Cn — AnB| <)> |ar||Bn-r — B| + Me, n> No. (C) 


r=0 
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Choose N3 > N2 so that|B;-—B| < €if j > N3—N2+1.Ifn > N3and0 <r < No—1, 
then n — r > N3 — No + 1, (C) implies that 


No-1 
ICn — An B| <e(m > nl) <(M + Ke). 


r=0 


This and (A) imply |C, — An Bn| < (M+ 2K)e,n > N3. Therefore, lim C, = 
noo 

lim A,B, = AB 

noo 


1 n-1 
4.3.41. Denote a, = = > ar+s; then 


r,s=0 
1 n-1 1 2n—2 1 n-1 fore) 
An = DLO 1)a, te Y > (Qn—r 1a; < Se: 1)a; + oar. 
r=0 r=n r=0 =n 
CO 
If € > 0, choose N so that ys ay <€ifn => N (Corollary 4.3.7). Then 
r=n 
N-1 
An < S: ye + l)a, +2¢€,n > N. 
r=0 
Now choose N, > N so that 
1 N-1 
- Yost l)ha, <€, n> Nj. 
n 
r=0 


Then a, < 3€ ifn > Ni,so lim a, = 0. 
n—->oo 


= 
1 n 
Denote 6, = = ar—s. 


r,s=0 


9 nl n—-1 9 tcl 
a = ao ee os = 2A —do — 2yn, 


r=1 


fore) n-1 fore) 
1 . 
where yy, = ) ar + = ) If « > 0, choose N so that ) ar <€ifn > N. Then 
r=n r= r=n 


n-1 N-1 I N 
—) "ra, <— a ray t+e,n > N. Nowchoose N; > N so that — ) ra, <e,n> WN. 
n n n 


r=1 r=1 r=1 
Then y, < 3e€ifn > Nj,so lim y, =Oand lim By, = 2A —ao. 
n—->oo noo 
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4.3.42. Since (A) |a\?| < oj, i,j = 1,anda; = lim a", it follows that |a;| < oj, 
7 I17aow ” 


Co 
j = 1. Since ye oj; < ©, (A), (B) and the comparison test imply that > ja | < oo and 


J=1 
Cc 
Y- |a;| < 00. If N > 1, then 
j=l 
lo) ; oo N : io) ; lo) 
Der eae ley ail, OF ee 
jal j= Le ee J=N+1 (A) 
= > ja —a;| +2 a Oj 
j= j=N+4+1 
a . 
Given € > 0, choose N so that 2a o; < «. Having fixed N, choose J so that ja? — 
j=N+1 


Co Co 
aj| < a for 1 < j < N ifi => J. Then (A) implies that me _ 24 < 3e if 
i => I, which completes the proof. 


4.4 SEQUENCES AND SERIES OF FUNCTIONS 


4.4.1. (a) If |x| > 1, then {F,(x)} diverges. If |x| < 1 then fim Fi(x) = d- 
x?) lim x” = 0. Since F,(1) = Fy(—1) = 0 forall n, lim F,(x) = Oif |x| < 1. 

n—00 n—0o 
(b) If |x| > 1, then { F,(x)} diverges. If |x| < 1 then lim F,(x) = (1— x?) lim nx” = 
0. Since F,(1) = Fy(—1) = 0 for all n, jim, F(x) aan <1. a 
(c) If |x| > 1, then {F,(x)} diverges. If |x| < 1 then 


eG) = (aes) (8) Oe 


Since F,(1) = 0 foralln, lim F,(1) = 0. Since F, (—1) = O ifn is even and F,(—1) = 
n—->oo 
—2 ifn is odd, { F,(—1)} diverges. Therefore, lim F,(x) = 1,-l1 <x <1. 
noo 


(d) By the mean value theorem, F;,(x) = sinx + v cos 6(x,n) where 0(x,n) is between 
n 


x x 
x and x + —. Therefore, | F,(x) — sinx| < el —> 0asn > co, so lim F,(x) = sinx, 
n—->oo 


| 
n 
—00 < Xx <0. 
(e) F,(—1) = 0 if n is odd and F,(—1) = 1 if n is even; hence, {F,(—1)} diverges. 
Since F,(1) = 1 for alln, lim F,(1) = 1. Since lim x” = lim x?” = Oif |x| < 1, 
n—->oo noo noo 
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lim F,(x) = Oif |x| < 1. If |x| > 1, then 
noo 


tim F(x) = (tim +2") ( =0-1=0 
ee, Oe aes geo) Ne eae 


1, -l<x<1l, 
0, |x| > 1. 


Therefore, lim F,(x) = 
noo 


3 
_ x x x : 
(f) From Taylor’s theorem, sin— = — — cos 6(x, nD a where 6(x,7) is between zero 
n 
x x? : 
and —. Therefore, |F,(x) —x| < —>,so lim F,(x) = x, -—00 < x < @. 
n 6n2 n—>oo 


x x? x4 ; 
(g) From Taylor’s theorem, 1 — cos — = —~ — cos 0(x,n) where 6(x, 7) is between 
n né 24n4 
zero and on Therefore, | F,(x) — x*| < = ,so lim F,(x) = x”, —00 < x <0. 
n 24n2 noo 


(h) Since F,(0) = Oforalln, lim F,(0) = 0. Ifx #0,then lim F,(x) =x lim —~ = 
noo noo 


n—>oo enx? 
x-0= 0. Hence, F(x) = 0, -—co < x < ow. 


: x? + 2nx +n? 2nx 
(i) Fr(x) = ae rar ae Lick Saray e so |Fn(x) — 1] = 
therefore, lim F,(x) = 1,-—co < x <o. 

noo 
4.4.2. If x2 > x1, then F,(x2) — Fr(x1) = 0 for all n; therefore, F(x2) — F(x1) = 
limy—+oo (Fn (x2) — Fy (x1)) => 0 (Exercise 4.1.1). 
4.4.3. F,(x) = 1 for only finitely many (say k) values of x in [a, b], and is zero otherwise; 
hence, if o isa Riemann sum of f over a partition P of [a,b], then |o| < k|| P|]; hence, 
big F(x) dx = 0. F is not integrable on [a, b], from Example 3.1.5 and Theorem 3.2.2 


4.4.4. Ifx € S,|(g + h(x) < lg@)| + AQ)! S Ilglls + llAlls; hence, (A) lg + Alls < 
IIglls + Alls. Also, |(gh)(x)| = [g@)[|h@)| < IIsllsllAlls. so lghlls < Ilgils Alls. 
Now suppose that either g or f is bounded on S. Replacing g by g — h in (A) yields 
lg < lg — All + llAll, so (B) lg — All = [gil — |All. Interchanging g and h here 
yields ||h — g\| = ||Al| — llgl|, which is equivalent to (C) |g — h|| = [|All — Ilgll. since 
| — sll = llg — Al]. Since 


2n|x| 2|x| 
SS; 
x2 +n? n 


Igl—llAl] if [gil > [All 
Al—llgl if All > isi. 
(B) and (C) imply that ||g — hl] = |Ilgll — IIAll]. 
4.4.5. (a) | F(x)| < |x|"; since lim x” = Oif |x| < 1, F(x) = 0. If S¢ is a closed subset 
n—->oo 


of (—1, 1), then S. C [—r, r] for some r withO <r < 1,so0|F,(x)—F(x)| <r” ifx € Sc. 
Therefore, || Fn — F lls. <7”, so lim || F, — F'|| = 0 and the convergence is uniform on 
n->oo 


liigil — All| = 


S-. To show that the convergence is not uniform on S, choose p so that (A)0 < p<e™. 
x 


1 
By LHospital’s rule, lim ys —logp, so limn+soon(1 — p!/") = —logp > a 
x2 xX 
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from (A). Therfore the interval (p!/”, 1) has length > = for n sufficiently large. Hence, 
n 


| sinnx,| = 1 for some xy in (p!/”, 1) and | Fy(xn)| => p. Hence, || Fy — F || > p for large 
n, and the convergence is not uniform on S. 
2n 


(b) F(x) = lif |x| < 1; F(x) = Oif |x| > 1. Hence, (A) |F,(x) — F(x)| = = if 
x 
|x| < 1 and (B) | Fn(x) — F(x)| = ee if |x| > 1. From (A), | Fy(x) — F(x)| < r?” 
x 
if |x| < r < 1; from (B), | Fy(x) — F(x)| < R-?” if |x| => R > 1. This implies uniform 
convergence on closed subsets of S. Letting x — 1— in (A) or x — 1+ in (B) yields 


| Fn — F'||s = = for every n, so the convergence is not uniform on S. 
2 


sin x sin x sin x 
(c) F, (x) = x4 1/n2’ so F(x) = “an Therefore, (A) |F(x)—Fy (x)| = x(1 4 n2x) . 
i 1 
Since |>"*| < 1 (Exercise 2.3.19), (A) implies that | F(x) — Fr (x)| < = if |x] =r > 0, 
n-r 


so the convergence is uniform on [r, co) for every r > 0; however, letting x — 0+ in (A) 
shows that || F;, — F'||s = 1 for every 7, so the convergence is not uniform on S. 


4.4.6. (a) If Sy C S, then ||F — Fy|ls, < ||F — Falls. Since lim ||F — Fills = 90, 
n—->oo 

lim ||F — Fills, = 9. 

n->oo 


(b) If || F—Frlls; < ¢ forn => N; and S = UZ_, Sx, then || F—Fylls < max {|| F — Fills; 
eifn > N = max(Nj,..., Nm). 


l<i<m\< 


k k 
(c) Let Fy(x) = x” and S, = (a): k = 1,2,.... Then ||Frils, = 
k n 
(5) — 0asn > ov, so {F,} converges uniformly to zero on each S;. However 
lo) 
7 Sx = (-1, 1) and || Fr||(—1,1) = 1 for every n. 
k=1 


4.4.7. (a) From Exercise 4.4.1(a), F(x) = 0 0n S = [-1, 1]. Since F(x) — F’(x) = 
x"—1(n — (n + 2)x?), F,(x) — F(x) assumes its maximum value in [—1,1] at x = 
n 


Ps 1/2 2 n/2 
t: . Therefore, || F, — Fl[-1,4) = —~ > 0asn > ~o, 
n+2 : n+2\n+2 
so the convergence is uniform on [—1, 1]. 


(b) From Exercise 4.4.1(b), F(x) = 0 on S = [-1, 1]. Since F/(x)— F’(x) = nx? "(n—- 


1/2 
(n + 2)x*), Fy(x) — F(x) assumes its maximum value in [—1, 1] at x = + (=) : 

n 
Therefore, | Fn (x) — F(x)| < nr” if |x| <r, but 


¥ — > 


n+2 @ 


Fn — Fils =2( 
e 


as n — oo. Hence, the convergence is uniform on [—r, r] U {1} U {-1} if 0 < r < 1, but 
noton S = [-1, 1]. 
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(c) From Exercise 4.4.1(c), F(x) = 0 on S = (—1, 1]. |Fn(x) — F(x)| < 2r” if |x| <r, 
so the convergence is uniform on [—r,r] if 0 < r < 1. Since F,(27!/") — F(2Q7'/") = - 


and ||Fom+1 — F|lj-1,r] = 2, it is not uniform on [r, 1] or [—1,—r] for any r. Since 
F,(1) — F(0) = 0 for all n, the convergence is uniform on [—r, r] U {1} for all r in (0, 1).e 


(d) From Exercise 4.4.1(d), F(x) = sin x and | F,(x) — F(x)| < - —-0 <x < OW; 
therefore, || Fy, — F\|(--r] < lel so the convergence is uniform on any bounded set. It is 
not uniform on (—oo, oo) since, for example, | Fy, (+ =) —F (+ ) nl 

1 ,-l<x<1l, 


(e) From Exercise 4.4.1(a), F(x) = to |x| >1 


x"™(1 — x") a 
‘ 


|Fu(x) — F@)| = 5" S 


1+ x” 


1 
if |x| < r < land |F,(x) — F(x)| = | < 2r” if |x| => —, the convergence 
r 


1+ x2" 
is uniform on [—r, r] U (—oo, -1/r] U [1/7, 00), 0 < r < 1. Since a |Fom+i1(x) — 
xo 
F(x)| = 1 and Le | F(x) — F(x)| = 1, the convergence is not uniform on any set for 
x> 
which | or —1 is a limit point. 
3 
(f) From Exercise 4.4.1(f), F(x) = x and |F,(x) — F(x)| < ss -~ <x < OW 
n 


3 
Ir i ; 
therefore, || F, — F'|||-,,-] < ——, so the convergence is uniform on any bounded set. Since 
n 


|F,(uz) — F(nz)| = nz, it is not uniform on (—oo, oo). 


4 
(g) From Exercise 4.4.1(g), F(x) = x? and |F,(x) — F(x)| < 7 -w~O <x < @; 
n 
4 
therefore, || Fn — Fl[--r] < a 5, so the convergence is uniform on any bounded set. 
n 


Since | F,(2nz) — F(2nz)| = 2n?x”, the convergence is not uniform on (—oo, 00). 


(h) From Exercise 4.4.1(h), F(x) = 0, —00 < x < oo. Since F/(x)—F’(x) = ne? ({— 
2nx7), |Fn(x) — F(x)| = n|x|e7?* is a decreasing function of |x| if |x| > (2n)7!/?. 
Therefore, | F(x) — F(x)| < nre—""” if |x| > r andn > 1/2r?, so the convergence 
is uniform on (—oo,r] U [r, 00) if r > 0. Since |F,(x) — F(x)| = jnfze ti when 
|x| = (2n)~!/?, the convergence is not uniform on (—0o, 00). 


(i) From Exercise 4.4.1(), F(x) = 1, -co < x < oo. |Fn(x) - 1] = < 
x?+n%~ n 


|x| < r, so the convergence is uniform on [—r, r]. Since F,(n) — 1 = 1, it is not uniform 
on (—o0, 00). 

4.4.8. The Heine-Borel theorem implies that [a,b] C U"L, J; for some x1, x2, ..., Xm- 
Use Exercise 4.4.6(b). 


4.4.9. Suppose first that F, is bounded on S ifn > N. Then ||| Falls — ||Flls| < ||Fn - 
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F lls, n => N (Lemma 4.4.2), and lim || F,|| = ||F'|| because lim || F, — F'||s=0 Now 
noo noo 
suppose that there are infinitely many integers ny < nz < +--+ < ng < +++ such that 


\| Fn, lls = 00. Since {F;,} converges uniformly on S, Theorem 4.4.6 implies that || Fn lls = 
oo for all sufficently large n. Therefore, || F'|| 5 = co. 


4.4.10. Since { F,} converges uniformly to F on S, there is an Nj such that || F,—F'||s < 1 
ifn > N,. Suppose that F is bounded on S andn > Ny. Then ||Fnils = ||F + 
(Fn - F)lls < ||Flls + lFn — Fills < [Fils + 1, so lita +oo || Falls < ||Flls + 1. 


Suppose that lim || Fy, ||s < co. Then there is an integer Nz and a number M such that 
noo 


|Fulls < Mifn > No. Nowchoosen > max(N,, N2). Then || F's = || Fn +(F—Fn)|| < 
|| Fn || + || F — Fall < M + 1; that is, F is bounded on S. 


4.4.11. Given € > 0 there are integers N; and N> such that || F, — F'|ls < «ifn > N, and 
[Gn —G||s <¢ifn => No. Therefore, ||(Fn + Gn) -(F +G)|ls < ||Fn - Fs + ||Gn - 
Gls < 2¢ ifn > max(Nj, No). 

4.4.12. (a) Given € > 0 there are integers N; and N> such that || F, — F'||s <¢ ifn > MN; 
and ||G, —G||5 < «ifn > No. Therefore, || F,Gn—FG||s = ||\(FnGnu-FnG)+ UnG— 
FG)\ls < || Falls||Ga—-—Glls + ||Glls|| Fn — F'\ls. From Exercise 4.4.9, there is an integer 
N3 and a constant M such that || F,||s < M ifn > N3. Ifm > max(Nj1, No, N3), then 
| FnGn — FG||s < (M + ||Glls)e. 

4.4.13. (a) |Ln — Lim| < |Ln — Fa(x)| + |Fa(x) — Fin(x)| + |Fin (x) — Lm|. Ife > 0, 
choose N so that || Fn — Fin|l(a,b) < € ifn,m = N (Theorem 4.4.6); then |Ln — Lm| < 
[Ln — F(x)| + |Fin(x) — Lm| + €. Holding m and m fixed and letting x — xo shows that 
[Ln — Lm| < € ifn,m > N. Hence, limy+oo Ly = L exists (finite), by Theorem 4.1.13. 
Now choose n so that |L — Ln| < € and || Fn — F'|la,p) < €; then 


|F(x) — L| < | F(x) — Fa(x)| + | Fn (x) — Ln| + [Ln — LI 
< |Fa(x) — Ln| + 2e. 


For this fixed n there is ad > 0 such that | F, (x) — Lyn| < € if 0 < |x —xo| <6. Therefore, 
|F(x) — L| < 3€ if 0 < |x — xo| < 5; hence, limy.x, F(x) = L. 
n.x oo, 8.08 x3 
4.4.14. (a) F,(x) = — sin —. From Taylor’s theorem, sin — = ——cos 6(x,n)—~ where 
x on n 6n3 


n 
6(x,n) is between zero and a Therefore, | F,(x)—1| < Ld so || Fn—1||f1,4) < > > 0 
n , 6n? ; 3n2 
asin — oo. Therefore, lim / F(x) dx = / 1 dx = 3, by Theorem 4.4.9. 
1 1 O<x <1, 
(b) Fr(x) = oe {F,} converges to F(x) = 7 x=1, Since || Fy ||{o,2] = 
0, 1l<x<2. 


2 2 
1 forn > 1 and F is integrable on [0,2], lim / F(x) dx = i; F(x)dx = 1, by 
Theorem 4.4.10. 


1 7 1 1 
© | nxe"* dx =—=e "* 
0 2 


2 l-e™” 1 
= >x.asn > o. 
0 2 2 
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n ] n 
(d) Fx(x) = (1 + ~) ; since lim F,(x) = e” and || Frllfo.y = (1 + -) > eas 
n n—>oo n 


1 1 
n— oo, lim / F,(x)dx = / e* dx = e — 1, by Theorem 4.4.10. 


b b 
4.4.15. / Frode — [ Fin (x) dx 


Since {F,} converges uniformly on [a, b] there is an integer N such that || F, — Fill < 


b b 
i Frode — f Fats <eif 


< (b—4)||Fu — Fr\l{a,o}. Suppose that € > 0. 


€ 
b-a 


if m,n > N (Theorem 4.4.2). Therefore, 


b 
m,n>N,so lim / Fi, (x) dx exists (Theorem 4.1.13). 
noo a 


4.4.16. F and F}, Fo, ...are nondecreasing (Exercise 4.4.2), so integrable (Theorem 3.2.9) 
on [a, b]. Now use Theorem 4.4.9. 

4.4.17. (a) On [—r/(1 + r),r/(1 — r)] if 0 < r < 1; see Example 4.4.12 and let 
M, = n~'/?r". Therefore, Weierstrass’s test implies that the series converges uniformly 
on compact subsets of (—1/2, 00). 

(b) On [—1/2, co); see Example 4.4.12, set r = 1, and let M, = n3/2, 


(c) Since }° nr” < co if and only if |r| < 1, on any set S for which ||x(1—x)||5 <r <1. 


Since x(1 — x) < 1/4 for all x, solving x(1 — x) = —1 shows that S must be a closed 
1-V/5 14+ V5 
subset of 7 5 ; 


(d) On (—o0, 00); take M, = 1/n?. 

(e) On [r, 00) with r > 1; takhe M, =n". 

(f) Since vi r” < oo if and only if |r| < 1, on any set S such that ||(1—x?)/(14+. x?)||s < 
r <1. Every x in such a set satisfies [1 —7r)/( + ri? < |x| < [d+7r)/d- ri’. 
Compact subsets of (—oo, 0) U (0, 00) have this property. 

4.4.18. From Theorem 4.4.15 with My, = |an|, the two series converge uniformly on 
(—oo, co). Theorem 4.4.18 implies that the sums are continuous on (—oo, oo). 

4.4.20. (b) Suppose that « > 0. Since yy | fn| converges uniformly on S, there is an 
integer N such that ||| fn + | frei] t--- + |fmllls < ¢ ifm =n > N (Theorem 4.3.5). 
Therefore, | fn + fnti+-+++ Smlls < Ill fall +) fntilt+-+-+ fnllls <¢ifm >n> N, 
so a Jn converges uniformly on S, by Theorem 4.4.13 


4.4.21. Suppose that e > 0. Since on My < o, there is an integer N such that M, + 
Mn4i +++ + Mn < € ifm > n> N (Theorem 4.3.5). Then ||| fi] + | fozil tess + 
lfmllls < falls + ll fntills +:+-+ ll fmlls < Mn+ Mn4it+-+-+Mm < €ifm >n=QN, 
so ye | fn| converges uniformly on S, by Theorem 4.4.13. 
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N N 
4.4.22. If frai(x) < fn(x), then ra | fn+i(x) — frl(x)| = yA — fnti(x)) = 
j=k 


jak 


N 
Fie(x)— fuzi(x), 90 | > | fat — fal — fell < ll fv4ills > 0as N > 00. Now apply 
j=k Ss 
Theorem 4.4.16. 
n 
4.4.23. Apply Theorem 4.4.7 to the partial sums F, = ye Fin(X). 
m=k 

4.4.24. Let0<6 < : and let Im(6) = [2ma + 6,2(m+ 1) —64], where m is an integer. 
From arguments like that in Example 4.3.21, the sequences {| sinx + ---+ sinnx|} and 
{| cos x +--+-+ cosnx|} are bounded on J, (5). Therefore, Corollary 4.4.17 with fn = dn 
implies that a Gn cosn@ and a sinn@ converge uniformly on J, (5). Their sums 


are continuous functions of x on Ij, (Theorem 4.4.7). If 2mm < x < 2(m + 1)z, then 
x € Im(6) if 6 is sufficiently small. Therfore the two sums are continuous at x. 


Co 
4.4.26. Suppose that Jn converges pointwise to F and each f, is integrable on [a, b]. 


n=l 


Then: 


b 
(a) If the convergence is uniform, then F is integrable on [a, b], and (A) / F(x)dx = 
a 


oO nb 
| fe) de. 
n=k*% 
CO 
n 
(b) If the sequence > Tin is bounded and F is integrable on [a, b], then 
m=k [a,5]) n=k 

(A) holds. 
4.4.27. Theorem 4.4.19 justifies term by term integration in both parts. 

2 oo f t2n x 2 x oo : p2n oo , x p2n 
aye = —1)"—-,; e!’ dt= —1)"— | dt= —1 —dt= 
(a) GY aah eee Bev 


0° x 2ntl 
—1)" ——__—_.. 
dL ) (2n + 1)n! 


sint _ Pe ~ sint *(= ig = = n ee — = 
(b) — =) soon | — dt =| (de an as =e! I Oral = 


2n+1 


lo.) x 
LV (n+ )DQn+! 


n 
4.4.28. Apply Theorem 4.4.11 to the partial sums F, = FSin(x). 


m=k 
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4.4.29. The series converges for x = 0 and the series obtained by differentiating it 
termwise converges uniformly on finite intervals (Example 4.4.17). Use Theorem 4.4.20. 
4.4.30. The given series and those obtained by differentiating it term by term an even 
number of times obviously converge at x9 = 0; those obtained by differentiating term by 
term an odd number of times converge at x9 = 0, by the alternating series test. Since the 
series obtained by differentiating term by term k times converges uniformly on (—oo, 00) 
by Weierstrass’s test, the conclusion follows by repeated application of Theorem 4.4.20. 
4.4.31. The graph of y = f,(x) is a triangle with height n and width 2/n?; hence, the area 
under the graph is 1/n?. Since )> 1/n? < oo and F is continuous, the conclusion follows. 


4.5 POWER SERIES 


4.5.1. 3° d,R" and )\(—1)"ay R” both converge absolutely if and only if )* |Jan|R” < 00. 
4.5.2. (a) |a,|!/" = (: + (2 + (-1)"); Tittnoo |an|!/" = 3e; R = 1/3e. 

(b) Jan |t/" = 2!/V" > 1asn > 00; R= 1. 

(c) |an|'/" = 24+ sin; Titiyro0 la, |1/" = 3; R = 1/3. 

(d) Ja, |!/" = n/V¥" > lasn > 00; R= 1. 

(e) |a,|1/" = <> 0asr > 00; R= oo. 


4.5.3. (a) If |a,r”| < M, then |ay (x1 — x0)”| < Mp”, where p = |x; — Xo|/r < 1, and 
> |an(x1 — Xo)" | < 00 because D> p” < 00. 

(b) If {an (x1 — Xo9)"} is bounded, then }* a, (x — xo)” converges if |x — xo| < |x1 — xo| 
(from (a) with r = |x 1 — xo|). This is a contradiction if |x; — xo| > R. 


1/n 


4.5.4. lim|g(n)|!/" = 1 if g is rational; hence, limy—+oo |ang(n)| = Timyo0 |an|!/” 


(Exercise 4.1.30(a)). 
4.5.5. Since 1/R, > 1/R, there is an integer k such that |ay|!/" < 1/R, ifn > k. 
Therefore, |ay||x — xo|” < (r/R1)” if |x —xo| <r andn > k, so 


k oo oo r\" 7 k+1 Ri 
F(x) = Yo an (x = x0)” < PS |an||x — xo|” < > (=) -(=) — 


n=0 n=k+1 n=k+1 


4.5.6. The series g(x) converges if |x*| < R and diverges if |x*| > R. This implies the 


result. 
a Z—-Z n+1 
4.5.7. (a) If limpoo |Gn41|/lan| = 00, then lim [ant1@ = 20)"*1] = oo for any 
noo lan (z = Zo)” | 
z # Zo; hence, > |an(z — Zo)” | = oo if z # Zo (Theorem 4.3.14(b)), and R = 0. 


a Z-Z n+1 
(b) If itty soo [an1|/lan| = 0, then tim [@et2@ = Z0)"*'| 
noo lan (Zz —Zo)"| 
> |an(Z — Zo)" | < 00 if z # Zo (Theorem 4.3.14(a)), and R = oo. 


= 0 for any z 4 Zo; hence, 
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4.5.8. We use Theorem 4.5.3 in all parts. 


+ 1 +1 
(ay i, (OEE = in OD ios arnt mR ee 
n>oo| Ay noo logn n>on+]1 
Lu Dek 1)? 1\? 1 
(b) lim Sth) — ig SE = 2 Aim (1 +=) =2;R=-. 
n>o| dy noo WNnP noo n 2 
An+1 2n+2 2n (2n + 2)! nin! 2n+1 
(c) | ——]| = = —_—___ = 2 —> 4as 
an n+1 n (n+ 1)! + 1)! 2n)! n+1 
1 
oe ee 
n—> oo ri 
an+1 (n+1)?+1 n4? n (n+1)?+1 1 
d) |——_ | = ———__ = —_ > = ;R=4 
@) an (n+1)4"t1 n241 4(174+1) nn? 41 Eis ac 
an+1 (n+1)"*! nl 1\" 1 
(e) an (n+1)! n” re ena ones e 
(f) aati ages ee eee Lene 
an B+n 
4.5.9. (a) Let L = lim mes . The conclusion is obvious if L = 0. If 0 < e < L there 
n—>oo| an 


: . Am+1 
is an integer N such that paisa 
am 


80 |dn|!/" > [lan|(L—«€)¥ | 


> L—eifm > N. Therefore, |a,| > (L — €)”~* |an|, 


eds = 8) ifn > N. Hence, lim |a,|!/" > L —e. Since 


noo 


this holds for every € > 0, lim |ay|!/" > L. 
noo 


(b) Let L = lim a . The conclusion is obvious if L = oo. If L < co ande > 0, 
n>oo}] Ay 
there is an integer N such that Sm) ey +¢€ifm > N. Therefore, |a,| < (LZ + 
am 


IA 


€)" lay |, 80 |an|!/" < [Jan|(Z + ey yi" (LZ +) ifn > N. Hence, Tim |an|'/" 
n—->Co 
L +. Since this holds for every € > 0, Tim |a,|!/" < T. 
noo 


an+1 
an 


If lim 


noo 


= L, then L = Z = L,so lim |a,|!/” = L and therefore Tim |a,|!/” 
n—>oCo noo 


1 
L. Hence, R = L by Theorem 4.5.2. 


Co 
4.5.10. Differentiating and multiplying by x yields eae nx”, |x| < 1. Repeat- 
(1—x)? 7 
1 Co 
ing this yields coe = pee |x| <1. 
—x 
n=0 


4.5.11. We apply Theorem 4.5.5 in all parts. 
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(a) Joos) = (5): 
n=0 


F a x\2n-1 (-1)" x\2nt+1 
= a aa) DI (5) =- Deo (5 ) = —J,(x). 


1 al(n 


(<1)" Qn + p) (xy2"+0-1 
>» ni(n + p)! (5) 


1S Cater t py) pyro ta pxy2tet 
= See? 5) #5 2 ae py (2) 


=i = (-1)” 2n+p-1 (-1)" 2n+p-1 
oF. Pree ) +5 sac G ) 


1 (-1)” x\2n+p+l 
slr) — 5 SaGeeeDG) | rats) —Insslad 


(c) 


Ce 
2 xd 4 62 ~ pulp = So EDM On # vO + p= (xyes 
xJp + xSp +(x" —P Mee 2 ni(n + p)! (5) 


(-1)"(Qn + p) px2mt 
oe ni(n + p)! (5) 


(-1)" 2n+p+2 
~ aor G 


After rewriting the third sum as 


ee ei! 2n+p n(n + p) ma 
‘Laser ) LO ae GY 


n=1 


we. 2n+p —1 
we obtain x7 J) +.xJ),+(x?—p*) Jp = yan (5) , with ag ap ea al ast 
n=0 rs 


(2n + p)Qn + p~1) + Qn+ p)—4n(n + p)~P? _ 


Cantar ni(n + p)! 
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lo) lo.) 
4.5.12. Dares ie 2D a ax 1. since f(0) = 1, dg = 1. 


From Corollary 4.5.7, the first aia last power senee are identical on an interval containing 


2 2 
Xo = Oif and only if a; = O anda, = ee n > 2. Therefore, d2y-1 = See 
n 


2m—1 

dom—2 (=D? 

and d2m = ————,, m > 0. Since dg = 1 and a, = 0, dam_1 = O and doy = 
m m! 


ym 
for m > 1, by induction, so f(x) = 3 yn en =e, 
m! 


m=0 
[o.@} 
4.5.13. For |x| < R'/*, g(x) = Sane which can also be written as g(x) = 
n=0 
[o.@) . 
aa bmx™ with bm = : te mie (k = nonnegative integer) (Corollary 4.5.7). 
‘ adn ifm=kn 
m= 
(m) 0 n 
Since by, = git (0) and ay, = f 0 ) (Corollary 4.5.6), the conclusion now follows. 
m! 


4.5.14. Repeated application of nae s theorem shows that there are sequences {t,;} such 
that f (tuk) =Oand lim t,x, = x0, k > 1. Since fO is continuous at xo, f (x0) = 
noo 


0 and therefore a, = 0, k > 0, by Corollary 4.5.6. 


4.5.15. From Theorem 4.5.2, )--°.9 dn(x — xo)” converges uniformy to f on [x1, x2]. 
Now use Theorem 4.4.19. 


~ * dt 
ies mee ere aa =a eee —1)"(x-1)”, |x—1| < 1. Therefore, log x = / gre 


lo.) —] n 
Keak (t —1)"dt = Ss : 4 (x -— ny, |x — 1| < 1, by Theorem 4.5.8. 


n=0 
ost (-1)” i logt a 1)” fe 
H — 1)", —_dt = t—1)"dt= 
ence, -> rag y", so ss Des ( y" 
1 —] n—-1 
» iF in —1)"*! = y a — 1)”, |x — 1] < 1, again by Theorem 4.5.8; 


oo 2n+1 
x 
4.5.17. Tan-!x = => ne ede =} —1)" . <1|,b 
ore ae i cae a a 2! intl iF |, by 


(Qn+1)! _ 


Theorem 4.5.8. From Corollary 4.5.6, ror = Oand f2@"t+) (0) = (-1)" Pare 
nN 


(-1)"2n)!; 2 = Tan“! — - aa ave 
” 6 5 Qn + (Qn + 1341/2" 
4.5.18. If F(x) = f eee then asus term by term (Theorem 4.5.8) yields the result. 


4.5.19. Use Theorem 4.5.8 repeatedly to show that f can be represented by a power series 
in (x — Xo) in the interval. Then use Theorem 4.5.5. 
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4.5.20. Since the identity holds with x = 0, it suffices to verify that the derivative of the 
left side is zero if |x| < 1. The derivative is 


Pane —q-1 = q n - = q n-1 
d(x) =-qUd +x)? ye): surat Yn()s : 


n=1 


q q- (9-1). . 
since n(2) = i(! 7 1) ame (2 le el : )s = (he ayy 


d(x) = -g+x)-9'0 +x)? +¢04+2)790 +x)! =0, |x| < 1. 
4.5.21. HO8 a fixed x such that |x — Xol < < min Rj, Ro, the series 


f(x) = 3 An(x — Xo)” and g(x) = 3 by (x — Xo)” both converge, and Theorem 4.3.10 
n=0 n=0 
CO 


implies that af(x) + Bg(x) = Y (aa + bB)(x — xo)”. 


n=0 
4.5.22. If f(x) = coshx, then f?™(x) = coshx and f2@"+)(x) = sinhx, so 
0 2m 
Qm)(q) — 1 f2m+() — = a 
FEM) = 1, FOMFYO) = 0, and f(x) = pS / Gy 


If f(x) = sinhx, then pO) = sinh. x and Gn iGie = coshx, so f?(0) = 0, 


( ) x21 
2m+1 0)=1 d 
fm) (0) = 1 and f(x) = Lo Gm DE 
CO vn x —x oO 2m 
: = x an ax” _e re rs x 
Since e* = ae and e* = es ae coshx = a oe > Om)! and 
n=0 n=0 m=0 
ex —e-* oO x2m+1 
inhx = ————— et 
sinh x 5 -y = Om + Dr 


XP Xe 
4.5.24. (a) e sinx="(T4rt 4 St) (x- F424} 


ee eee ee) eee pao ees 
i 6 2 120 12 


SX EM ba oF 
- 3 40 3 
SESE Le {= Ais ri se a (1—x* +--+) 
(b) las oe eG 
=taxt(Z-1)a2+(1-Z) 93+ 
2 5x3 
S475 
2 4 6 6 
COS Xx = XxX eae XxX (d—x ) 
(c) 1+ x6 a a 
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(d) 

a ee 3 4 5 
log( -—+— -—+—-—+— 
(sin x) log(1 + x) (: 6 + )(« 7+ + + ) 

3 
Party wim 1 ol 4 _l 1 \ys 
=x +(3 =) +( ito) a 
Pa ane: See oy 
ee et 


’ = ayn x" anh 
4.5.25. 2sinxcosx = (Se 1) On sl (Se ‘aa) > Ye m 


n=0 


n . cn 1 _ se 2 2n+1 
where cy, = 2 CY es) (Qr)!(2n — 2r + 1)! =) (2n+1)! =| 2r 
2n+1 


2n+1 
an +1 2n+1 
Addi gant = 1 1 2n+1 = do = 1-1 2n+1 _ 1 
ing (+i = So ("| ando = a=?" = Oey" 


r=0 r=0 


n CO 
‘ an+1 — 92n+1 + = n (xe sas 
yields 2 y ( as — , so 2sinx cos x = y (-1) Qn4D! = sin2x. 


r=0 n=0 


4.5.26. (a) Differentiating (A) with respect to x yields 


(1 = 2x0 + x?) 7/2(¢— x) = S00 + VY) Pagi()x”: 
n=0 


hence, 
Ce Co 
(@—x) )> Pa(t)x” = (1 — 2xt + x?) So (nt Pati Ox". 
n=0 n=0 
Performing the indicated multiplications and shifting indices yields 


tPo(t) + > [tPa(t) — Pai] x” = Prt) + [2P2(t) — 2tPi(O)] x 


n=1 


(oe) 


+ S02 + 1) Po4i(t) — 2ntPa(t) + (2 = 1) Pai)” 


n=2 
Equating like powers of x yields P; = tPo(t), 
3tP; — Po 2n+1 n 
P, = ————_ d P, = —1P, — ——Py-1, > 2. 
2 5) an n+1 ir ae ra n-1 n= 
Setting x = 0 in (A) shows that Po(t) = 1. Therefore, Pj (t) = tPo(t) = t. 
(b) Proof by induction: Po and P; are polynomials of degree 0 and | respectively. Now 
suppose thatn > 2 and Po, Pi,..., Pn are polynomials of degrees 0, 1, ..., respectively. 
Then the recursion formula implies that deg(P) = n+ 1. 
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sin x 


e) 


4.5.27. (a) e= (ao + a,x + ayx? + a3x? + e+) 


ee 2 3 sin x 
D+ e+ te t= Go tax + ax + a3x” +---) 
2 
= (ay tars + aax? +agx? +) (1-5 +--) 
a a 
=a +ax+(a—-2)x?+(a—-S)ete-; 
1 I 1 dao 2 1 a, 1 
a9 — 1,4; = 1,d2 == —=-7-,43 => > a — os 
: ' sy ck ee ae a 


(b) cos x = (ap + a,x + agx* +.a3x3 +++-)\(1 +x + x7); 


2 
x 
=> +21 = Go + a1x + agx? + asx? ++) +x +2") 


= do + (a1 + do)x + (ao + ay + a2)x* + (a1 +2 +.43)x7 +55 


1 
do = lag ta, = 0; 49 + 41 + a2 = —5; a1 + 42 +43 = 0; a9 = 1, a = —l, 
1 3 
dz = —=,a3 =. 
Lac ayes 


(c) sec x = do + a,x? + aox* + 43x +++; 
1 = (ao + ax? + anx* + a3x® +---) cos x 


2 4 6 
xX xX xX 
= (ay + ars? Haart base’ +) (1-4 SS) 


2 24 720 
= 1\ 5 41 , 40\ 4 ( a2, a =) 6 : 
=a + (a 5) + (a > +5t)* + (a3 ay 720 ies ; 
1 1 a, ao 5 a2 i520 61 
G0 Lp 5 4k = a 8 = en an 
® Ree a AN OR. OO. FAO 


(d) x csc x = dg + yx? + dox* +a3x®+---; 


6 | 120 5040 || 


= a9 + (4-2) x? + (a—-S4+ Se) x44 (aa - + So - Ee) xh 


2 4 6 
xX xX xX 
I= (ao ais? +anx* bass’ +) (1-4 + -) 


A, a 1. _ a ao 7. _ a Blk ye 0 31 
AF EN Sea Gi ge = OG! 60 Go 1D SAO. ST I0. 
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(f) 
2x)3 2x) 2x)? 
2x - oo - +++ = x(ag +. ax? + aox* +.a3x® +--+) 
De x6 
1a a 
x( 6 + 120 5040" ) 
- 8" 3 oh BOS 
= agx + (a1 iF + (a 7 +=) 
sn, RS ie, leg SO id 8 8 
+ (a3 6 + 120 son) 
ao ao 4 4 ay, ao 4 a, ao 
aR a aT Ok aT his 6 8 10 aS 6 120 
1 8 az ay do 8 a2 ay do 1 
SS SS See 13S SS ES SS 
12° 315 6 120 5040 315 6 120 5040 360 


4.5.28. (a) Multiplying both sides of the recurrence formula by x”*! and summing over 
Co Co Co 


n > 1 yields Sane = ae +6 pes ee hence, F(x) —5—5x = 
n=1 n=1 n=1 


5 


x [F(x) — 5] + 6x? F(x). Solving this for F(x) yields F(x) = (—3x)( + 2x)" 


A B 1 
(b) Write F(x) = — — + ——.,, where A(1 + 2x)+ B(1—3x) = 5. Setting x = —x= 
1-—3x 1+ sig P ; 2 
yields B = 2 and setting x = 3 yields A = 3, so F(x) = Tan + Thon’ and 
Co 
expanding the two terms as geometric series yields F(x) = yee ee ae aa ce 
n=0 


0 n+1 
x 
4.5.29. From the given expansion and Theorem 4.5.8, (x—1) log(l1—x)—x = — ———____—., 
g p (x—1) log(1—x) dX @ib@+d 
~ 1 ~ 1 
x| < 1. Since ————_—_ < «~, Abel’s theorem implies that ———————~ = 
| dX (+b +2) P 2s +l +2) 


n=0 


— lim (Ge — l)logd —x)-—x)=1. 


4.5.30. The series converges by the alternating series test if -—1 < g < 0, since (A) 


Co 
(‘\/(, if ) = — and lim (‘) = 0 (Exercise 4.1.35). Se Ne ")s =(1+x)4 
if |x| < 1, the stated identity also holds for —1 < g < 0, by Abel’s theorem. If g < —1, 


then (A) implies that the series diverges. 


m 
4.5.31. (a) Let sm = ~ by. Summation by parts yields 


k=n 
m m-1 m-1 
SS bex* — (1— x) D0 spx* + 5x <(l—x)e So xk + ex™ < 2¢ 
k=n k=n k=n 
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if0<x<1,m>n> N. Use Theorem 4.4.13. 
Co [o,) 
(b) If y bn converges, then g(x) = s b,x” converges uniformly on [0, 1] (a), so g is 


n=0 n=0 
continuous on [0, 1] (Theorem 4.4.18); hence, limy—.1— g(x) = g(1). 


n=0 


[o.@) CO 
4.5.32. From Exercise 4.5.31, the three series in the identity es ans (> bet] = 
n=0 


Co 
Ss cnx" | converge uniformly on [0, 1], and are therefore continuous on [0, 1]. Letting 
n=0 


x — 1|-— yields the result. 


lo.) 
4.5.33. If ye by < oo, use Theorem 4.5.12. If So bn = oo and M is arbitrary, then 


n=0 
k 
oe b, > M for some k. Hence, there is a 6 such that 0 < 6 < | and Sane byx" > M 
n=0 
if1—6 <x <1. Since b, > 0 for all n, this implies that g(x) > Mifl—éd <x <1. 
Hence, lim g(x) =o. 
x—>1-— 


a 1 
4.5.34. Integrating the binomial series (1 — x?)~!/? = Hew( a ) |x| < 1, 
n 


n=0 


j [o,<) <> ent 
f Ot ields sin’! x = 0g a <1. But 
rom 0 to x yields sin" ~ x S*( ) is reais u 


n=0 


Cy" —4 _ Qn-1n-3)...Q)_ 1 2n\ 
n 2°n!\ 22" \ n 


PO, 2n ent 

so sin-!(x) = oe =. |x| < 1. Let x > 1- and use Exercise 4.5.33 to 
s\n 22" (2n + 1) 

obtain the result. 


CHAPTER 5 


Real-Valued_ Functions of Several 
Variables 


5.1 STRUCTURE OF IR" 


5.1.1. (a) 3X + 6Y = 3(1,2 — 3,1) + 6(0,—1, 2,0) = (3, 6, —9, 3) + (0,—6, 12,0) = 
(3, 0, 3, 0). 
(b) (—1)X+2Y = (—1)(1, —1, 2) + 2(0, —1, 3) = (-1, 1, —2) + (0, —2, 6) = (-1, -1, 4). 
(c) 2x a 3Y ~ 2 D395) zr eet 1,5, 3) a (Gyatai ie) a (-b.4.2: is) = 
le eee) 
6? 12’ 24’ 367" 
5.1.2. (a) K+ ¥ = (41 +91, X2 + y2,..-,Xnt+ Yn) = 1 +%1, YotX2,---,¥n+4Xn) = 
Y+X. 
(b) (K+ Y)+ Z = ((x1 +91) +21, (2 + y2) + Z2,---, Xn +n) +2Zn) = 1 t+ Ort 
Z1),%2 + (yo + Z2))---5Xn + (Yn + Zn)) =X+(V¥ +2Z). 
(c) If 0 = (0,0,...,0), then0+X = (04+. x1,0+22,...,0+%n) = (41, %2,...,Xn) =X 
for every X. Now suppose that Y is a vector such that Y + X = X for some X. Then 
(v1 + X1, Y2 + X2,---5 Yn + Xn) = (1, X2,.-.,%n); hence, yj + x; = x; and therefore 
y =0,1<i<n,soY=0. 
(d) X + (—X) = (41, X2,...,Xn) + (HX1, —X2,---, —Xn) = (41 — X11, X2 — X2,---, Xn — 
Xn) = (0,0,...,0) => 0. If X+ Y — 0, then (x1 + y1,X2 + yo,.--,Xn + Yn) = 
(0,0,...,0); hence, x; + y; = O and therefore yj = —x;, 1 <i <n,so Y = —X. 
(e) a(bX) = a(bx1, bx2,...,bxXn) = (a(bx1), a(bx2),...,a(bxXn)) = ((ab)x1, (ab)x2,. 
(ab)X. 
(f) (a+b)X = ((a+b)x1, (a+b)x2,...,(a+b)Xn) = (ax, +bx1,ax24+bx2,...,AXn+ 
bxXn) = (€X1,AX2,...,4Xn) + (bx1, bX2,...,bxXn) = aX + bX 


(g) a(X+ Y) = a(x, + y1, X2+ y2,---,Xn + Yn) = (a(%1 +1), a(X2 + V2)... Xn + 


..,(ab)xy) = 


YVn)) = (aX, +ay1,dxX2+ay2,...,AXp+ayn) = (AX1,aX2,...,dXn)+(GV1, 4)2,..-,4Vn) = 


aX+ ay. 


116 


Section 5.1 Structure of RR” 117 


(h) 1X = (1xq, Lxo,..., Len) = (41, X2,..-, Xn) = X. 
5.1.3. (a) [X| = (12 + 22 + (3)? +12)? = VIS. 
i the = «i > _ ¥65 
m2 32" ge! 6 2 
(c) |X| = (12 + 22 + (1)? + 32 +. 4?)'? = VT. 
(d) |X| = (02 + 12 +0? + (1)? +0? + (12)? = V3. 
5.1.4, (a) [K-¥| = (3-2)? + 4-07 + (6+ 1)? + (-4—-2)7)'? = VBS. 


1 1\2 I 1\2 1 12 1 1\2 1/2 Ji66 
wmwi=((-3-3) +(5+3) tas +(-7+5) | Pig 
(c) |(K—Y| = (0-2)? + 0 + 1)? + 0 —2)?)"7 = 3. 


(d) |X — ¥| = (3 — 2)? + 1-0)? + 4-1)? + 04.42 + C1— 1)? = V31. 
5.1.5. (a) XY = 3(3) + 4(0) + 5(3) + (4)3 = 12. 


bX-Y= 1 1 11/1 9/1 5 1) 1 

eer =<(-3)+5(3)+3(G) +3(4)-5 

(c) X-Y = 1(1) + 2(2) + (-3)(-1) +: 1(3) + 4(4) = 27. 

5.1.6. (a) |aX| = (a? x? +.a?x2 +--+» a2x2)'/? = al(x? +22 +-+-+x2)!/? = [al |X|. 
(b) |X| = (xf +x5+4+-- -+x2)1/2 > 0, with equality if and only if xy = x2 =--- = x, = 0; 
that is, if and only if X = 0. 

(c) [K — ¥| = ((x1 — y1)? + (x2 — ya)? +++ + (Xn — Yn)?)'/? = O, with equality if and 
only if x; — yy = X2 — Wo = +++ = Xn — Vn = O; that is, if and only if X = Y. 

(d) X-Y = x1 yi + X2y2 +055 + XnYn = YiX1 + Y2X2 +-++ + YnXn = Y-X. 

(e) X-(Y4+ Z) = x1(y1 +21) + X22 + 22) Fe +N On + Zn) = X11 + X2Y2 + 
*'+XnYn + X1Z1 + X2Z2 +++: + XnZn = X-Y+X-Z. 

(f) (CX)-¥ = (cx1)y1 + (Cx2)y2 +++ + (CXn) Yn = X1(CY1) + X2(CY2) +--+ Xn(CYn) = 
X-(cY) = c(x1y1) + c(X2 2) +--+ + C(Xn Yn) = C(K- Y). 

5.1.8. If both equations represent the same line, then Xp = Xj + SoV and Xp + U = 
X, + 5;V for some sg and 51; that is, Xj — Xo = soV and U = (s; — so)V are multiples 
of V. Conversely, if X; — Xo = aV and U = DV, then Xp + tU = X; + (a + Dt)V and 
since there is for each s a unique f such that s = a + bt, the two equations represent the 
same line. 


5.1.9. In all cases X = Xo + t(X1 — Xo). 
5.1.10. In all cases let p = sup {e | Ne (Xo) C S}. 


(a) If S is a sphere with center Xj and radius r and Xo € S, then p = r — |Xo — Xj|; 
in this case X; = (0,3,—2,2), r = 7, and Xo = (1,2,—1,3). Since |Xo — Xi| = 
|7,-1,1,)| = 2,p=5. 


(b) If S = espe sere cv aE 7| <rj,1<i< n} and Xo = (5) 0 eh) eS, 


(b) [X| = ( 
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then p = ymin min{r; pon rj =e}. In this case Xp = (1,2,—1,3) andr; = 5,i = 1, 
<i<n 

2, 3,4, so p = min{6, 4, 7, 3,4, 6, 8, 2} = 2. 

(c) If Xo € R? isina triangle S, then p is the smallest of the distances from Xo to lines 

parallel to the three sides of S. If the vertices of S are X;, Xo, and X3, then these three 

distances are given by 


a= |Xo — X3|?|K2 — X3|? — |(Ko — X3) - (K2 — X3)|? 


[X2 — X3| 
ee V [Xo — Xi|?|X3 — Xi |? — |(Xo — X1) - (X3 — Xi) |? 
2. ae Sf 
[X3 — X4| 
Pa, [Xo — X2|?|K1 — X2|? — |(Ko — X2) - (Ki — X2)|? 
9S SSS SS ee——eEeooooooooooeos 
|X1 — X2| 


With Xp = (3, 3), Xi = (2,0), Xo = (2,2), and X3 = (4, 4), straightforward computa- 
1 1 

tions yield dj = ——~, dy = , and d3 = 1; hence, op = ——. 

err aon i 0 75 
5.1.13. If |K — Xo| = r then every neighborhood of X contains points from S,(Xo) 
and points from S,(Xo)°; hence, X is a boundary point of S; (Xo). If |K —Xo| 4 r, 
then X is either in the interior or the exterior of S;(Xo) so X is not a boundary point of 
S;(Xo). Therefore, 0S;(Xo) = {X||K —Xo| =r}, so S-(Xo) = S;(Xo) U IS;(Xo) = 
{X | |X — Xo| <r}. 
5.1.14. Suppose that Xp € A. Since A is open, Xo has a neighborhood N Cc A. Since 
NB =@, Xo is not a limit point of B. Therefore, AN B=9. Similarly, A NAB=. 


5.1.15. See the proof of Theorem 4.1.8. 

5.1.16. By definition, |X, — X| = 2 Os aeel Suppose that e > 0. If (A) 
limy— oo Xir = Xi, 1 < i < n, there is an integer R such that |xir — Xi| < e//n for 
1 <i <nifr> R. Then (B) |X; — X| < € ifr > R. Hence, (C) lim; X; = X. Since 
|xir —X;| < |X, — X|, (B) implies that |x;, —X;| < € if r > R; hence, (C) implies (A). 


5.1.17. Suppose that {X,} converges. Then the sequences {x;;}, 1 <i <n, all converge 
(Theorem 4.5.14). Therefore, if ¢ > 0, there is an integer R such that |x;; — xjs5| < —= 
forl <i <n=1ifr,s > R (Theorem 4.1.13). This implies that (A) |X; — X;| < € ifr, 
s => R. Conversely, suppose that for every € > 0 there is an integer R satisfying (A). Then 
\Xir — Xis| < € for 1 <i <n = 1ifr,s > R, so the sequences {x;-}, 1 <i <n, all 
converge (Theorem 4.1.13). Therefore, {X,} converges (Theorem 4.5.14). 


5.1.18. (a) lim X, = (Jim rsin—, lim cos—, lim er) = (m,1,0). 
roo roo r roo r roo 


; ; 1 r+1. ia 
(b) lim X; = im {1— = Is lim log , lim {1l+- = (1,0,e). 
roo roo r roo r+2 roo r 
5.1.19. (a) d(S) is the supremum of ./ (x1 — x2)? + (1 — y2)? + (21 — Z2)* where —2 < 
X1,X%2 <2,-1< y1,y2 < 1,0 < 21, Z2 < 4; to maximize this function let, for example, 
xX, = —-2,x2 = 2,y, =—-1, v2 = 1,21 = 0, Z2 = 4; thus, d(S) = V427 + 224+ 42 =6. 
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(b) d(S) is the length of the major axis; that is, d(S) = 6. 
(c) d(S) is the length of the longest side; that is d(S) = |(4, 4)— (2, 0)| = |(2. 4)| = 2V5. 


' 1/2 

(d) d(S) is the supremum of (S34 _ ) , where —L < x;, yj < L. To maximize 
i=l 

this function let, for example, x; = —L and y; = L, 1 <i <n; thus, d(S) = 2L.J/n. 

(e) Since S is unbounded, d(S) = co. 

5.1.20. Since § Cc S, (A) d(S) < d(S). If X and Y are in S and € > 0, there are points 

X1, Y; in S such that |K — X,| < € and |/Y — Y,| < «. Then 


[X—Y| < |X—Xi| + [Xi — Yi] + |¥i — Y| < d(S) + 2e. 


Hence, d(S) < d(S) + €. Let € — 0+ to conclude that d(S) < d(S), which, with (A), 
implies that d(S$) = d(S). 


5.1.21. Suppose that Xo isin S. If S 4 R”, there is an X; ¢ S. Let 
H = {r|(1—t)Xo + tX1 € S forO<t <7}. 


Since S is open it contains a neighborhood of Xo,soH #9. Since X; isnotinS,7 <1 
for all t in H. Let p = sup H and X = (1 — p)Xo + pX1; then X is a limit point of S and 
so in S, because S is closed. Since S is open, it contains some ¢—neighborhood of X, so 
p+e/2isin H. This contradicts the definition of o. Hence, S = R”. 

5.1.22. If Sy has finitely many members for some M, then some point from Sy is in 
N-1 5m. Hence, we assume that S,, has infinitely many members for every m. Choose 
X; in S; so that X; # X; ifi # j. Then {X;} is a bounded infinite set and has a limit 
point, by the Bolzano - Weierstrass theorem. Since S$; D S$;+1, X is a limit point of every 
S;. Since S; is closed, X is in each S;, and so in Mee. ,.8;. The conclusion does not hold if 
Sm = [m, oo), which is closed, but no bounded. 

5.1.23. S, is compact. If S, is nonempty for all n, then N72, Sp, A O (Exercise 5.1.22), 
which implies that U;, U2, ..., do not cover S, a contradiction. 

5.1.24. (a) First, note that Cy, 4 @. To see this, suppose that C,, = 0. Then |K — Xo| > 
dist(Xo, S) + 1/m for all X € S, contrary to the definition of dist(Xo, S). Moreover, Cyn 
is closed. To see this, suppose that Z is a limit point of C,,. Then Z is also a limit point of 
of S, and therefore in S. Hence, if ¢ > 0, there is an X in C,, such that |K — Z| < €, so 
|Z—Xo| < |Z—X|+|X— Xo] < €+dist(Xo)+ 1/m. Letting « — 0 shows that Z € Cyn. 
Therefore, Cj, is compact. 

Since Cm4+1 C Cm, there is an X in Cli Cm (Exercise 5.1.22). Since dist(Xo, S) < 
|x — Xo| < dist(Xo, S) + 1/m, m> 1, |X — Xo| = dist(Xo, S). 

(b) Follows immediately from (a), since X 4 Xo if Xo ¢ S, and therefore |K — Xo| > 0. 
(c) In R?, let S = {(x, y)|x? + y? < 1} and Xo = (1,0); then dist(Xo, S) = 0, but 
|[X—Xo| > O0ifXeES. 

5.1.25. (a) Let p = dist(S, 7). For each positive integer m, let Dm = {Z | dist(Z,7) < p+ 1/m}. 
Since T C Dy», Dm is nonempty. Moreover, Dj, is closed; to see this, suppose that Zisa 
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limit point of Dj, and € > 0. Then there is a Zo € Dm such that |Z — Zo| < € anda Z, 
in T such that |Zo — Zi| < p+ 1/m+e. Hence, |Z—Z1| < p + 1/m + 2e. Since this 
is true for every € > 0, dist(Z, 7) < p+ 1/m; that is, Z € Dm. The triangle inequality 
shows that Dj, is bounded, because T is; thus Dj», is compact. 
Now define Cy, = {Z| Z € S and dist(Z,T) < p+ 1/m}. 
Since S' is closed and Cy = Dm A S, Cn is compact. Since Cn+1 C Cn and Cm 4 Q, 
Exercise 5.1.22 implies that there is an X in N°_| Cm. This X is in S and dist(X, 7) = p. 
From Exercise 5.1.24, there is a Y in T such that |K — Y| = p. 
(b) If SAT = @, then X # Y, so [KX —Y| > 0. 
(c) In R?, let S = {(x, y) | x*4y? < 1} and T = {(x, y) | (x-3P + y? = 1}. Then 
dist($,7) = 1, but |K-—Y|> 1lifXe SandYeT. 

Co 

1 1 
In R, let S = {2,4,6,...} and T = hy E + -—,2n+2- ~ | Then dist(S,7) = 0, 
n n 

n=2 
but |K—Y| > OifX e SandYeT. 
5.1.26. (a) For each X in S there is an n-ball Bx of radius rx centered at X such that By C 
U. Let By be the open n-ball about X of radius rx/2. From the Heine - Borel theorem 
finitely many of these, say Nx,> Peer Bx,» cover S. Letr = min {rx, /2 | 1l<i< k}. Now 
suppose that dist(X, S) < r. Then there is a point X in S' such that |X —X| = dist(X, S') 
(Exercise 5.1.24), and X € Nx, for some i. Now |X — X;| < |K — X| + |K—X;| < 
r+rx,/2 < rx;,so Xisin By, CU. 
(b) Suppose that |X| < M for every X in S. If Y € S,, choose X in S so that |K — 
Y| = dist(Y,S). Then |¥| < |Y — X| + |X| < r+ M; hence, S, is bounded. To 
see that S, is closed, suppose that Y is a limit point of S, and « > 0. Then there is a 
Y in S, s uch that |Y — Y| < €, and an X in S' such that dist(Y, S) = |X — Y|. Then 
|Y —X| < |Y-—Y|+]Y—X| <e€+,r,and so dist(Y, S) < € + r. Letting « > 0, we see 
that dist(Y, S) <r; therefore, Y € S,, and S, is closed. 
5.1.27. If U = (X, Y), then |U|? = |X|? + |Y|?; hence, D is bounded, since D; and Dz 
are. If Up = (Xo, Yo) is a limit point of D and € > 0, there are points X in D; and Y in 
D2 such that |U—Up| < €, where U = (X, Y). Therefore, |K — Xo| < € and |Y—Ypo| < «, 
which implies that Xo € D, = Dy, and Yo € Dz = Dp; hence, Up € D. Hence, D = D. 
5.1.28. Suppose that Xo € A. Since S is open, there is a neighborhood Nj, of Xo such that 
N, C AUB. Since Xo ¢ B (because AM B = 9), there is a neighborhood N> of Xo such 
that N2N B = 0. Now Ni M N2 C A. Hence, A is open. Similarly, B is open. 
5.1.30. Suppose that S = AUB, where ANB = @ and ANB = @. Since S° is connected, 
we can assume that $° C A. But then S C S° (by definition of region) and S° C A, so 
S CA. Since AN B = Q, it follows that SN B = Q; that is, B = Y. Therefore, S is 
connected. 


5.1.31. Suppose that S is a region in R anda,b € S, witha <b. Ifa<c<bandc ZS, 
then S = AU B, where A = (—oo, c) NS and B = (c,00) NS yields a “disconnection” 
of S. Hence, if a and b are in S, then (a, b) is also. This implies that S is an interval. 


5.1.32. Since {X;} is bounded, so are its sequences of components. Choose a subsequence 
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of {X,} for which the sequence of first components converges; this is possible, by The- 
orem 4.2.5(a). Then pick a subsequence of this subsequence for which the sequence of 
second components converges; the associated sequence of first components still converges, 
by Theorem 4.2.2. Continuing in this way leads to a subsequence of {X;} for which each 
component sequence converges. Now use Theorem 4.5.14. 


5.2 CONTINUOUS REAL-VALUED FUNCTIONS OF n VARIABLES 


5.2.1. (a) jm = 3; | f(X)—-10] = |3x+4y+z-12| = [3(x-1) + 4(y—-2) + (z<- 1) < 
€ 

Sir 

(b) Assume throughout that (x,y) € Dr = {(x, y) | x y}. Then f(x,y) =x? +xy+ 

y*,so lim f(x) = 3;|f(K)-3| = |x? +xy + y?-3) = |@-DO&+2)+(V-DOt+ 


26|X — Xo|, by Schwarz’s inequality; hence, | f(X) — 10] < € if |K — Xo| < 


yt1)| < J+ 2)? + (x + y +: 1)?|XK — Xol, by Schwarz’s inequality. If |K — Xo| < 1, 
then /(x + 2)? + (x+y + 1)2| < 3V2e and | f(X) — 3] < 3/2|K — Xo|. Hence, if 


€ 
X — Xo| < min{ 1, —— ], then | f(X) — 3] <e. 
X= Xo| < min (1,5), then | FO) — 3 


(c) lim f(X) = 1: if € > 0, there is a, > 0 such that ae eto < nl <8 
xX>xo u 


Ifu=x+4y + 2z = (x +2) +40 —1) 4+ 2(z + 1) then |u| < V21 |X — Xo| < 4 if 


1 : 1 
X — Xo| < —=; hence, | f(X) — 1| < € if |K — Xo] < ——. 
| o| Tan lf | | o| aa 


(d) lim f(X) = 0; if € > 0, there isa 5 > 0 such that |v? logu| < € if 0 < |u| < 6. Since 
xX—>Xxo 
F(X) = |X|? log |X|, | f(X)| < € if 0 < |X| <6. 
(e) Assume throughout that (x, y) € Dr = | (2 y) | x> y}. Then | f(X)| = /x—y ee) 
x—y 


2 
Jx—y < y V2|X| by Schwarz’s inequality, so | f(X)| < € if 0 < |X| < at 


(f) Since lim uwe~“ = 0, fore > O there isan M such that we“ < €ifu > M. Therefore, 
u—>oo 


1 

| f(X)| < € if 0 < |X| < —, so lim f(X) = 0. 
M x>0 

5.2.2. See the proof of Theorem 2.1.3. 

5.2.3. (a) If e > 0, there is ad > 0 such that 


FG y)—El se if 0 <[(x — x0)? + (vy — yo)*]7 < 8. 


There is a 6; > 0 such that | g(x) — yo| < 5/2 if |x — xo| < 5;. Therefore, if |x — x9| < 
1/2 
min(5,, 5/+/2) then [« — xo)? + (g(x) -— vo)?| < 6,80 |f (x, g(x))-—L| <e. 


Gx) Go eg SPO) 
HT POs ae pax a i 


(b) Since f(x, y)) = Thoms 


< 
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4 
cae im g(x, yoy) = 018 22 2 


(c) Since g(x, y(x)) = remains bounded 


1 

as x — 0; however, if y(x) = ./x, then g(x, y(x)) = xd 4x)" so Pau g(x, y(x)) = 
oO. 

5.2.4. 

(a) Henceforth, X ¢ Dy = {(x, y,Z) | x+2y+4z,F O}; then f(X) = g(u(X)), where 

| al sinu| 1 
gu) = Tul and u(X) = x+2y+4z. Let M be an arbitrary real number. 
u 


Since lim a = 1-0o = on, there is 6; > 0 such that g(u) > M if 0 < |u| < 61. Since 
u> 

lim u(X) = 0 there is a 6 > O such that 0 < |u(X)| < 6; if |K — Xo] < 6; hence, 

X—>Xo 


FQ) > Mif0 <|X— Xo] <4, so ree f®= 


(b) Henceforth, X ¢ Df = la | y< x}. Then 0 < x —y < V2|X| (Schwarz’s 
1 
inequality), so ./x—y < 2!/4,/|X] and f(X) > ————. If M > 0 and |X| < 
quality), so /x—= VIX] and f¢ 21/4 /1X| IX! 


1 
——., then f(X) > M,so lim =o. 
J2M2 fH) x>(0,0) 


; 1 
(c) If X, = (4.0), then fim. f(®&n) = dim J/nx sinna = 0. IfX, = (a=): 


| 1 
then lim /f(X,) = lim ,/(2n + yy sin | 2n +-=})2 =o0. Hence, lim f(X) does 
noo n—>oo 2 2 x—>(0,0) 


not exist in the extended reals. 


2 
(d) Henceforth, X ¢€ Df = {(x, y) | x —2y x O}. Then f(X) = as so 
x—2y 
1 
li — ili 2 lim ———~ = -—4-.00 = -o. 
Perea ie) x> Gi \ a #) Brace (x —2y) ~ co 


(e) oe Xe oe = {(x, y,Z) LE: +2y+4zF4 O}; then f(X) = g(u(X)), where 


g(u) = 
and X, —> ae =1,0)then lim f(w(X)) = lim im, re = 00:1 = 00. If {Xp} 


is sequence of points sich fa u(X,) < 0 and X, — (2,—1,0) then lim f(u(X,)) = 
n->oo 


: 1 sinw(X,) F pee 
lim ——— = -oo-1 = -oo. Hence, lim _ f(X) does not exist in the 
Tir 00 u(Xn) u(Xn) x—>(2,—1,0) 

extended reals. 


5.2.5. (a) Since x* + 2y? + 4z? < 4|X|?, | f(X)| < 


“and u(X) = x+2y+4z. If {Xn} is sequence of points such that u(X;,) > 0 


log 4 + 2 log |X| 
———————; ee X) = 0. 
[X|? Ix|> TNS 


(b) | f(X).tex| <<; lim f(X) =0. 
|X| |X|—>00 


(c) lim f(x,x) = lim ete = 0, while lim f(x,—x) = 1; therefore, lim f(X) 
X00 X00 X00 |X| 00 
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does not exist. 
(d) f(X) = e730 lim f(X) =0. 
|X|—oo 


(e) lim f(x,x) = 1 while lim f(x,0) = 0; therefore, lim f(X) does not exist. 
x00 x00 X|—0o 


[X| 
(a) lim)x|+oo F(X) = wif D f is unbounded and for every real number M, there is a 
number R such that f(X) > M if |X| > RandX ce Dr. 


(b) lim)x|+o0 f(&) = —oo if Dy is unbounded and for every real number M, there is a 
number R such that f(X) < M if |X| > RandX e Dr. 


5.2.7. Since | f(X)| < |X|t1t7+4"-9 lim, ., f(K) = Oif ay + ag +--+ an > b. If 
C1,C2,..., Cn are constants, then 


ley |"! |c2|%2 Bere [Cn |9" 


paitazte+an—b 
(c2 + cf +--+ + €2)9/2 


Fear, Car, ..-, Cn?) = 


Therefore, f has zeros in every neighborhood of 0 if any a; > 0 (set c; = 0); however, 
by taking c; #01 < j <1, it can also be seen that f assumes arbitrarily large values 
in every neighborhood of 0 if (A) a; + az +--+: + ay < b. Hence, limy.9 f(X) does 
not exist if (A) holds with a least one a; nonzero. If aj = --- = d, = 0 and b > O then 
limy-59 f(X) = co. Ifa; =--- =a, = b = 0, f is constant. 


x'2(q4* + 1/x7)3 


5.2.8. g(x,0) = x® > ooas |x| > oo. Ifa F 0 then g(x, ax) = x0(a4 + 1/x10) 


oo as |x| > oo. However, g(x, /x) = eee, ts 0 as |x| > oo. Hence, lim g(X) 
1+ x8 |X|>0o 
does not exist. 
7, &») £00) 
=o NS »VY), ; F 
5.2.11. Let f(x,y) = 4 x*+ y? y ; then f(x,0) = x is continuous 
0, (x,y) = (0,0). 


for all x and f(0, y) = y is continuous for all y, but f is not continuous at (0,0), since 
lim — f(x, y) does not exist (Example 5.2.3). 
(x,y) (0,0) 


5.3 PARTIAL DERIVATIVES AND THE DIFFERENTIAL 


5.3.1. (a) h(t) = f(x+ dit, y + bot) = (x + bit)? +2(x + G1t)(y + got) cos(x + $11); 


h'(t) = 21 (x + bit) + 2¢61(y + dot) cos(x + bit) + 262(x + dit) cos(x + dif) 
—21(x + bit)(y + dat) sin(x + O11); 


af (X) ; os 1 2 
—— = h'(0) = (2x + 2ycosx — 2xysinx + 2¢2x cos x; if L = | —,-,/—- ], 
af, (0) = ¢ y y oi + 262 We ; 
af (X) 2 F 2 
then s—— = —=(x + ycosx — xy sinx) — 2,4/=(xcosx). 
i Wek y y sinx) y 36 ) 


(b) A(t) = f(x + dit, y + hat. z+ b3t) = exp(—(x + bit) + (y t+ got)? + 2(z + G31); 
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af(X) 


A'(t) = h@)(—g1 + 2¢2(y + hat) + 263); = h'(0) = e*+¥° +2 (<b; + 2y $2 + 


djecg( EM A ce WO) SCS Oy) he 

cea 5) then iL Ba e F 

_ 2. = Of(X) _ _ 
(c) h(t) = Dew +40? h(t) = 2D oxi a 2D om: ifL = 

i=1 

(= a =). sO care +++ Xp). 
(d) h(t) = f(xt+ dit, y+ bot, 2+ ¢3t) = logd+x+y+z+(¢1+¢24¢3)t); A(t) = 
ts EOS “’ =h'(0) = Git P24 PS icf, = (0, 1,0) 
l+x+y4+z+(¢@1+¢24+¢43)t OL l+x+y+z 

».4 1 
then 


ot l+x+y+z 
5.3.2. h(t) = f(x + git, y + dot) = digzsingit; h'(t) = P{ G2 cos git; 


h' (0) = $7 ¢2. 
5.3.3. (a) h(t) = f(x + dit, y + bot, z+ dst) = sin[x(x + dit)(y + bat)(z + $36)]; 
h'(t) = wg(t) cos[x(x + dit)(y + dat)(z + o3t)], with 


Of(X) _ 
aL 


a(t) = bily + hat )\(z + b3t) + hax + dil)(z + dst) + b3(x + bit)(y + da)t; 


af (X) = h'(0) = mg(0)cosaxyz = a(biyz + boxz + b3xy)cosaxyz; if L = 
Xi-Xo _ (+ a8 +) a of (1, 1,—2) _ 5m 
[X1 — Xo| V6 J6 6)" aL J6 
(b) h(t) = f(x+oit, y+ Got, 2+3t) = exp—((x + git)? + (y + bot)? + 2(z + ost); 
W(t) = —2h(t)(G1 (x + 611) +G2(y + b2t) +3); —— = Al (0) = —2e P4742) (Gy 
X1 — Xo af(1,0,—1) 


doy + $3); if L = rs (1,0, 0) then ———-— a5e: 

(ce) h(t) = f(x + git, y + pat,z t+ ost) = logd +x+y+z+ (bi + b2 + $3)0); 
way=——__@teetds FOO _ ye — tet os eg _ 
l+x+y+z+(¢it+¢2.+¢3)t dL l+x+y4+z 
Xi — Xo (= 0 1 ae af (1,0, 1) 

= HY TE en Z => 
|[X1 — Xo| J/2 J2 OL 


2 
(d) A(t) = (S34 + tgj) al h'(t) =4 (S21 + tdi) “)> bili + 143): em _ 


i=1 i=1 i=1 


h'(0) = Dt. x; —e =0. 


5.3.4. If Zo = a os then z(t) = f(xo + th1, vo + tz) represents a curve through 


(Xo, Yo) . 


(xo, Yo, Zo) in the plane determined by the unit vectors L and k; is the slope of 
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the curve at (x0, Vo, Zo). 


(a) f-(0,0) = im LOO) £00) = lim S—* = and f,(0,0) = tim TOO = 
x> y> 

; 0-0 _ y(xt + 4x?y? — y4) 2 

mPa = 0. y) # (0,0) then f(x, y) = ates) ae and fy(x,y) = 

x(x4 — 4x? y? tg OO OD 1 OS 0 & 7 

SS frx (0,0) = im ———_——— lim —— = 0; fyy (0,0) = 

lim fy ©, y) — fy O,9) = lim 0-0 = 0; Sxy (0, 0) = lim Sx (0, ¥) — fx(0, 0) _ 

y>0 y y0 y—0 

lim =¢ = —-1; fyx(0,0) = lim AEY-HOY = lim ve?) =a 

y>9 y x0 x x>0 Xx 

(b) fe(x.0) = lim LENE TOD. lim —_ = 0 for all x and f,(0, y) = 


h 
pe = 
li pp LOY + = FON) _ lim =" = 0 for all y. If y # 0 then f,(0, y) 
yo yoo y 


= a) 2 2 
lim LO 9) — FO9) _ lim (: tan! cme as tan! *) = — lim cael tan”! eee —-y, 
x y 


x0 x x0 x x>0 X y 
»y) — F(%,0 
by L’Hospital’s rule and the boundedness of tan~! w. If x # 0 then fy (x, 0) = lim LH Y= IED = 
yo 


II 


y 

2 2 
lim (= tan! cae ytan! ~) = lim as tan! = = = x, by L’Hospital’s rule and the 
VPONY. x y Yeo ey 

0 0,0 0-0 
boundedness of tan~! uw. Now fx (0,0) = py AD = L000) _ lim —— =0; 
ae 
0 0,0 ; rik 0 li 0 0,0 

fyy(0,0) = pp POU Oe) 2 lim —— = 0: fol 0) = my AOD = 000 a 

_ 0 ,0) — fy (0,0 : = 0. 
y>0 y x> x x>0 Xx 


5.3.9. Assume throughout that (x, - € S. Differentiating uv, = vy with respect to x yields 
Uxx = Vyx. Differentiating uy = —vx with respect to y yields uyy = —vxy. Therefore, 
Uxx + Uyy = Vyx — Vxy = O (Theorem 5.3.3). 

Differentiating vu, = vy with respect to y yields uxyy = vyy. Differentiating uy = —vx 
with respect to x yields —uy, = vxx. Therefore, vxx + UVyy = Uxy — Uyx = O (Theo- 
rem 5.3.3). 

5.3.10. Apply Theorem 5.3.3 to f as a function of x; and x;, holding the other variables 
fixed. 


5.3.11. X € S throughout this proof. First consider r = 2. The conclusion is obvious 
if xj, = x;,, and it follows from Exercise 5.3.10 if x;, #4 xj,. Now suppose that r > 2 
and the proposition is true with r replaced by r — 1. If x;, = x;,, then {x;,,..., Xj,_,} 1s 
a rearrangement of {x ;,,...,Xj,_,}, So fei, ie (X) = fej, ans (X) by the induc- 
tion assumption, and differentiating both sides of this equation with respect to x;, = Xj, 
yields Fis sig Xi (XxX) = Fj Rig eesBip (X). If x;, 4 x;, then x;, = x;, for some k 
in {1,...,7—1}. Let {xp,,xp)....,Xp,} be the rearrangement of {x;,, Xi,,...,Xi,} Ob- 
tained by interchanging i, and i,. Then (A) Frig stig ns¥tp (xX) = ee nee ee (X), by 
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Exercise 5.3.10. However, now Xp, = Xj,, SO Sep, Rpyrsepy (X) = tej, eps (X) by 
the previous argument. This and (A) complete the induction. 


5.3.12. Suppose that n > 2 and Po, P1,..., Py are true. Then 
(21 +Z2 +°+++Zn41)" = [(Z1 + Z2 ++++ +20) + Zngil” 


= -¥( Je +Z2+: “+ Zn) rah (by P2) 


r . 
r te Jt J2, Jn r—-j 
= pore aren cememmmnncare Sa eC} ‘Sn Lege 
re (peer. es 
j=0 (;) j JitJ2++++Jn: 
: r r! . . 
by Po, Pi,..., Pn. Since | _ | —_———_, this can be rewritten as 
Be il (ea p 


Jn r-j 
zy zz "Zin z 
(21 + Z2 +++ + Zn41)" =n} y (, z =3| ey 


! 
J=0 7 ju jal: 
i RO 97.) Tnt+l 
sy] ye ee £20 Ent 
rae a ee “Ini! 


which is Pyi1. 


(b) There is a one-to-one correspondence between these n tuples and the products in the 
expansion of (z; + Z2 +---+ Zn)” that contain r; factors equal to x1, rz factors equal to 


X2,..-, 1% factors equal to x,. The number of such products is , from (a). 


r! 

(c) Follows from (b). 
FS) = (Ko) = dwy(X=Xo) yy y 

5.3.13. Let E(X) = [X — Xo| : ° and apply Theorem 5.3.7 
0, X = Xo, 

and the definition of the differential. 


toi g2 
5.3.14. If ® = (¢1, do), then ve”) = h’(0), where h(t) = +h + 263’ ea 
0, t=0. 
bib. _ ot 
0 149 +265 = 22 


exists for every ®. However, f is not continuous at (0,0), since 


If ® = (1,0) then h = O and h'(0) = 0. If 6 # 0, then h'(0) = lim 
df (0, 0) 
ag 
li = 0, 0). 
en I ae oO) 
5.3.15. Choose r > 0 so that S;(xo0, yo) is in the neighborhood and [f4.(x, y)| < Mi and 
| fy (x. y)| < Ma if (x, y) € S-(Xo, yo). If (x, y) € S+(xo, Yo), then 


f(x, ¥) — (x0, yo) = Lf (x, y) — f(xo, y)] + [f(xo, ») — f(%o, Yo)] 
= frc(®, y)(x — x0) + fy (Xo, VC — yo), 


Therefore, 
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where X is between x and xo and J is between y and yo. (By the mean value theorem, 
applied first with respect to x, with y fixed, and then with respect to y, with x fixed.) 
Therefore, by Schwarz’s inequality, 


If, ¥) — f(xo, yo)| < yy MP + MZ V(x — x0)? + (Y — yo)?, 


which implies the result. 
5.3.16. (a) 


f(x,y) — fC, 2) = 2(x* — 1) + 3(@xy — 2) + (7 -4) 

=2x4+ )@-1)4+3(%-Dy + & -2))+ +2) - 2) 

= (2x +3y + 2)(x-—1)+ (74+ 5)(y — 2) 

= 10(x — 1) + 7(y — 2) + 2x + 3y — 10)(* — 1) + (vy — 2)0 — 2); 
therefore, if (x, y) 4 (1, 2), 


Ez GED: < ¥ (2x + 3y | ee oo een 


by Schwarz’s inequality. Sine ey 5; V (2x + 3y — 10)? + (y — 2)? = 0, f is differ- 
x,y)>(1,2 

entiable at (1, 2). 

(b) 


f(x, y,z)— f0,1, 1) = 20? -1) 4+3@-)D4+40z-1) 
= (2x + 5)(x -—1) +40 -1)4+ 4y(z-1) 
=7(x—1) + 4(y—1) 4+ 4(z-1) + 2(e- 1)? + 4(z -—D(y - D; 


therefore, if (x, y,z) # (1, 1,1), 


fey. 2) — £01 D- 70 —)-40-)-4G—-DI @=1 +4@=17 
V@— 1D? + 0-1? + & = 1? 7 | 


by Schwarz’s inequality. Since ue v(x — 1)? + 4(z — 1)? = 0, f is differen- 
x,y)>(1,1,1 
tiable at (1, 1, 1). 


(©) F(X) — f (Ko) = D0 (x? — x79) = DOG + x10) — x10) 
i=1 i=l 
= 2) 5 xio(xi — xi0) + D> (i — x10)”: 
i=1 i=1 
therefore, 


f(X) — f(Xo) — 2) xi0(xi — x10) 
i=l 


= |X — Xol, 
|X — Xo| 
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so f is differentiable at Xo 
5.3.17. Write 
f (x0, ¥) — f (Xo, Yo) 
FCe.9)~ Flo, Yo) = FCe.¥) = fro, y) + PE 
Holding y fixed and applying the mean value theorem with respect to x yields f(x, y) — 
(xo, y) = fx(X(), y), where X(y) is between x and xo. Therefore, 


f(x,y) — f (x0, ¥) = [fe (X0, Yo) + (fx (®, ¥) — fe (X0, Yo))](X — Xo) 
= [fx(%o0, Yo) + €1 (x, y)](X — x0), 


where lim €1(x, y) = 0 because f; is continuous at (xo, yo) From the definition 
(x,y)>(x0,¥0) 


of Sy (xo. Yo)s 


(y—yo). (A) 


(B) 


Io. ¥) — fo. Yo) = ty (Xo, yo) + €2(y), (C) 
Y — Yo 


where lim €2(y) = 0. Now (A), (B), (C), and Schwarz’s inequality imply that if (x, y) 4 
y>Yo 
(xo, Yo) then 
f(x.) — fo, Yo) — fe (Xo, Yo)(x — Xo) — fy Xo. YoY — Yo)| 
v(x — x0)? + (y — yo)? 
where E(x, y) = ,/e{(x, y) + 4(y). ome lim E(x, y) = 0, f is differentiable 


x,y) (x0,¥o) 
at (x0, Yo). 


5.3.19. (a) It is given that 


< E(x, y), 


F(X) — f (Ko) — Y> fe; Ko)(xi — xi) 


i=1 


li =i: 
X>Xo [X — Xo| : 
Let X = Xo + tL; then 
n 
f (Xo + tL) — f(Xo) — > fe; Xo) 
lim) "= 9; 
t-0 t 
that is, 
df(Xo) _,.  f(Xo +tL)— f(%o) < 
7 a a ann Y> fe; Xo)gi. 


i=1 


n n 
(b) If x . (Xo) = 0, then oro) = 0 for every L. If » te (Xo) # 0, the maximum is 
i=1 i=1 
attained with 
-1/2 


i = fx: (Xo) | D> fe, (Xo) , lsi<a. 


j=l 
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To see this, use Lemma 5.1.5. 
5.3.20. First note that |g(u)| < wu? for all w and 


1 1 
2usin——cos—, u #0 


tim 2) — 
im —— = 
u>0 Uu 


g’(u) = 
0, u = 0; 


hence, g’(u) exists for all u, but is discontinuous at u = 0. Now, 


| f(X) — f) —0- x1 —0+-x2 — +++ 0+ Xn] < |¢(x1)| + 1g(x2)| +++ + 1g Gn) < IX!?, 
sO 

fin LOO =F = 0-41 = 0-x2 = O-¥nl _ 

oe ————— 4x05 


that is, f is differentiable at (0,0,...,0). Since fi; = g’(xi), fi; is discontinuous at 
(0,0,...,0). 

5.3.21. (a) Bh) = $(xo +h) — o(xo), where o(x) = f(x, vo +k) — f(x, yo). Since 
g(x) = f(x, vo + k) — f(x, yo) the mean value theorem implies that (A) B(h) = 
[fc(&, yo +h) — fi, yo)] h where X is between xo and xo +h. Since f, is differentiable 
at (x0, Yo), 


fx (®, Yo +h) = fe(X0. Yo) + fex(X0. Yo)(X — X0) + fey (X0, Yo)A + a1 (h) 
fx (X, Yo) = fx (Xo. Yo) + fex (Xo, Yo)(X — X0) + bi (h), 


h by(h 
where lim ai) = lim Ae 0. Therefore, from (A), (B) B(h) = 
(x,y)>(x0,¥0) A (x,y)>(x0,¥0) Ah 


fey (Xo, Yo)h? + Ex (A)h, with Ey (h) = ai(h) — bi (h), so lim ou) =0 
(x.y)>@o.vo) A 

(b) B(h) = Wxo + h) — (xo), where Wy) = f(xo + h.y) — Flxo,y). Since 

v’'(y) = fy(xo + A, vy) — f(X0, y) the mean value theorem implies that (C) B(h) = 

[ fy 0 + 4, 9) — fy (x0, ¥)|h where F is between yo and yo + h. Since fy is differen- 

tiable at (xo, yo), 


fy (x0 +h, ¥) = fy (Xo. Yo) + fox (Xo. Yo) + fyy (Xo, YoY — Yo) + a2(h) 
fy (x0, ¥) = fy (Xo. Yo) + fry (Xo, Yo)(Y — Yo) + ba(h), 


h bo(h 
where lim a2(h) = lim ba(h) = 0. Therefore, from (C), (D) B(h) = 
(x.y)>(o0.0) A (x,y)>(o.v0) A 


En(h 
fyx(X0, yo)h? + E2(h)h, with E2(h) = az(h) — b2(h), so lim 2(h) =0 
(x.y)>(o.yo) A 
(c) From (B) and (D) fry (x0, Yo)h? + Er(A)h = fyx(x0, yo)h? + Er(A)h; fry (xo, Yo) — 
Ex(h)—E\(A)_ oe 
Tyx (xo. Yo) = ——————; since the right side > 0 as h — 0 and the left side is 


h 
independent of h, fxy(x0, yo) = fyx(Xo, Yo). 
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5.3.22. (a) Apply the result of Exercise 5.3.21 to f as a function of x; and x;, holding the 
other variables fixed. 


(b) X € S throughout this proof. We want to show that fei, Kip seeosMip (Xx) = fej, X jose jy (X) 
if each of the variables x1, x2, ..., X, appears the same number of times in {x;,, Xi,,..., Xi,} 
and {Xj,,Xj),..-,Xj,}. First consider r = 2. The conclusion is obvious if xj, = Xi, 
and it follows from (a) if x;, 4 x;,. Now suppose that r > 2 and the proposition 
is true with r replaced by r — 1. If x;, = x;,, then {x;,,...,x;,_,} is a rearrange- 
ment of {xj,,...,Xj,_,}, SO Pris posi 1 (Xx) = se ae (X) by the induction as- 
sumption, and differentiating both sides of this equation with respect to x;, = xj, yields 
Friy sig Xi (xX) = Foi skin s% ip (X). If x; A x;, then x;, = x;, for some k in 


{1,...,7 — 1}. Let {xp,,Xp,...,Xp,} be the rearrangement of {x;,,Xi,,...,Xi,} Ob- 
tained by interchanging i, and iz. Then (A) tei, sos keris (xX) = Sains Spyicckpy (X), by 
(a). However, now Xp, = X},, SO Le ee ee (xX) = Se jyXjy eX jp (X) by the previous 


argument. This and (A) complete the induction. 


5.3.23. The three points lie on a line if and only if there are constants A and B such that 
yj — Ax; — B = 0 (i = 1,2,3). This is equivalent to the condition that 


Yo xo 1 yo Xo 1 
O=|] y1 x1 1}=|] Yi-yo x1-X0 0}, 
y2 x2 1 y2-yYo X2—-Xo O 


which is equivalent to the stated condition. 
5.3.25. Since also 


tim 229) — Fo. Yo) — fx Ko, Yo) = Xo) — fy o. YoY = Yo) _ 
(x,.»)>(%0,¥0) Ve — x0)? + G — yo)? 
it follows that 
im Lo. Yo) — a) + xo. Yo) = PY = X0) + Yo %o, Yo) — IY = Yo) _ 
(x,y) (x0,¥0) (x — xo)? + (y — yo)? 


0, 


0. 


Therefore, the problem reduces to showing that if a, 6, and y are constants such that 


ya ecm) a 0 eC a (A) 


(x,y)> (0,90) 4/(x — X90)? + (y — Vo)” 


thena = 6B = y = 0. Since (A) implies that a + lim OO —xo) +yv(v — yo)) = 


x,y)—>(x0,¥0 


jie hallows tha: = OSA Sduceee>. Tin, EO 
(x,y) (0.90) /(x — Xo)? + (y — yo)? 


= 0, so 6 = 0,and lim pet RG sg ZO. 
y>¥o" ly — yol 


= 0. 


Xx — Xo 


Therefore, lim 6 
xX—>x0 |x == Xo| 


5.4 THE CHAIN RULE AND TAYLOR’S THEOREM 


5.4.1. Xo € DY. and Up € De by definition of differentiability. Therefore, B,(Xo) C Dy 
and B,;(Uo) C Dg for some p,r > 0. Since G is differentiable at Up, G is continuous 
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at Ug, so there is a 5 such that 0 < 6 < r and |G(U) — G(Uo)| = |G(U) — Xo| < p if 
|U — Uo| < 6. This means that f(G(U)) is defined if |U — Up| < 6; that is, Up € Dy: 


5.4.2. (a) Let U = (u, v) and X = (x, y). 
First method: 


dujg1 = du+2dv; 
dg2(U) —eutu-l, 


dv v 
duy§2 = —du+t dv; 
Xo = (g1(Uo), g2(Uo)) = C1, 1); 
fx (X) = 6x + 4y* + 3; fe(XKo) = 13; 
fy(X) = 8xy; fy (Xo) = 8; 
duh = fx(¥o) dog 81 + fy Xo) dog 82 = 13(du+2dv)+8(—du+ dv) = 5dut+34dv. 
Second method: 


h(U) = 3y2e2ut2u 24 Avert 7 2u+2v 21 3yerutr-l = 3y2e2ut2u 21 Ave u+3vu 34 
B3vertr-l, 


hy(U) = 6v2e2" +2vu—2 — dve u+3vu-—3 ai 3vertr-l, hy (Uo) = 5; 

hy (U) = (6v + 6v?)e2"+20-2 + (4 + 12v)e~# 439-3 + (3 4 3u)e"t"—!; hy (Uo) = 34; 
dy h = hy(Uo) du + hy(Uo) dv = 5du + 34 dv. 

(b) Let U = (u, v, w) and X = (x, y, Zz). 

First method: 


Uo = C1, 1, 1); 
dgiU) 1. 

auti 
dgi(Uo) _ _ 


ou 
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duyg1 = du— dv+ dw; 
dg2(U) 2 


dy, g2 = —2du—3dw; 
dg3(U) 


I. 
u 


dujg3 = du+ dv+2du; 

Xo = (g1(Uo), g2(Uo), ¢3(Uo)) = (0, 0, 0); 
K&S) = f(®) = £&(&) = —e(@tytz), 
fx(Xo) = fy (Xo) = fz(Ko) = -1; 


duh = f<(X%o) dup gi + fy Xo) dup 82 + fe (Xo) dupg3 = —(du— dv+ dw)—(—2du— 
3dw)—(du+ dv+2dw) = 0. 


Second method: 
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x(U) + y(U) + z(U) = dog u — log v + log w) + (—2 logu — 3 log w) + (log u + log v + 
2 log w) = 0; hence, h(U) = 1 and d,,h = 0. 


(b) Let U = (uv, v) and X = (x, y). 
First method: 


Uo = (3, 2/2); 
dgi(U) ; 
———_ = cosv; 
ou 
dg1(Uo) 5165 
ou 
dgi(U) bre: 
= —u sinv; 
dg1(Uo) ; 
as les 
dv 
duyg1 = —3 dv; 
Og(U) > gs. 
= sinv; 
ou 
dg2(Uo) _ 2 
duet‘ le 
dg2(U) ; 
=ucosv; 
dv 
dg2(Uo) =p) 
dv 
duy&2 = du 


Xo = (g1(Uo), g2(Uo)) = (0, 3); 

fx (X) = fy(X&) = 20 + y)s fro) = fy (Ko) = 6; 
duh = f<(Xo) du gi + fy (Xo) dup g2 = 6du— 18 dv. 
Second method: 

h(U) = u?(cosv + sinv)? = u2(1 + 2sinvcos v) = u?(1 + sin2v); 
hy(U) = 2u(1 + sin2v); h,(Uo) = 6; 

hy(U) = 2u? cos 2v; hy(Uo) = —18; 

du oh = hy(Uo) du + hy(Uo) dv = 6du — 18 dv. 

(d) Let U = (u, v, w) and X = (x, y, Z). 

First method: 

Uo = (4, 1/3, 2/6); 


dgi(U) 
—— = COS UV SIN W 

ou 
dg1(Uo) sot. 

ou 4’ 
dgi(U) Ai sekn 
——_ = —USinv SIN W; 


dv 


134 Chapter 5 Real- Valued Functions of Several Variables 


dgi(Uo) _ re 
dv , 


= UCOS VUCOS W; 


dgi(Uo) _ V3. 
dw , 


1 
dy 1 = qdu—v3dv+ v3 du; 


dg2(U) 

du 
dg2(Uo) _ V3. 
du~—té<‘C‘ 


= COS UCOS W; 


= —U SINUVCOS W; 


diy 82 = B dy —3dv- dw; 
dg3(U) 


———_ =sinv 


ou 


3 
dy) 83 = se du+2dv; 


Xo = (gi(Uo), 2(Uo), g3(Uo)) = (1, V3, 2V3); 
Sx (X) = 2x; fr (Xo) = 2; 

fy (X) = 2y; fy(X%o) = 23; 

fz (X) = 22; f,(Xo) = 4V3; 
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1 
duh = fx (Xo) duggit+ fy (Xo) dup 82+ fz (Xo) du g3 = 2 ri du—V3dv + Vidw)+ 


23 (Faw —aav— iw) +48(Sau +20) = 8du. 


Second method: 

h(U) = u? cos? v sin? w + u? cos? v cos? w + u? sin? v = u?; hy(U) = 2u; hy(U) = 0; 
hy(U) = 0; hy (Uo) = 8; hy(Uo) = 0; hy (Uo) = 0; dh = 8 du. 

5.4.3. hp = fexr + fyyr + feZr = fe cos + fy sind; 

he = frxo + fyye + fez = fe(—r sin@) + fy(r cos 0) = r(—f, sin@ + fy cos 6); 
hy = fexet frye t+ he = he. 

5.4.4. hp = fexr + fyyr + feZr = fx sing@cosé6+ fy sing sind + f, cos; 

he = fexet+ fyyo t+ feze =rsind(—f, sind + fy cos A); 

hg = frxoe + frye t+ fez =1(fx cosdcos6+ fy cos¢ sind — fz sing. 

5.4.5. (a) hy = 2uf'; hy = 2vf’; vhy — uh, = 2(vu — uv) f’ = 0. 

(b) h, = f'cosu; hy = —f' sinv; hy, sinu+thy cosu = (sinvcosu—cosu sinv) f’ = 0. 


1 
(c) hy = —f's hy =-<f"; uhy + vhy = (---) f'=0. 
U VU VU Uv 


(d) hy = (fe - Sy) gus hy = (fe — fy)8v5 dh = hy du + hy dv = (fx - Sv) (Su du + 
&y dv) = (fx — fy) dg. 
5.4.6. hy = gxxXy + By + SwWyshz = BxXz + Bz + SwWz.- 


Uv 
5.4.7. Let F(u,v) = im F(t) dt, which can be rewritten as F(u,v) = / f(t) dt - 
0) 


a f(t) dt; From Theorem 3.3.11, Fi, (u,v) = —f(u) and Fy (u,v) = f(v). Let h(x) = 
aes 

f(t)dt = F(u(x), v(x)); from the chain rule, h’(x) = Fy (u(x), v(x))v'(x) — 
u(x) 
Fy (u(x), v(x))u' (x) = f(u(x))u'(x) — f(u(x))u" (x). 


5.4.8. For a fixed (x1, x2,...,Xn), differentiating the identity f(tx,,tx2,...,tX%n) = 
t” f (x1, X2,...,Xn) with respect to ¢ and using the chain rule on the left yields 


n 
ae i, Dot) S00 Ga Foetal 
i=l 


Now set tf = 1. 

5.4.9. fy =hrry + hobx; 

ty = hyry + he by; 

fax =Nrprxx + ho Oxx +x (rrrx + hypex) + Ox (horrx + hee Ox); 

fyy = hrryy + he®yy + ry(rrry + hrePy) + Oy(horry + hee Fy); 

fee = hy (rex +ryy) +ho (Oxx + yy) + her (ry +75) + hee (82 +85) + 2hyo (Ox rx + 
yy); 
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Now we evaluate the multipliers of h;, hg, hrr, heg and hyg = hg, on the right. 


x 
ry = —— = — = cos 6s ry = ———— = = = ind; 
7 y2py2 y [x24 y2 r 
re+r =, 
9 en oe y sing. 
"T+ O]a? x8) ay 
9. = 1 Dy x _ cos @. 
THOR AR) ey 
1 
2 Poe 
0, + Oy = 3 
Oxrx + Oyry = 0; 
2 2 
7 7 
rxx = —O0, sin? = sar sTyy = 6, cosé = st 
1 


Tan eT yy = 


6, cos 8 : ry, sind 5 2 sin 6 cos 6 


Oxx = i pa = 72 > 
Bice Oysind  rycos@ —— 2sin@ cos. 
Te ge Sa ee 
Oxx + Oyy = 0. 


5.4.10. hy = frau + fydu; 

huu = FeQuu a tybuu oh du (fx du Fry bu) + bu( fyxdu “ Syybu)s 

hy = Feav ae you; 

yy = Fe@in oe Fybuv + dy (fxx dy + Feybv) =F by (fyxdv + Syybv); 

Iuu thy = Fx (Quu a dyy) sir ty (bun ie buy) ze (a2 = as) Face 25 (b2 of Bo Sos ae (duby F 

dyby)( fry a fyx). 

Since ay = by and ay = —by, duby + dyby = 0 and b2 + b? = a? 4+ a?. Differentiating 

dy = by and ay = —b, with respect to u and v respectively yields dy, = byy, and 

ayy = —Dyy, 80 duy + dyv = byy — buy = 0 (Theorem 5.3.3). Differentiating a, = by 

and a, = —b, with respect to v and u respectively yields ayy = byy and dyy = —Dyy, sO 

buutbyy = —dyu t+ auy = 0 (Theorem 5.3.3). Therefore, hyy thoy = (fex + fyy (a+ 
2 

as). 

5411. uy = f' + es txx = f" + osu = —ef! tees un =c? f" +c? = Cu. 

5.4.12. (@hy = fet Sys huv = Sex — fey) + Sx —- fry) = Sex — fyy (Theorem 5.3.3). 

(b) hy = Te =r Sy hun = (Kez or Ixy) tn (fyx = Ay) 

hy = fx — fy Nov = (fax — fey) — (yx — fry); 

hun =F Nyy oe 2(frx + tvy) 
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5.4.13. From Exercise 5.4.4,h, = f, sing@cos6 + f, sing sind + f, cos¢; 


hrr = (fexxr + fey Yr + fezZr) sing cos @ + (fyxxr + fyy yr + fyzZr) sing sin 6 

+(fexxr + feydr + fezZr) cosh 

= frx sin? ¢ cos? 6 + Ivy sin? p sin? 6 + fz, cos? b 
+ fry (Vr sing cos 6 + x; sing sin?) + fyz(zr sing sin@ + y, cos d) 
+ fez (Zr sing cos 8 + x; cos) 

= 2 fry (sin? ¢ sin 6 cos 0) + 2 fyz(sing cos ¢ sin 8) + 2 fz (sin ¢ cos ¢ cos 6) 

= fex sin? pcos? 6 + fyy sin? o sin? 6 + fz, cos” b 
+ fey sin? @ sin 20 + fyz sin2d sind + fez sin2¢ cos 6; 


hye = (—f sind + fy cos 6) sing + (fxxxo + fxy ye) sing cos 6 
+(fyxx0 + fryye) sing sin® + (foxxe + fey Yo) cos p 
= (—f, sind + fy cos 6) sing + r(fyy — fex) sin? o sin 6 cos 0 
+rfry sin? 6(cos? 6 — sin? 0) + r(fzy cos 6 — fzx sin 9) sing cos d 
= (— fy sin? + fy cos 8) sing + 5 (fy — frx) sin? sin 26 


+rfry sin? ¢ cos 20 + 5 (fey cos 0 — f;x sin @) sin 2p 
5.4.14. If hyy = O for all (u,v), then h, is independent of v, by Theorem 2.3.12. 
Therefore, hy, (u,v) = Uo(u) and h(u,v) = Uj(u) + Vi(v), where Uj(u) = Uo(u). 


If frx — fyy = 0, Exercise 5.4.12(a) and this result imply that f(v@ + v,u—v) = 
U,(u) + Vi (v). Setting x = u + v and y = u — v yields 


fey =u (S*) en (2). 


and the stated result follows, with U(u) = Ui(u/2) and V(v) = Vi (v/2). 
5.4.15. False; let D be the entire xy-plane except fior the nonnegative y axis, and 


0 if y <0, 
f@,.y) = 49° if y>0O and x <0, 
ye if y>O and x>0. 


Then f is differentiable and f,. = 0 on D, but f(x, y) # f(—x, y) ify > O and x £0. 
5.4.16. In (a) and (b), 
T3(x, y) = (0,0) + (f-(0, 0)x + fy 0, 0)y) 


1 
5K fx (0, 0)x? + 2fry(0, Oxy + fyy (0, 0)y7) 


1 
+e fexx (0, 0)x3 + 3frxy (0, 0)x?y + 3fryy 0, 0)xy? + fyyy (0, 0)y?); 
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(a) f(x, y) = e* cosy; f(0,0) = 1; 

Fx (x, y) = e* cosy; fx (0,0) = 1; 

fy, y) = —e* siny; fy (0, 0) = 0; 

fex(%, y) = e* cosy; fxx (0,0) = 1; 

Sey (x,y) = —e* siny; fry(0, 0) = 0; 

Syy (x, y) = —e* cos y; fyy (0,0) = —1; 

Fexx (x,y) = e* cosy; frxx(0,0) = 1; 

Sexy (x,y) = —e* sin ys frxy (0,0) = 0; 

Sxyy(*, y) = —e* cosy; fryy (0,0) = —1; 

fyyy(X, y) = e* sin y; fyyy(0, 0) = 0; 
x2—y2 x3 xy? 


T3(x,y) = 1 Sy es 
3(x, y) +x+ 5 + 5 


(b) f(x,y) =e; fO,0) = 1; 
Ic(x, y) = -e*; f (0,0) = —1; 
fy@,y) = -e*; fy0,0) — 1; 

fex (x,y) =e; frx (0,0) = 1; 

Sry (%,y) =e 5 fry (0,0) = 1; 
hry(x%,y) =e *; foy(0, 0) = 1; 

fexx (x,y) = —E* fexx (0,0) = —1; 
Sexy (x,y) = —e* 5 fexy (0,0) = —1; 
Seyy(X%,y) = —e* 3 feyy (0,0) = -1; 
Syyy(X, yy) = —e * 5 fyyy (0, 0) = —1; 


x x 
Ta(x.y) =1-x—-y + ay t-PA eZ 


(c) Ifr; +ro+7r3 < 3, then 


gritratrs f(x, y, z) 


= 5—r-+1+ro+r3 
Ox’20x'20Xx"3 Caan? ae at) a ici 


where k is a constant. Since the right side is zero if (x, y,z) = (1, 1, 1), T3(x, y,z) = 0. 


(d) All partial derivatives of f through the third order equal zero at (0,0,0) except for 
Fxyz(0, 0, 0) = cos x cos y cos z, which equals one at (0, 0, 0). Therefore, 


1 3! 
73(x,y,Z) = 


nn © 0, O)xyz = XYZ. 


5.4.17. Let Xo = (X10, X20,---,Xno). From Eqn. (5.4.23), the left side of Eqn. (5.4.35) 
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can be written as 
3 OKf(K) OF F (Ko) 
is eat OXi, OXiz_| “OX; OXi, OXiz_| “OX; 


X (Xi, — Xi10) (Xin — Xin0) +++ Xin, — Xiz0) 


From Eqn. (5.4.32), each term in this sum is less in magnitude than «|X — Xo|*, and there 
are n* terms. This yields Eqn. (5.4.35). 

5.4.18. Theorem 5.4.9 withn = 1 requires that f“ be continuous at x9. Theorem 2.5.1 
requires only that f(x) exist. 

5.4.19. By Theorem 5.2.13, p assumes a minimum value p > O on {Y | lY| = 1}. If 
X 4 0, then p(X/|X|) > p, and the homogeneity implies that p(X) > p|X|", which also 
obviously holds if x = 0. This implies Eqn. (5.4.41), since dx f is homogeneous of 
degree k. 


Suppose that at ) f is negative definite. By an argument similar to the solution of Exer- 
cise 5.4.19, it can be shown that there is a p > O such that 


(dg f (X — Xo) 
oo SY 5 -p1X - Xo (A) 
for all X. Since 


1 
F(X) — f (Xo) - Fda VX — Xo) 


li 0, 
eure) [xX — Xo|* 
there is a 5 > O such that 
1 Ww 
P(X) = f(Ko) = FAW P\K- Xo) g 
xx 2 if |X—Xo| <6. (A) 


Therefore, 
A p ee 
S(X) = f(Xo) < GW )(K —Xo) + SIK=-Nolk if [X—Xol <8. 
This and (A) imply that 
P(X) — f(Xo) <-E1K—Xol* if [K—Xol <8, 


which implies that Xo is a local maximum point of f. 

5.4.21. p(x, y) = x? —2xy + y? +x44+ y4; px(x, y) = 2x —2y + 4x3; py(x, y) = 
—2x+2y+4y?. Since px(0,0) = py(0, 0) = 0, (0, 0) isa critical point of p. pxx (x,y) = 
2+ 12x; pxy(x, y) = —2; pyy(x, y) = 2+ 12y?s (Ay Px, y) = 2x? —-4xy +2y? = 


2(x — y)* is positive semidefinite. 
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q(x, y) = x?-2xy+y?—x4—-y*. qx (x, y) = 2x-2y—4x3; qy (x, y) = —2x+2y—4y?. 
Since gx (0,0) = qy(0,0) = 0, (0,0) is a critical point of g. gxx(x,y) = 2 — 12x?; 
dxy (X,Y) = —25 dyy(x, y) = 2— 12y?; (dG ya) (x, y) = 2x? —4xy + 2y? = 2(x-y)? 
iS positive semidefinite. 

(b) Dp = Pxx (0, 0) pxy (0, 0)— pz, 0, 0) = 2-2—2? = Oand Dg = qxx(0, 0)qxy (0, 0)— 
q2, (0,0) = 2-2-2? = 0, 

(c) p(x. y) = (x — y)?® + x44 y* > 0 for all (x, y). Since p(0,0) = 0, (0, 0) is a local 
minimum point of p. 

g(x,y) = (x — y)? — x*— y*, so g(x, x) = —2x* < Oif x $ 0. Also, g(x,0) = 
x?(1 — x”) > Oif 0 < x < 1. Since g(0, 0) = 0, (0, 0) is not a local extreme point of q. 


CHAPTER 6 


VECTOR-VALUED 
FUNCTIONS OF SEVERAL 
VARIABLES 


6.1 LINEAR TRANSFORMATIONS AND MATRICES 


6.1.1. Recall that (A) L(U + V) = U+ V and (B) L(aU) = aL(U) if U and V are 
vectors and a is a scalar. From (A) with U = a,X, and v = a2Xo2, L(a,X1 + a2X2) = 
L(a,X1) + L(a2X2), so (B) implies that L(a,X1 + a2X2) = ayL(X1) + a2L(X2). This 
proves the proposition with k = 2. Now suppose that k > 2 and the proposition is true 
with k replaced by k — 1. Then (A) with U = a,X, +--+ + ag_—,Xx_1 and V = a, Xx 
yields 


L(ayXy + +++ + ag—1 Xx-1 + a XK) = L((a1 Xi + ++ + a1 XK-1) + AKXx) 
= L(a,X1 +--+ + ag—1Xx-1) + L(g Xx) 
= (a,L(X1) + +++ + ag L(XKx_-1)) + a L (Xx) 


by the induction assumption and (B). This completes the induction. 


141 


142 Chapter 6 Vector- Valued Functions of Several Variables 


6.1.2. 


411(X1 + y1) + ay2(X2 + y2) H+? + ain (Xn + Yn) 
21(x1 + Y1) + A22(X2 + y2) + +++ + dan(Xn + Yn) 


L(X + Y) = 
Ami (X1 + V1) + Am2(X%2 + y2) 4 -++ + Amn (Xn + Yn) 


Q11X1 + Ay2X2 +++ + AinXn Q11¥1 + 4122 +°+++ ain Yn 
21X11 + A22X2 ++++ + A2nXn 4211 + 422 y2 ++++ + G2nyYn 
; + : 


Ami X1 + Am2X2 + +++ + AmnXn Ami Y1 + Am2y2 + +++ + Amnyn 
= L(X) + L(Y). 


411 (axX1) + 412(ax2) +++» + din(axn) 
421 (4X1) + dz2(ax2) +--+ + don(axn) 


L(aX) = 
Am (aX1) + Am2(ax2) + +++ + Gmn(aXxn) 


Q11X1 + Qj2X2 +2 + AinXn 


A21X1 + 22X22 + +++ + G2nXn 
= aL(X). 


II 
Q 


Am1X1 + Am2X2 +°°+ + AmnXn 


6.1.7. (A+ B)+ C = [(ai; + bi) + ci] = [aij + (Oi; + cij)] = A+ (B+ C). 
6.1.8. (a) r(sA) = r[saij] = [r(saij)] = [(rs)aij] = (rs)A. 

(b) (r+ s)A = [74+ 8)aj;] = [rajj + sajj] =rA+sA 

(c) r(A + B) = rlaij + bij) = [r Giz + bij)] = [rai + rbij] = rA +B. 


6.1.9. Let D = [d;;] = AB and F = [f;;] = BC. Wemust show that DC = AF. By 
P 


definition, dj, = So dirbre (1 <i <m,1<-k < q), and the (7, 7)th entry of DC is 
r=1 


q q P 
ees (dort) chy I <i 
k=1 


k=1 \r=1 


IA 


m,1 < j <n). Changing the order of 


P q P 
summation shows that the sum on the right equals ye Gir > br kCKj = SS dir frj, Which 
r=1 k=1 r=1 
is the (7, 7 )th entry of AF. Therefore, DC = AF. 
6.1.10. If A + B is defined, then A and B have the same number m of rows and the same 
number n of columns. If AB is defined, then the number 7 of columns of A must equal the 
number m of rows of B. Therefore, A and B are square matrices of the same order. 
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6.1.11. (a) From the definition of matrrix multiplication, 


411 412 +++) Gin x1 Q11X1 + Ay2X2 +++ + AinXn 
a21 21 °*** 42n x2 21X1 + A22X2 ++++ + A2nXn 
Ami Gm2 *** Amn Xn Am1X1 + Am2X2 + +++ + dmnXn 


(b) (cr Ly + c2Lh2)(X) = cy Li (X) + coLb2(X) = c1A1X + c2A2XK = (cy Ay + C2A2)X. 
(c) L3(X) = L2(L1(X%)) = Ao(L1(X)) = Ao(A;X) = (A2A))X from Exercise 6.1.9. 


2 
m 


n m n 
6.1.16. If Y = AX, then |¥/? = D>} Soayx;} < [>>| >> a7 | | IX?, by 
i=1 \j=1 i=1 \j=1 


Schwarz’s inequality. Therefore, |Y|? < mndA?|X|?, so ||Al] < A./mn. 

6.1.17. If ||A|] = 0, then AX = 0 for every X, which implies that A = 0. 

6.1.18. |(A + B)X| < |AX| + |BX] < ([Al] + ||B]])|X|; hence, ||A + B|| < |]Al| + [|B]. 
6.1.19. |(AB)X| = |A(BX)| < ||A|||BX] < ||Al|(||Bl| |X|); hence, ||AB|| < ||A||||Bl]. 


1 1 2 
6.1.20. (a) The matrix of the systemisA =| 2 —1 1 |; det(A) = 6. By Cramer’s 
1 -—2 -3 
1 1 2 12 1 1 2 18 
tule, x = —| -1 —-1l 1)/=—=2;y= 75/2 -1 1) =—=33zZ= 
nr ° A 28 ° 
1 1 1 
12 
2 -1 -l =-——=-2 
{9-3 ° 
1 1 -1 1 5 1 -l 
(b) A = 3 -2 2 |; det(A) = 5. By Cramer’s rule,x = =| O —2 a 
4.2 3 Mita. os Se 
1 5 -l 1 1 5 
10 1 15 1 0 
—=2;y= -/]3 0 2);=—=3;z=-/3 —2 O|;]=-=0. 
5 ae a ee 5 5)4 2 4/ °? 
1 2 3 
(c) A = 1 0 -I1 |;det(A) = —2. By Cramer’s rule, 
1 1 2 
1 —5 2 3 4 1 1-5 3 0 
x=--|/-1 0 -1|=-~=-2;y=--+)1 -1 -1)=--=0;z= 
2;}_4 1 2 2 2/1 4 2 2 
1 12 -5 
-~/|1 0 -1/=-~=-1 
2 
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1 -l 1 -—2 
(d) A = : ; a ; ; det(A) = —20. By Cramer’s rule, 
2 1 -l 0 
1 -l 1 -—2 1 1 1 -2 
ey es fe a ce a | | ed es 
BE AGN) IBS, eA +A Dg a 5G Bs AS LOE, A 
4 Pe 8 2 4-1 0 
1-1 1 -2 1 -l 1 1 
20) 5g BI, 8 gona} 1-3 4 
2 ae 20 | 3 2 13 1 20 > 20 | 3 2 0 13 
2 1 4 0 2, 1 -l 4 
40 
i 


ee es ere ree ce a eee ee 
6.1.21, (a) dea) = | 5 i; fetwe=| 3 ae: =a 3 al 


1 2 3 
(b) detA = 1 0 -!l =-%en =|} p | -uew =|] oe 
1 1 2 
1 0 2 3 3 

-xen =| { t |= en =-| 4 af =-ben =|] 3 | = athens 
1 2 2 3 1 3 1 2 

-|i i |= ben =| 6 j|=tee=-]) j|=se0=| >| 

= ae 

~2;A7} = a. 2p eet 

-1 -l 2 
4 2 1 
(c) dtA = | 3 -1 2 = 25,01 =|] 3 |=-&ea=-[5 3 
0 1 2 
3 -1 251s] 4 |] 

—6; ¢13 = 0 i [= sen = =| 7 2 |= wen =| 5 | = 8 em 
4 2 1 4 1 4 2 
{| =-Aiea = | »|=sien=-| 3 2 =-sen =| 3 eal 

1 ee | 
—10;A7! = — 6 —8 5 
a ee ae 
1 0 1 
(d)detA=/;}0 1 1 =-aen=|j o [=-hen=-|$ |= bev 
1 1 0 

a a me (O(a es 
1 1 = > C21 = 1 0 a 3 C22 = 1 0 me 3 C23 = 1 1 
se WON, 2) ke, tet Ae Allg Rie es eee 

-tren =| 4 {| =-kea =-[ 9 [| =-kes =| 9 i [aaa 


II 
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(e) det A 


2 


-l 


—2 


—2 3 0 


—2 


-1 


0 0 


0; c21 


C24 


1 


0 0 


S + 
— 
ll i 
loa) 
= on 
on ae ds 
ro) 
ao 
| 
ll II 
= 
+ t+ 
v S 
Y aay 
nN 
] 
Sl 
| 
on 
a) 
no 
ano 
| eS 
! | 
ll 
x ll : 
i 
S) BY 
on iS) 
x ° Pee es 
= S 
ll ll ocoonea 
on Shea Ce 
a) on 
anoo 
ae NOL 4 
| ae 
I i I 
2 
« g | 
o oO <_< 


2 
—10;¢41 = 4 
1 


3 
2 


—1 
1 


2 2 


-1 


2 2 


23 C22 


= ON 
a0 | 
| 
Nao 
m= N | 
aN ia ip 
II 
© II 
& ¢ 
S 
— a) 
| | 
II II 
Tie — ON 
| 
ery NAN 
| 
—N a NANT 
| | 
II II 
Nn al 
io) x 
S S 
S S 
I ai 
II 
= mM 
| aii 
NAN 
| ms AN 
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11 -l [ts 2 1 = 

—203; ¢43 = — 2. 2 3 | = 253c44 = 2 2 -1 | =25;A7! = — 
10 21 
-1 4 2 -1 4 1 7 


6.1.22. Eqn. (6.1.10) and the continuity of {a;;} imply that the entries of A7!, and therefore 

of B, are continuous on K. If the conclusion were false, there would be integers r and s 

in {1,2,...,m}, an €9 > 0, and sequences {X;} and {Y;} in K such that (A) lim |X; — 
joo 


Y;| = 0, but (B) |b,s(X;, Y;)| = €0, j = 1. By the compactness of K and Exercise 5.1.3, 
there is a subsequence {X;,} of {X;} which converges to a limit X in K, and (A) implies 
that {Y;,} does also. Therefore, lim (X;,,Yj,) = (X,X) in R?”. This implies that 


im brs(Xj,.Yj,) = brs(X, X) = 0 (Theorem 4.2.6), which contradicts (B). 
—>0o 


6.2 CONTINUITY AND DIFFERENTIABILITY OF TRANSFORMATIONS 


6.2.1. If 


Lf(X) — fi(Xo)| < yes <m, if |K —Xo| <6 andX € D,, 


then 


ee 1/2 
|F(X) — F(X)| = (Su = fi0a)?] < € if |K —Xo| < 6 and X € Dy. 
i=1 


Conversely, if this is true, then 


| fi(X) — fi(Xo)| <e, 1 <i <m, if |X —Xo| <6 andX € Dy. 


mn FOX) =F Ko) — F’ (Ko) (K — Xo) _ 


li =0: 
xX [X—Xol 
6.2.2. (a) 
3x + 4y 3x0 + 4y¥0 
F(X) a F(Xo) = F’ (Xo) (X = Xo) = 2x — y = 2x0 — Yo 
x+y Xo + Yo 
3 4 X — Xo 0 
ad (i y-yo | =| 0 
1 1 Z—Zo 0 
2x? + xy +1 2 4x+ty x 
(b) F(X) = xy ; F(Xo) = -1 |; F(X) = y x 
x? 4 y? 2 2x dy 
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(x —1)Qx + y—-1) 
F(X) — F(Xo) — F’(X0)(K — Xo) = («-)y +) (A) 
Qe)? pO ly 
Since |(x — 1)(y + 1)| < |X — Xo|? and 
| — DQx + y— DIS [X— XollAw- + + DIS V5IX—Xol?, 
(Schwarz’s inequality), (A) implies that 


|F(X) — F(Xo) — F’(Xo)(K — Xo)| < V7|X — Xol’, 


which implies the conclusion. 


sin(x + y) wi 
(c) F(X) = | sin(y +2) |: Fo) =| Zz |: 
sin(x + Z) 1 
cos(x + y) cos(x + y) 0 1 1 1 0 
F(X) = 0 cos(y +z) cos(y+z) |;F’(Xo)=—~}] 0 1 1 4; 
cos(x + z) 0 cos(x + z) v2 0 0 0 


sin(x + y)- 2 - = (x +y-2) 


(X) — F(Xo) — F'(Xo)(X — Xo) ee r |) 

F(X) — F(Xo) — F’(Xo)(X — Xo) = sin(y + z) — - (v+z-7) -(A 
a ae 7 4 
sin(x + z — 1) 


From Taylor’s theorem, 


sinu— — (u-3) 


sinc + y) — <5[(x-4)+9] <-x?  ® 


1 1 ( di =) 
— — —[Xx -_-— 
J2 V2 PA 
and 


1 1 
noses (es) 


<3[y+(c<-5)] sK-xr?. © 


1 2 
From Taylor’s theorem, | sinu — 1| < 5 (u - =) , SO 


jsin@x +2) <5 [(x-4) + (<—2)] <1K—Xor. (D) 
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Now (A), (B), (C), and (D) imply that 
|F(X) — F(Xo) — F’(X0)(X — Xo)| < V3[X = Xol’. 


which implies the conclusion. 


6.2.3. Since F = (fi, fo,..., fm) is continuous at Xo, fi, fo, ..., fm are continuous 
at Xo (Definition 5.2.9). Since A is also continuous at Xo, 1fi, hfo, ..., hfo are contin- 
uous at Xo (Theorem 5.2.8). Therefore, AF = (hf,,hfo,...,hfm) is continuous at Xo 
(Definition 5.2.9). 

6.2.4. Let F = (fi, fo,..., fin) and G = (g1, g2,..., Ym). Since F and G are continuous 
at Xo, fi, fo, .--, fm and 21, 82,..-, Sm are continuous at Xo (Definition 5.2.9). There- 
fore, fi + 21, fo + g2,.--, 21 + Z2 are continuous at Xo (Theorem 5.2.8). Therefore, 
F+G= (fit 21, p+ &.,..--; fn + Zm) is continuous at Xo (Definition 5.2.9). 

6.2.5. H = (hy, h2,...,4m) where hj(U) = fj (gi (U), g2(U),...,g,(U)), 1 <i < m. 
From Theorem 5.2.11, 4; is continuous at Ug. Therefore, H is continuous at Uo (Defini- 
tion 5.2.9). 

6.2.6. If F = (fi, fo,.-., fn) then fi, fo, ..., fm are continuous on S (Definition 5.2.9). 
Hence, h = f7 + f2 +--+ f2 is continuous on S (Theorem 5.2.8), so |F| = V/ is 
continuous on S$ (Theorem 5.2.11). 

6.2.7. Since |F| is continuous on S (Exercise 6.2.6), Theorem 5.2.13 implies the conclu- 
sion. 

6.2.8. If L(X) = AX, then |L(X) — L(Xo)| = |A(X — Xo)| < ||Al] [X — Xol. 

6.2.9. (a) Since L is continuous on R” (Exercise 6.2.8), there are vectors Yo and Y, 
in S such that |AYo| < |AY| < |AYi|, Y © S (Exercise 6.2.7); that is, |AYo| = 


min {|AY| | |Y| = 1} and |AY,| = max {|AY|||Y¥| = 1}. If X A 0 then Y = x] eS, 
AX AX 
so |AYo| = min ~~ |X #0) and |AY,| = max ~. |x of. This implies the 


conclusion, with m(A) = |AYo| and M(A) = |AY}|. 

(b) From (a), |AX| < M(A)|X| for all X; therefore, (A) ||A|] < M(A). Now suppose that 
€ > 0. Since L is continuous on R”, there is a 6 > 0 such that |AY| > M(A) —e if Ye S 
and |Y — Y,| < 6. Therefore, M(A) —€ < ||All. Letting « — 0+ yields M(A) < |All. 
This and (A) imply that M(A) = |All. 

(c) If > m or A is singular the system AX = 0 has a nontrivial solution, which we may 
assume without loss of generality to be in S. Therefore, m(A) = 0. 


(d) Applying (a) to A7! shows that there is U; € S such that |A~'U;| = M(A7!). 
-1 


U 
Since V; = ae = S, m(A) < |AV;| = Ui Therefore, (A) 


M(A-) M(A1) M(A—)’ 
m(A)M(A~!) < 1. From (a), there is a Uz € S such that |AUz| = m(A). Since V2 = 
1 
Moye S, M(A7!) > LE eae Therefore, m(A)M(A7!) > 1. This and (A) 
m(A) m(A) — m(A) 


imply that m(A)M(A~!) = 1. Applying this result to A~! yields m(A~!)M(A) = 1. 
6.2.10. Let F= (fi, fo,..., fin) and e > 0. Since fi, fo,..., fm are uniformly continu- 


Section 6.2 Continuity and Differentiability of Transformations 149 


ous on S, there is a 6 > O such that 
If) — f(W)|<—=, l<i<m, if |Y-X|/<8 and X,YeS. 
/m 


Then |F(X) — F(Y)| < « if|K-—Y| <6 andX,YeS. 
6.2.11. Must show that if a is an arbitrary real number, then (A) F(aX) = aF(X). First 
consider a = 0: F(OX) = F(0) = FO + 0) = F(O) + FO) = 2F(0) = 2F(OX); hence, 
F(OX) = 2F(OX), which implies (A) if qa = 0. Since F[(n + 1)X] = F(aX) + F(X), 
induction yields (A) if a is a nonnegative integer. If n is a negative integer, then 
0 = FOX) = F(nX + |n|X) = F(X) + F(\n|X) 
= F(nX) + |n|FCX) = FX) — n F(X); 


hence, (A) holds if a is any integer. If a = m/n, then 


ee (>) as [ (=) = F(X): 


hence, (A) holds if a is rational. If a is any real and r is rational, then |F(aX) — aF(X)| < 
|F(aX) — F(rX)| + |r — a||FCX)|. Let r > a and use the continuity of F to complete the 
proof. 


6.2.15. Let G(X) = A; + B;(X — Xo) (i = 1,2), and X = Xo +/U, with |U] = 1. Then 


. (Ay — Az) + ¢(B,; — B2)U 
lim aT 0, 


t—>0 t 


which implies that Ay = Ag and (B; — B2)U = 0 for every U. The latter implies that 
B, = Bo. 
6.2.16. If F is differentiable at Xo then 

F(X) — F(Xo) = F’(Xo)(X — Xo) + [X — Xo|E(X), 


where ane. E(X) = 0. Choose 6; such that |E(X)| < 1 if |K—Xo| < 6; and X € D,. Then 


|F(X) — F(X)| < (\|F’(Xo)|| + 1)|X — Xo] if |X — Xo| < 61. Therefore, F is continuous 
at Xo 


6.2.17. If F is differentiable at Xo then 
F(X) — F(Xo) = F’(Xo)(K — Xo) + |K— Xo|E(X),  X € Dy, 


where lim E(X) = 0. If ¢ > O choose 6 so that X € D, and |E(X)| < € if |K — Xo| <6. 
X—>Xxo 


Then 
|F(X) — F(Xo)| < (IF’(Xo)|| + ©)|KX—Xo| if |X—Xo| <6. 


6.2.18. If F is differentiable at Xo then 


F(X) — F(Xo) = F’(Xo)(K — Xo) + |X — Xo|E(X),  X € Dy, (A) 
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where lim E(X) = 0. Since 
X—>Xo 


|X — Xo| = |[F’(Xo)] 1 F’ (Xo) (XK — Xo)| < “IF Xo)(X — Xo)I, 


|F’ (Xo)(X — Xo)| = r|X — Xo]. If 0 < € < r choose 6 so that X € Dy and |E(X)| < € 
|X — Xo| < 6. Now (A) implies that 


|F(X) — F(Xo)| = (r— )|X—Xol if [X—Xo] <6. 


6.2.19. |K— ¥| = |A7'(L(X) — L(¥))| s AT ILCX) — L(Y). 


—wsinusinv§ wcosucosv§ cosusinu —2 
6.2.20.(a) G’(U) = wecosusinvy wsinucosy sinusinv |;G’(Uo) = 0 
0 —w sinv COs U 0 
2x 2y 0 0 
F(X)=| _ 2xZ _ 2yzZ 1 ;Xo =G(Up) =| 2 |; 
GAR GP hy)? acy? 0 
0 4 0 
/ = . 
—2 0 0 
H's) = FIG) =[5 9 7 ]] © ot f=[9 7 O| 
4 0 —2 0 2 
Check 
w2 sin2 v 0 2w?sinvcosy 2wsin? v 
H(U) = COs U H’(U) = ; 1+ cos? v COs U ; H’(Uo) 
w sin? v w sin? v w? sin? v 
0 0 4 
1 
0 = 5. 0 
: 2x —2 
; —vsinu cosu |. _, sx beth S36 Et eens 
we) =| vcosu sinu |:6'@» = ;| 1 }:Fe0 = ne i 
x x 


1 


3 
x= 60) = | fere%=|_ 2 ; 
1 — -%)f3 1 i180 
Hu) =F) =] _F all 5 ‘|-[ a 
3 3 
Check: 
v*cos2u |. a4, | —2v?sin2u 2vcos2u |. 1, _[ -18 0 

Hv) =| tan u ja =| sec? u 0 [#0 =| 2 0 

1 -l 3 4 2 
(c)G’(U) = | 1 1 |; F(X) = 4 —2 1 |; 

1 -—2 —l 1 1 


if 


NOOO 
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3 4 2 1 -l 9 -3 
H’(U) = F’(X)G’(U) = 4 —2 1 1 1 }=] 3 -8 
—1 1 1 1 -—2 1 0 
Check: 
9u —3v+ 6 9 -3 
HU) =] 3u—8v-—1 |;H(U)=] 3 —-8 
u—2 1 0 


2 1 1 & et A 
/ = . / a5 . 
MEW =| 4 ew Lp sets » feeo=| 3 ie ok 


FoO=[ 1 1 | 


H (Uo) = F(%o)G'Uo) = | e lI ; = ; |- ' = I 


Check: 


2 2. 
2Qu-v+wt+er? 4 -3 1 
Hv) =| 2u—-v+w—e wo = 0 11 | 


@ew=| Ae) Gey fewo=[ 4 7 freo=| 3 


e“sinv e”“cosv 
1 
Xo = G(Up) = 0 :F0%) = 
0 
0 


HU) = F(%o)G'Uo) =| 5 
Check: 


eu ; 
H(U) = e*cos2v |’ i 2e*cos2v —2e2"sin2v |’ 


Hw) =| 5 9 | 


() G/U) = E 7 een =| i fre 1 ye 
2 2 2 4 
2x 1 
rz 2 
Xo = G(Uo) = |e) = 1 4 |; 
—2 
-—6 1 
1 2 12 5 10 
H’ Up) = F(Xo)G(Uo) =| 1 4 Eeac 9 18 
6 1 4 8 
Check: 
5u + 2v —2v” 
H(U) = | —4u?4+ 4uv?+u—v4++2v |; 


u? + 4uv + 2u + 3v? 
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5 2-40 5 10 
H’(U) =| —8u+4v2?+1 8uv—4v34+2 |;H’(Uo) = 9 18 
2u+4v4+2 4u + 6v —-4 -8 


6.2.21. From Theorem 6.2.8, H’(U) = F’(G(U))G’(U). Since the determinant of a product 
of two matrices is the product of their determinants, 


O(hy, h2,..., hn) 2 O(fi, fo, ---, fn) O(81, 22,-++> En) 
OG Uaeoketa) OC Konan. Xn) OCU. ca) 


O(S1; Bayh v4 Bn) d(hy,h2,..., hn) (fi, f2,---» fn) 
and ——+—_—_ arr evalutaed at U and ———__—_ 
O(uy,U2,...,Un) O(uy,U2,...,Un 0(X1,X2,...,Xn) 
is evaluated at G(U). 

6.2.22. If F = (fi, fo,..., fm) then F is continuous at Xo if and only if ff, fo, ..-, fin 
are all continuous at Xo. Now apply Exercise 5.2.15. 

6.2.23. F(S) is bounded, by Exercise 6.2.7. Hence, we need only show that F(S) is closed. 
If Y is a limit point of F(S), there is a sequence {Y,} in F(S) such that limg— oo Yx = 
Y, and a sequence {X;} in S such that F(X;) = Y,. Since S is compact, {X;} has a 
subsequence {X, ,} which converges to a point X in S. From the continuity of F, F(X) = 
Y. Therefore, ¥ ¢ F(S). Since F(S) contains all its limit points, F(S) is closed. 


6.3 THE INVERSE FUNCTION THEOREM 


6.3.1. If F(G,;(U)) = F(G)(U)) = Y for all U in R(F), then G;(U) = G»(U) for all 
such U, since F is one-to-one. 

6.3.2. Suppose that L is invertible and AXo = 0. Since L(0) = AO = 0 and L is one-to- 
one, Xo = 0. Therefore, A is nonsingular, by Theorem 6.1.15. 


Conversely, suppose that A is nonsingular and L(X,) = L(X2). Then AX; = AXg, so 
A(X; — X2) = 0 and X; — Xz = 0, by Theorem 6.1.15. Therefore, X; = Xz, so L is 
invertible. 


If A is nonsingular and U € R” then L(A7!U) = U. This shows that L(R”) = R”. 


6.3.3. By Theorem 6.1.8, there is a nonzero vector Xo such that AXo = 0. If S is open and 
X ¢ S, then X + Xo € S for small ¢; since A(X + £Xo) = A(X), L is not one-to-one on 
S. 


6.3.6. (a) Suppose that a < x1 < x2 < band f(x1) = f(x2) = L. If f is nonconstant on 
[x1, X2], f must attain at least one of its extreme values on [x1, x2] at a point x9 in (x1, x2). 
Suppose that f(xo9) = M isa local maximum of f. We will show that f cannot be one-to- 
one on any neighborhood of xo. If 6 > 0 and any two of f(xo — 5), f(xo + 6), and f (xo) 
are equal, then f is not one-to-one on [x9 — 6, Xo + 6]. If they are all different, suppose 
that (for example) that f(xo + 6) < f(xo — 5) < f(xo). Then applying the intermediate 
value theorem (Theorem 2.2.10) to [xo, Xo + 6] implies that f(¥) = f(xo — 6) for some ¥ 
in this interval; thus f is not one-to-one on [xo — 6, Xo + 6]. 

6.3.7. Since ax + by = Va* + b?,/x? + y? cos 6, where @ is the angle between the 
vectors (a,b) and (x, y), (x, vy) # (0,0) is in S if and only if (x, y) has an argument 
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satisfying 
o—n/2<arg(x,y)<o¢+7/2, 
where ¢ = arg(a, b). Since F doubles arguments (see Example 6.3.4), 


F(S) = {(u,v) |26 — 2 <arg(u,v) < 26+ mw}, 


and F;' is given by Eqn. (6.3.36), with 26 —a < arg(u,v) < 26+ x2. Similarly, 
(x, y) € (0, 0) is in S; if and only if x, y has an argument satisfying the inequalities 


b+n/2 <arg(x,y) <¢+4+ 37/2, 


and 

F(S1) = {(u, v) | 26 +m < arg(u,v) < 26 + 3x}. 
Clearly F(S;) = F(S), and F;! is given by Eqn. (6.3.36), with 26 + a < arg(u,v) < 
2¢ + 3x. Since the values of arg(u, v) used in F;! and Fs! differ by 27r and the inverse 
mappings halve arguments, Fo) = -F;!. 
6.3.8. If F(x, v1) = F(x2, v2), then e*! = |F(x1, v1)| = |F(x2, u2)| = e*2, $0 xy = X2. 
Hence, sinu, = sinu2 and cosu, = cos v2, which implies that sin(w; — v2) = cos(uy — 
U2) = 0; hence, uy — up = 2kx (k = integer). Because of the assumption on S, k = 0; 
that is, wy = uo. 
6.3.9. Since S is compact, Exercise 5.1.32 implies that a subsequence {F51(Ux,;)} con- 
verges to a limit Xo in S. From the construction of the sequence, Xo 4 E (U); however, 
F(Xo) = U because lim j—oo Ux; = U and F is continuous at Xo. Since F (Fs! ()) =U 
also, this contradicts the assumption that F is one-to one on S. 


Uu 4 2 x 
sia" ]=[ $2 ][ 2} 
x _ i faa Be Pa Lif. yey 
[3 J-Ftw=[ 3 ‘a Bice ltl ae seae 


ate, ied oo 
ey=a[35 4 } 


u —l 1 2 x 
(b) | v = 3 1 —4 y |s 
w -1l -l 2 Z 
x af GD- de el 2 
y | =F lu,v,w) = 3 1 —4 v =5 10 —-1 v 
Zz —-1 -l 2 1 1 
1 u+2v+3w 
= u—wW : 
2 u+tov+2w 
1 1 2 3 
Flys 1 0 -1 
Fy =, 
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ae; 
6.3.11. If F = (f{, fo,..., fn) and F;! = (g1,..., Zn), then =U) can be written as 
Uj 


Of; 
OXs 


the quotient of determinants with entries of the form (F5'(U)). Repeated use of the 


chain rule gives the result. 


2: 
63.12.[¥ ]=ron=| | - i 2 I 


F(x, y) = 2| s mA ita # 0, then (F(x, y))7! = | I/x  1/x |: 


Tio ly 
Ce ]=f) A) TDSC STALE amen 
four branches of F~! are G1 (u, v) = = ae I Go(u,v) = =| eee i 
oa v) = “ eee i G4(u,v) = = =zEe | with differential matri- 
Gi (u,v) = wal ee ee = (F(x(u,v), yu,» 
640.0) = | YEE TEE | = Feo.) rGH.0V 
Gyn. =e) EE IEEE | = etn) oop 
Gyr) = | TYEE IEE | = ert. yee oy 


6.3.13. (a) To see that F is one-to-one on S suppose that X) = (x11, %21,...,%Xn1) and 
X2 = (X12,%22,..-,Xn2) are in S and F(X;) = F(X2). Then, since A is invertible, 
x?, = x}, or, equivalently, (A) (xi2 — xi1)(Xi2 + X11) = 0,1 <i <n. Since ej xj, > 0 
and e;x;2 > 0, xi1 + xj2 # 0. Therefore, (A) implies that x; = xj2, so X, = Xo. 


Now we note that 


Qy1X1 =12X2 +++ AinXn 
F(x) 421X%1 422X2 ++: a2nXn 
QniX1 Gn2X2 *** AnnXn 


is nonsingular on S, since the determinant of this matrix is x1x2---x, det(A) 4 0. 
(b) Let A! = [b;;]. Since 


= BU, 


R(F) = {U| i bijuj >0,1<i< n\, and X = F;'(U) is defined by (A) xj = 


Section 6.3 The Inverse Function Theorem 155 


i 1/2 
ei (Di: biju) Vat San 


Qy1X1 412X2 +++ AinXn 

; : =| 1 | @21%1 422%2  +**  G2nXn 
GYO=FO'=5) .  . 

QniX1 4n2X2 ***  GnnXn 


with x1, X2,..., Xn as in (A). 


6.3.14. (a) Since the origin is not in S, Eqn. (6.3.35) implies that we cannot have 0x (x, y) = 
Oy(x, y) = 0 for any (x, y) in S. 
(b) Since a > 0 (because the origin is not in S), the possible arguments of any two points on 


the line segment can differ only by multiples of 277. Since # is continuous on the segment, 
@ must be constant. 


(c) Suppose that A C S. Since A is compact and 6 is continuous on A, 6 assumes a 
maximum on A. From (b), 6 must assume this maximum in A®, which contradicts (a). 


(d) Every deleted neighborhood of (0, 0) contains a subset like A in (c). 

6.3.16. Sinceau+bv = Ja? + b?Vu? + v2 cos ¢ where is the angle between the vectors 
(a, b) and (u,v), (u, v) € (0, 0) is in T if and only if (uw, v) has an argument that satisfies 
B —2/2 < arg(u,v) < 6 + 2/2. Therefore, from Example 6.3.8, 


cos[4 arg(u, v)] 


sin(arg(u, v)/2) 


: = Gu, v) = (wu? + aul 


where 6 — 2/2 < arg(u,v) < 6 + 2/2. From the argument in Example 6.3.8, 


ox oy x 1 7 
aa Ga yD = zur + v?)7"/4 cos(arg(u, v)/2) 


and 4 9 1 
x y y 1/4 «: 
Do de WGP ED Be + sintargu, v)/2). 


To obtain these formulas directly, we note that 


u Vv , 
(u2 +4 y2)1/2 = cos(arg (2, v)) and (2 + 21/2 = sin(arg(u, v)), (A) 
while 
d arg(u, v) See mae darg(u, v) _ u (B) 
ou u2 + v2 OU u2 + v2 


(from (35) with (x, y) replaced by (u, v)). 
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Since x = (u? + v?)!/4 cos(arg(u, v)/2), 


Ox | . 
GEE es v?)"/4 sin(arg(w, v)/2) (ar) 
1 ‘i , : 
= 2(u2 + v2)1/4 (atom cos(arg(u, v)/2) + Gv sin(arg(u, 01/2) 
1 
= Ma + wilt (cos(arg(u, v)) cos(arg(u, v)/2) + sin(arg(u, v)) sin(arg(u, v)/2)) 
1 
= Daa ap vayiTa Coste, 09/2), 
and 
== Do ON fakes - 
dv 2@? + v?)3/4 cos(arg(u, v)/2) — (u" + v7)" sin(arg(u, v)/2) (a) 
1 7 ? | 
- 2(u? + v2)1/4 (aha ee (u2 + v2)1/2 sin(arg(u, 0)/2)) 
= a (sin(arg(u, v)) cos(arg(u, v)/2) — cos(arg(u, v)) sin(arg(v, v)/2)) 


2(u2 + y2)i/4 
1 . 
~ 302 402174 sin(arg(u, v)/2). 


Since y = (u? + v?)!/4 sin(arg(u, v)/2), 


0 
3 ~ 22 + v2)3/4 sin(arg(u, v)/2) + (uw? + v7)'/4 cos(arg(u, v)/2) (ens) 
1 u : 
2 + v4 (ara ee Spa Gee (u2 + v2)1/2 cos(arg(u, 01/2) 
1 
~ 22 + v2)174 (cos(arg(u, v)) sin(arg(w, v)/2) — sin(arg(w, v)) cos(arg(u, v)/2)) 
=~ Fe pie ew, ¥)/2). 
and 
dy v ; : 
dv 22 + v2)3/4 sin(arg(u, v)/2) + (u? + v)!/4 cos(arg(u, v)/2) (ass) 


1 


U . 
~ 2(u2 + v21/4 (aan sin(arg(u, v)/2) + 


GET gay sare 0)/2)) 
1 
= We 4 vi (sin(arg(u, v)) sin(arg(u, v)/2) + cos(arg(u, v)) cos(arg(u, v)/2)) 


1 
= Gea pus ee: 
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6.3.17. Fe is regular on F(S), by Theorem 6.3.3. If Fs‘ (u, v) = (x(u, v), y(u, v)), then 
-1 
Xu Xy |__| Ux Uy ie 1 Vy —Uy 
Uy, Uy Ux Vy Ux Vy — UxUy Ux Ux I 


which yields the conclusion. 
6.3.18. Since G(F(X)) = X, G’(F(X))F’(X) = I (Theorem 6.2.8). Since det(G’) = 


O(X1,X2,...,X U1,U2,...,U . . 
BUI X24 10 Fn) det(F’) = pad Saica Ae ) and det(I) = 1, Theorem 6.1.9 implies 
O(Uy,U2,...,Un) ; O(X1, X2,---,Xn) ; 
the conclusion, with OCU YM Un) evaluated at X and OO e3H 9%) evaluated at 
O(X1,X2,...,Xn O(Uy,U2,...,Un 
0 ’ Da ecmoe | a] ; grees 
U = F(X) or, equivalently, with B(%1, a5 Xn) evaluated at U and ass sD) 
O(Uy,U2,...,Un) O(X1, X2,.--,Xn) 


evaluated at X = G(U). 
6.3.19. If F(X) = Coe HE ..+,X3) then 


ar 0. Deseo 


O- “xe 0 0 
JF =3 : . 
0 O 0 a 
so JF(0) = 0. However, since the function y = x? is one-to-one on (—oo, 00), F is 


one-to-one on R”. 


More generally, let F = (fi, fo,..., fn) where fi, fo, ... fn are all strictly monotonic 
differentiable functions on (—oo, oo) and f/, f5,..., ff; have one or more common zeros. 


6.3.20. In all cases, A(U) = G(Uo) + G’(Up)(U — Up) = Xo + (F’(Xo))~! U — Up). 
ier) ARE RS Sx Os _f -8 5]. 
(a) F’(X) = 3x? y? x3 y —3 ; F(X) = 3 —5 > 


1 - 
(F (Xo)! “al 5g Vo Fe) =| |: 
1 5 5]|[u+s5 
wer=[ a mas 3 a |[0%8 | 
; 2xy pias ce oa (eee en ne ep 
EOS pis ty 2x + Ixy |r =| 3 ral 
1 2 
=| 3 
1 Ly <4 2) 7 2 
MOG Fala Sila 3) 


Axy + 3x? 2x? 


1 0 0 
(c) F’(X) = 3x2 z y |;F(X)=] 01 1 4; 
1 ee Lt A 


(F'(Xo)) 1 = 
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0 -1 1 1 
(F’(Xo))! = | -1 1 0 |;Uo =F(Xo) =] 1 |; 
1 0 0 2 
0 0 -1 1 u—1 
A(U) =] 1 |+] -1 1 0 v-1 
1 1 0 0 w—2 
cosycoszZ —XxsSinycosz —xcosysinz 0 1 0 
(d) F(X) =] sinycosz xcosycosz -—xsinysing |;F(X%o)=]|] -1 0 0 |; 
sin Z 0 X COS Z 0 0 -l 
0-1 O 0 
(F(X) |=] 1 0 0 |;Uo =F(Ko) =] -1 |; 
0 oO -!1 0 
1 0 -1 O u 
A(U)=] w/2 |+] 1 O 0O v+1 
I 0 oO -1 w 
cos@cos@ -—rsinOcos@ —rcosésing 
6.3.21. From Exercise 6.2.14(b), F’(r, 6,¢) = | sin@cos@ rcosOcos@ -—rsind sing 


sing 0 r cos ¢ 
and JF(r, 0, $) = r? cos ¢. The cofactors of F’(r, 6, @) are 


r cos 8 cos —r sin 6 sin 
cu=| p g |] = 720086 00s? 


0 rcos@ 
= sindcosp —rsin@sing | _ oe 
ca=-| sing rcos@ = rand; 


sinOcosp rcosOcosd 
C3 = 


sine 0 = —rcos 6 sing cos ¢; 


—rsinOcos@ —rcosé sing nies 2 
a = r~sin@ cos* ¢; 
ral 0 rcosd e G3 
cos # cos —rcosé@ sin 
a= | 2 ? | = roose: 
sing rcos@ 


= —rsin@ sing cos ¢; 


_ _| cos@cosg —rsinécos¢ 
a sind 0 

_ | —rsin@cos@ —rcos@sing 
oo rcosOcos@ —r sind sing 


=r’cos¢sing; 
_ _| cos@cosd —rcos@sing | _ 0: 
a sin@cos@ -—rsinOsind |’ 


fe cosOcos@ —rsin@cos¢ 
33" | sin@cos@ —rcosO cos 


=rcos’ ¢; 
G(x, y.z) = (FC, 6,¢))7! = 
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1 r? cos 6 cos? @ r? sin@ cos? @ r?cos¢ sing 
ar —r sind r cos 6 0 = 
r*COSP | _» cos Osingcosd —rsiné sing cos d r cos’ @ 

cos 6 cos b sin cos @ sing 
sind cos 6 0 
rcos@ rcos@ 
——cos@sing ——sin@singd —cos¢ 
r r r 
cos@ —rsin@ 0 
6.3.22. From Exercise 6.2.14(c), F’(r, 8, z) = sin 0 rcos@ 0 | and JE(r,6,z) = 
0 0 1 


r. The cofactors of F’(r, 6, z) are 


rcosé 0 . sind 0 be A 
C= 0 I =rcos@;cy2 = — 0 i = —sin6; 


_| sind rcos@ | _ ee eens sn? 0}. 6: 
Cy3 = 0 0 = U3C21 = 0 I =rsing; 
cos? 0 cos@ —rsin@ 
C22 = 0 1 |= 00s 63023 =— 0 0 = 0; 
_| -rsind O | _ Gees. cos? 0 | _ 0: 
31 = rcos6 0 | 732 — sind O|]  ” 
_ | cos@ -rsind | _ 2 
“33-1 sin reosd |” 


1 rceos@ rsinOd 0 
G(x, y,z)=(F(,0,z))' =-| -sind cos@ 0 
r 


0) 0 r 
cos 8 snd 0 
1 1 
=] —-sinO -—coséd 0 
r r 
0 0 1 


6.3.23. T = T° U OT (since T is closed) and F(T) = F(T)° U dF(T) (since F(T) is 
closed, by Exercise 6.2.23). Since F is regular on T°, F(T°) is open (Theorem 6.3.3; 
hence, F(T°) C F(T)°. Therefore, T° Cc F™! (F(T)°). Since F~! is one-to-one, this 
means that F~! (@F(T)) N T° = @; hence, F~! (F(T)) C OT, so (A) OF(T) C F(OT). 
Since F~! is also regular on F(S), and F(T) is a compact subset of F(S), we can write (A) 
with F and T replaced by F~! and F(T). This yields 0 (F"! (F(T))) c F"! (0F(T)), so 
dT C F-!(0F(T)) and F(T) C OF(T). This and (A) imply that F(@T) = dF(T). 
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6.4 THE IMPLICIT FUNCTION THEOREM 


6.4.1. (a) 


_1l{-3 4 % 
~3L 1 2 ]4Ly 
- 1 u ~ 0 
(b) | —1 1 ae 0 |; 
i Ai w “4 0 
-1 
u 1 -l 1 3 2 : 
v =-—| -l 1 1 -1 1 
w i 4 o 1 jt’ 
1 1 0 1 3 2 P 1 3 3 P 
=--~|] 011 -1 1 |=-3 -1 2 
seas ae eo Z|) a LP 
oO 3 1 u | _[ —-y+sinx ] fu] [3 1 “TT ~y + sinx = 
1 2 v | | —-x+siny [| v | | 1 2 —x+siny | — 
ft 2 -1 —y + sinx 
5| -l 3 —x+siny | 
2 2, 1 u+x 0 2 2 1 
(d) 1 -l 2: u+y = 0 |; since} 1 —1 2|/ = 13,u = —x, 
3 2 -1 wt+zZz 0 3 2 —-l 
ve -y,Z=—w. 


6.4.2. Since Nj, is a neighborhood of (Xo, Ug), there is a 6 > O such that (KX, U) € Ny if 
|X—Xo|?+|U—Up|? < 8”. Therefore, (X,Uo) € MN, ifX € N = {X € R” | |[K— Xo] < 3}. 


6.4.3. Let X = (X10, X20,-++5 Xno)s U = (u10, U20,--->5 Umo)s and F = (fi; ho, tees Tn), 
n 
where f;(X,U) = Yo aye) —xjo) | — (ui — ujo)*, 1 < i < m, where r and s are 
j=l 


positive integers and not all aj; = 0. Since 


(uy — u10)%! 0 wee 0 
0 (uz —ur9)* 1 + 0 
F,(X, U) = s ; ; 
0 0 os (Um — Ue 


F,(X, Uo) = 0 for arbitrary X ifs > 1. 
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(a) If r = 5 = 3, then F(X, U) = Oif and only if U = Up + A(X — Xo), with A = [aj]. 
To see this, note that a? — B? = (a — B)(a* + af + B?) = 0 (with @ and £ real) if and 
only ifa = p. 
(b) If r = 1 and s = 3, then F(X, U) = 0 if and only if 

1/3 


n 
uj = Uio+ ay —Xxjo) : 
j=l 
U is a continuous for all X, and differentiable except at Xo. 
()r=s=2. 
6.4.4. f(x, y,u) = x*yut2xy?w3—-3x3 y3u?; f(x, y,u) = Wxyut2y7uF—9x7y3 VP; 
fe, 1,1) = —5; fy (x, yw) = x7u + 4xyu3 — 9x3 y?uP; fy (1,1, 1) = -4; 
fulX%, y,¥) = x7y + 6xy?u? — 15x3 y3u4; £,(1, 1,1) = —8; 
fe 1D _ => re oe _AGILD _ us 
fui, 1,1) 8 fui, 1,1) 2 
6.4.5. f(x,y, Z,U) = x7y?z7u? + 2xy?u3 — 3x3z7u; 
fc (%, y,Z, U) = AxyPz7uF + 2y2u3 — 9x2z2u; f.(1, 1,1, 1) = —5; 
fy(%, y,Z,u) = 5x7y4z2u + 4xyu?; f,(1,1,1,1) = 9; 
f:(%,Y,Z,U) = 2x*yF zud — 6x3zu; f(1, 1,1, 1) = —4; 
ful%, ¥,Z,U) = 5x? y>z7u4 + 6xy2u? — 3x3z?; f,(1, 1, 1,1) = 8; 
fel, LL 5 AOA oS 


ux(, 1) = —- 


Dede cae ee ee 
ENS a aad 3 eae Oe 
AP x F(t 2 


6.4.6. (a) f(x, y,u) = 2x? + y? +e"; 
f(,2,u(1, 2)) =2+4+4+ u(l, 2)e"2 = 6; u(1, 2) = 0; 
Fx (x, y,u) = 4x; fC, 2,0) = 45 A(x, y,u) = 2y; fy, 2,0) = 4; 
ful, y,u) = e"ut 1); f.1, 2,0) = 1; 
_fx0,2,0) _ _fyG,2,0) _ 
fu, 2,0) ful, 2, 0) 
(b) f(x, y,u) = u(x + 1) +x(y + 2)4+ yu — 2); 
f(-1,-2, u(-1, —2)) = —2(u(—1, —2) — 2) = 0; u(—1, —2) = 2; 
Sc (x, y,u) =u t+ (y + 2); fe (-1, -2, 2) = 2; 
Ay@, yu) =xt+ u—2)y; fyCl, -2,2) = -1; 
ful you) =(x+ ID + y; fu(-l, -2,2) = -2; 
fx(-1,—2, 2) 
~ fu(—1, -2, 2) 
(c) f(x, y,u) = 1—e” sin(x + y); 


ux(1, 2) = —4;u,(1,2) = 


= 1;u,(-1,-2) = Al, -2,2) = san 


ux(—1,-2) = ae ie eee 
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f (1/4, 0/4, u(t/4, 1/4)) = 1 — e@@/4-7/4) — 0; u(x /4, 2/4) = 0; 
Fx (x, y,u) = —e“ cos(x + y); f- (7/4, 1/4, 0) = 0; 
fy, y,u) = —e" cos(x + y); fy (1/4, 1/4, 0) = 0; 
Fulx, y,u) = —e“ sin(x + y); fu(a/4, 7/4, 0) = 1; 

Ux (1/4, 2/4) = eee = 0; uy (2/4, 1/4) = 
(d) f(x, y,u) = xlogu + ylogx + ulog y; 
fd, 1,ud, 1) = logud, 1) = 0; ud, 1) = 1; 


u 
Fx (x, y,u) = logu + =; Ae.1,0) = 1; fy(x, y,u) = logx + = Ad,1,) = 1; 


_ fy (a/4, 2/4, 9) ae 
fu(a/4,7/4,0) 


ful. yw) = = + logy: ful 1.) = 1b 

fl) _AyG. 1) _ 
ful, 1, 1) ful, 1, 1) 

6.4.7. (a) f(x, y,u) = 2x74 — 3uxy? + u?xty3; 

fd, 1, ud, 12) = 2- 3u(1, 1) + w(1, 1) = (ud, 1) — 1), 1) — 2) = 0; 

it =e to 

fc(%, y,u) = 4xy* — 3uy? + 4u?x3 y3; 

Ac(,1,ui0, D) = Ae. 1,1) = 5; A, 1,u20, 1D) = AC, 1,2) = 14; 

fy (x,y, u) = 8x7y? — 9uxy? + 3u?x4y?; 

fy, wid, 1) = Ad. 1, ) = 2; Ad, lve, D) = Ad, 1,2) = 2; 

fulX, y, 4) = —3xy? + 2uxty?; 

ud, 1ewidl, D)) = fu, 1,1) = —-1; fv, 1, ved, 1) = fu, 1,2) = 1; 

dui(11)  fe(1,1)_ , Oue(1,1) —fe(11,2) _ 


ux, l= 


—l; uy(, 1) = 


ax PG Ay Ox “FCA 
du,(1, 1) _ _ f0,1,) =): du2(1, 1) _ _ fy, 1,2) ean 
dy? HAO Hye <= ~ fel By 


(b) f(x, y,u) = cosucosx + sinu sin y = 0; 
FO, x, u(0, 7)) = cosu(0, 2) = 0; uz (0, 7) = 
Fx (x, y,u) = —cosusinx; fy (0, 7, ux (0, 7)) = fr (0, 2, (2k + 1)2/2) = 0; 
fy (x, y,u) = sinucos y; fy(0, 7, uz(0, 2)) = fy (0, 2, (2k + 1)x/2) = (-1)*; 
Su(x, y,u) = —sinucos x + cosusiny = 0; 
fu, 7, ug(O, 1) = fu(O, 2, (2k + 12/2) = (-D*; 
ducO.m) __ fe(O.m UK.) _ 9, 

ax —sti“‘<«é‘é@ (OT UKE T)) 
dux (0, 7) ek AQ, m,uxz(0, 7)) = 


dy fu, 1,Uz(0,7)) 


(2k + Lx 
2 ° 
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6.4.8. Let X = (x, yz), Xo = (1, 5, -1), U = (u, v) and Up = (—2, 1). Then 


x? + 4y? + 2? —2u? +07 +4 
FOX.U) =| (x+z)?> +u-—v+3 


and F(Xo, Uo) = 0. 


ise 2x 8y 22 |. _| 2 4 -2 |, 
BO =| FeO eke | F%.UO=| 5 9 0 | 
—4 2 8 2: 1 1 
FuX,U) =| fees ]:Fee%, 0) = | nee |: 0, to» l= al ; 
1 1 2 2 4 —2 1 
UK) = ~FelKo. Uo) "FK. =-T 1 _§ |[ 69 0 |S] 21 


6.4.9. 
(1 + 4u)u’ + (2v + 2)v' + 2x-1=0 
(xv + e™ sin(v + x))u’ + (xu + e“ cos(v + x))v’ + uv + e” cos(v + x) = 0; 
u'(0) + 2v'@) = 1; v'() = —1; u’@) = 3. 
6.4.10. Let X = (x, y), Xo = (1,—-1), U = (u, v, w) and Up = (1, 2, 0). Then 


x*y + xy? + u?-(v+w)* +3 
F(X, U) = ety _—y—v—wt+2 
(x+y? +u+v4+w?-3 


and F(Xo, Uo) = 0. 


Qxy+y? x? 4 2xy -1 -1 
F(X, U) = ere ery ; Fx(Xo, Uo) = eee 
2x+y) (x+y) 0 
2u —2(v+w) —2(v+w) 2 -4 -—4 
F,(X,U) = | -1 =f =A BX, Uy) = |. Set 
1 1 2w 1 1 0 
1 1 -—4 0 
(Fu(Xo,Uo)) 1 ==] -1 4 6 4; 
Ol tee NG 


U'(Xo) = —(Fu(Xo, Uo)! Fx(Xo, Uo) 


i ae a it SS 
sy a, 2% ies hl (eed bee eee 
O26 nes 0 7 ee 


6.4.11. Let X = (x, y), Xo = (1, 1), and U = (u, v). Then 


xyu —4yu + 9xv 
FOX) = | ie aeaiee 
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al 


—2 
—2 
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and F(Xo, Uo) = 0 if wo = 3v9 and ve = 1, which is equivalent to (uo, v9) = +@G, 1). 


Let U; (Xo) = : | ana U2 (Xo) = -| ; I 


yut+9v (x—4)u |. —} 122-9 |. 


F,(Xo, U2(Xo)) = Tay Fox.) = ey oe | 


F(X, U) = 


2 —4 0 2v 


F. (Xo, Ui (Xo0)) = 


: ; |: FoG%o, U20%) — = s i 
(Fy (Ko, Ui (Xo)))"! = 2 


U{ (Xo) = —(Fu (Xo, Ui (Xo))) "Fu (Xo, Ui (Xo) 
=, Ee el 120-7, os” see 
~ 6 0 3 2 -4 | | -1 2 |’ 
US (Xo) = —(Fy (Xo, U2 (Xo) Fu(Xo, Uo) 
Al 29] fF Se 9 aS 
610° 3 2-4] -1 2]° 
6.4.12. Differentiate the three equations with respect to x, using the chain rule: 
e* cos y — (e* sinu)ux + (e” cos w)vx — (e” sinw)w, +1=0 
e* siny + (e* cosu)ux + (e” cos w)vx — (e” sinw)w, = 0 


e* tan y + (e% sec? u)ux + (e” tan w)vx + (e” sec” w)wx = 0. 


Setting (x,y,z) = (0,0,0) yields v,(0,0,0) = —2, u,(0,0,0) + v,(0,0,0) = 0, 
ux (0,0, 0) + wx (0, 0,0) = 0; therefore, u,.(0,0,0) = 2 and vx (0, 0,0) = w(0, 0,0) = 
—2. 


6.4.14. If &; and & are any two of the five variables and 1, 72, and 73 are the rest, the 
system can be written in the form 


a1 412 & ED bi, bia 43 : _| 0 

a2, a22 & bz, bo ba3 - 0 |° 
ai. ay 
21 a2 


2 late: Meee aloe lie 
Pa ta fe a eo Sail) ste ise x 


not determine (x, y) as a function of (z, u,v). 


This can be solved for ‘ if and only if 2 4 0. We list the possibilities: 
2 2 


1 2 : 
> 4 | = 0, this system does 
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Halves 


not determine (x, u) as a functio 


Wiehe 


y 
2 1 0 
=-[ 5 0 Jf} x=-—2y-—u, Z=-—2v; 
v 
n 


x 
ae fal ies 1 3 6 oy (eee 
Leodted+[o tod] ]=[o psn 


not determine (y, w) as a function of (x, z, v). 


Ce s]ts}eL2 3 a]]: |-[o] 
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a | 
ll 
| 
| es | 
RN 
NOW 
| a | 
uF 
| es | 
— 
Re WwW 
Ne 
Ly 
Ln w& 
ll 
N 
8|- 
| es | 
| 
RN 
| 
NOW 
Ly 
| es | 
Noe 
Re WwW 
Ne 
a | 
N & 


= 2 


a | 
= N 
Ly 

ll 

| 
| es | 
Re WwW 
Noe 
| 
a 
| ees | 
Ne 
RN 
Ly 
CS OS 

ll 

| 
nl 
| es | 

| 
me N 
| 
QW — 
| ee | 
| es | 
Ne 
RN 
NOW 
| ee | 
<8 


eS 


Re WwW 


3 6 ae Pete Oi nea ae (Ea ee 
os 2A ZN eel OP 


not determine (z, v) as a function of (x, y,u). 


SS) }e[2 2 3]] 2 |-[3] 


| es | 
ees 
Ly 
| 
| 
| es | 
Ne 
NW 
Ly 
ue 
1 
Noe 
NN 
Re WwW 
( | 
<8 
ll 
— 
S|- 
1 
| 
NN 
| 
— OO 
Ly 
| es | 
Ne 
RN 
Re WwW 
{ | 
<8 


I 
| 
i 
| es | 
oN 
On 
- oO 
| 
< 
= 
I 
| 
Ss 
| 
NN) 
= 
ce 
I 
| 
| 


f(%, y,Z, u,v) = x? + 4y? + 27 -2u? +07 +4 
g(x, y,Z,u,v) =(x+z)* +u—v4+3 


and Pp = (1,4,—1,—2, 1). 


a(f.g) -| 8y 2v | a(fg) | 4 2 [= 4 
d(y,v) | 9 —-1 |’ d(y,v) amp ig oe "3 
a(f.g) _ 2x 2p: | OU, 2) 2 2/__s. 
d(x,v) | 2¢+z) -1 | d(x, v) : i Oo) 
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d(f, 8) 


pee eee 
yx (1, -—1, —2) = -———— = -— = - =; 
d(f, 8) 


d(y, v) a 


af, g) -| 8y —4u | (fig) 
(yu) | O 1 | ay,w) 


df, 8) 
d(y,u) u 4 
vy (1, -1, —2) = -———_8 = -—_ = 1 
(fF, 8) 
d(y,v) 
PO 
6.4.16. Apply Theorem 6.4.1 with X = (w, y), Xo = (0,-1), U = (u,v, x) and Up = 
(i, 2, 1). Then 


4 8 
[3 t|-s 


PO 


x?y +xy? +u?-(v+w)? +3 
F(X, U) = etY _y—v—w+2 
(x+y)? +u+v+w7?-3 


and F(Xo, Uo) =0. 


—2(ut+w) x? 42xy a | 
F,(X, U) = -1 exty > Fx (Xo,Uo) = | —-1 1 |; 
2w 2(x+ y) 0 
2u —2(v+w) 2xyt+y? 2 -4 -1 
F,(X,U) =| -1 —{ exty |; Fi(Xo,Uo) =|] -1 -1 1 |; 
1 1 2(x + y) 1 1 0 
1 1 1 5 
(F.(Xo0, Uo) ==] -1 -1 1 J; 
OP. 40" 3. a 


U' (Xo) = —(Fu(Xo, Uo)! Fx (Xo, Uo) = 


1 i> £ <5 —4 -1 | =o 0 
eee) de CES -1 1 |=-- 50 |% 
O41 Or oat I 0 0 Oli x66 
Uw(0,-1) = 2, uy(0,-1) = 0, v»,-1) = —2, vy(0,-1) = 0, xw,-1) = 1, 
xy(0,-1) = -1. 


6.4.17. See the solution of Exercise 6.3.11. 
6.4.18. Let X = (x, y), Xo = (1, 1), U = (u, v) and Up = (0, 1). Then 


2 2 2 Or. 
Fx.U) =| x? +y?+u% +0 a 


x +y +u +v —-3, 
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and F(Xo, Uo) = 0. 


F,(X,U) = ae fay = a } 
(F.(X,U))"! = nal Bae | 
von = cor mam = [Lot 5a} 
tx = Ss ux(1. 1) = 05 ty = 3 uy (1, 1) = 05 
vy = A oe (1) = bs vy = 224 4,1) = 15 
ceca TE eal 1) = 2; 
ce re Uxy(1,1) = 1; 
oe NE. uyy(1, 1) = 2; 
ee we  , Uxx(1, 1) = —2; 
Vay = a oy) ae 
aah ee vyy(1, 1) = —2; 


6.4.19. Let X = (x, y), Xo = (1,--1), U = (u, v) and Up = (—1, 1). Then 


ponies? | 
and F(Xo, Uo) = 0. 
FaU)=| of _} jrmocm=[ 3% 3% 
BLO = saa _% fb 
U'®) = -FiK, URW = ay i ae | 
Ux = CEE ux(1,-1) =O; uy = Tea uy(1,—-1) = * 
be = tall =1) = = 53% = SEH! vl D) = 0: 


Uxtvy  (u+v)(UUy + vvx) 


1 
ee DG? £0?) (u2+v2)2 ee ae 
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u 0) u+v)(u vU 1 
ie ae re = a 2 Mey Oa 
Vy —U v—u)(uu VU 1 
erase ae Whe UN OHS TUR), vxx(1,—-1) = ae 
2(u2 + v?) (u2 + v7)? 8 
A a CL aE ee 
2(u2 + v2) (u2 + v2)? 8 
— Uy + vy LE UE WY) ae ee A 
2(u2 + v?) (u2 + v?)? 8 


6.4.20. Differentiating the identity 


b(fi(X), f2(X),-.-, fn(X)) =0, XE S, 


with respect to x1, X2,..., Xn yields 


afi 


FRO ) =0, 1sisn Xess. 


j= 70 
Since 
n 
>> o7, (F(X) >0, XeS, 
j=l 


(A) implies that the system 


D FOE, =o Laine Xess. 
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(A) 


has the nontrivial solution (€,...,&:) = (@u, F(X)),.-., bu, (FCX))) for every X € S. 


Now Theorem 6.1.15 implies the conclusion. 


CHAPTER 7 


INTEGRALS OF 
FUNCTIONS OF SEVERAL 
VARIABLES 


7.1 DEFINITION AND EXISTENCE OF THE MULTIPLE INTEGRAL 


7.1.1. Suppose, for example, that R = [a,, bj] x [a2, b2] x --- x [an, by] with ay = by. 
Then every partition P of R is of the form P = {Rj, Ro,..., Rg}, where v(R;) = 0, 


1 <j <k. Therefore, every Riemann sum of f over R equals zero, so / f(X)dX = 0. 
R 
7.1.2. (a) Let P; and P2 be partitions of [0, 2] and [1, 3]; thus, 
Py: O0=Xx9 < Xp <0++ <x} =2 and Po: 1l=yo< yy <:++< ys = 3. 
A typical Riemann sum of f over P = P, x P2 is given by 
r S 
o = >) >> BE + 2m) — x1-1)7 — Yj-1) (A) 
i=1j=1 

where 


M1 §ij <x; and yj-1 < mij < yj. (B) 


The midpoints of [x;—1, x;] and [y;-1, y;] are 


_ Xj + Xj- ae j + yj- 
xj = el ly 5) it and yj = Yi Vj-1V = (C) 
and (B) implies that 
ae ee = ed ot ee | 
rit oes, yess | ee ——— < — D 
fi; —Xi| < 5) a ae) (D) 
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= I I I I 
= Yj —Yj-1 P2 P 
aMor ap; | it eh ee 
Ini; a = 5) a re 


Now we rewrite (A) as 
r S 
o =>) > Bm + 29; — 1-10 — ¥j-1) 
i=1 j=1 


+) > Ss [3(&ij — Xi) + 2(mij —¥,)] Qi — x1- (Vj — yj-1)- 


i=1 j=1 
To find [ip f(x, y) d(x, y) from this, we recall that 
r S 
YG -— x11) =2, S00; -yj-1) =2 
i=1 j=l 
(Example 3.1.1), and 
S 
a, — x74) =4, 07 _ y5-1) =8 
i=1 j=1 


(Example 3.1.2). 
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(E) 


(F) 


(G) 


(H) 


Because of (D), (E), and (G), the absolute value of the second sum in (F) does not exceed 


5 r S 
slP > Doi — x07 — ¥j-1) = 10I/P I, 


J=1j=1 


so (F) implies that 


o—)*S > Bx +27) — x11); — yj-1)| < 10I/P I. 


i=1 j=1 
Now 


r 


> oi — x11); — ¥j-1) = [omic 0] dL07 - yi) 
j=l 


i=1j=1 i=1 


= 2) 0% (1 —xi-1) (from G) 


= 7-37, (from (C)) 
=4 (from (H)). 


(D) 
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r Ss 
Similarly, > > Vj (Xi —Xi-1) (Yj —Yj-1) = 8. Therefore, (I) can be written as |a—28] < 
i=1j=1 
10||P||. Since the right side can be made as small as we wish by choosing ||P|| sufficiently 


small, i, (x + y) d(x, y) = 28. 
R 
(b) Let P; and P, be partitions of [0, 1]; thus, 
Py: 0=x9 < Xp <+:+ <x, =1 and Pp: 0=yo< yi <-ee-< ysl. 


A typical Riemann sum of f over P = P; x P? is given by 


r S 
o =>) >> Sijnij(% — xi-1) 0) — ¥j-1) (A) 
i=1 j=1 
where 
M15 Gi SX; and yj-1 < ij < yj. (B) 


The midpoints of [x;~1, x;] and [y;-1, y;] are 


xi + Xj-1 — —_ Vj tYj-1 


Xi = <a and Vy; 5 ? (C) 
and (B) implies that 
—, xi —xi-1 _ Pill _ |IPIl 
Ii; — Xi] < a Ss 5) => (D) 
a Poll _ IPI 
= Yi TYi-1 2 
Inij —Yjl S 5 Sag ae (E) 
Since 
Eyniy = Bi + i — XID; + i —¥/)I 
=XiV; + xin —V;) + V,; Ey — Xi) + Ei — Xi) (ni — Vy), 
we can rewrite (A) aso = S; + So + $3 + S4 where 
ig S 
Sy) = (dos x0] VIO; =v an) 
i=1 j=l 
1 r S 1 (F) 
-7 (267-20) (P07 97-0] =3 
i=l j=l 
a S 
So = 0 oi (ni — FCI — xi) (Vj — Yj-v. (G) 
i=1j=1 
Fr S 
53 = sS eG, — Xi )(xi — xi-1) (7 — ¥j-1), (H) 


i=1 j=1 
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and 


Sa =) 0G — Hn — F/)Ci — x1-1) 04 — yj-1). (1) 


i=1 j=1 
From (E) and (G), 


Pi (< ° Pil P 
|S2| < cal (dom -x-] YO; -yy-) | = cal >? - x7) = = 


i=1 j=l i=1 


From (D) and (H), 


IPI (~ — IPI < I| P || 
|S3| < os ) (x; — Xi-1) y Vii -—Yi-) | = =a 5 (yj - ¥7-1) = re 
j=l j=l 


i=1 


From (D), (E), and (1), 


P\l2 r s P|? 
[Sa] < nh (do. --0] 07 -y-)] = a 
j=l 


i=1 


Therefore, 


1 P P|l? 
oi ; < _ + — Since the right side can be made as small as we wish 
1 
by choosing ||P|| sufficiently small, i xy d(x,y)= 7. 
R 


7.1.3. The given o is not a typical Riemann sum. The correct form is 


r S 
=>) >) f&gciy)Gi — 41-104 — ¥j-1), 
i=1 j=1 
where xj—-1 < ij <x; and yj-1 < mij < yj. 
7.1.4. Let 
Pi :@=XxX9<xX1 <-++ <x, =b and P2:c=yo< yi <-:-<ys=d 


be partitions of [a, b] and [c, d], and P = P, x Pz. Then atypical Riemann sum of f over 
r S 


P is of the formo = > sS FS (&.j) (i — Xi-1) (Vj — Yj-1), which can be interpreted as 
i=1j=1 

the sum of the volumes of parallelepipeds in R? with bases of areas (x; — xi—1)(Vj — Yj—1) 

and heights f(&jj,7ij),1<isr,l<j<s. 
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k 
7.1.5. (a) IfP = {Ri, Ri2..., Re}, then S(P) = ¥ M;V(R;), where M; = sup {f(X) | xe Ry} 
j=1 


k 
An arbitrary Riemann sum of f over P is of the form o = = S(¥;)V(R;), where 


j=l 
X; € R;. Since S&,;) <Mj,o< S(P). 
Now let € > 0 and choose X; in R; so that f(X;) > Me, 1 <j <k. The Rie- 
a poo 
k k é 
duced in thi iso = X;)V(Rj) > M; - ——~) | V(R;) = 
mann sum produced in this way is o XI pV(R;) >| j aint (R;) 


S(P) — «. Now Theorem 1.1.3 implies that S(P) is the supremum of the set of Riemann 
sums of f over P. 
k 
(b) Let P be as in (a). Then s(P) = )) mj V(R;), where m; = inf { f(X)|x € Rj}. An 
j=l 
k 
arbitrary Reimann sum of f over P is of the form o = os F(®&;)V(R;) where X; € R;. 
j=l 
Since f(X;) => m;,o0 > s(P). 


Now let € > 0 and choose X; in R; so that f(X;) < mj; + <j <k. The Rie- 


ae 
kV(Rj)’ 
k k Z 
duced in thi iso = X;)V(R;) > ; + ———) |] V(R;) = 
mann sum produced in this way is o 2 S(&;)V(R;) 2 lm, = (R;) 
s(P) + €. Now Theorem 1.1.8 implies that 5(P) is the infimum of the set of Riemann sums 
of f over P. 


7.1.5. Let P = {R1, Ro,..., Rx} be a partition of R. An arbitrary Riemann sum of f over 
n 


P is of the form o = > St (¥;)V(R;) where X; € R;. 
J=1 
k 
(a) S(P) = > Mj V(R;) where Mj; = sup { f(X)| Xe Rj}. Since f(X;) < Mj, 
j=l 


o < S(P). Ife > O choose X; in R; so that f(X;) > M; — The Riemann sum 


€ 
kV(Rj) 
produced in this way is 


k 


- x ED [Ms : won| V(Rj) = SP) =e. 


j=l 


Now Theorem 1.1.3 implies that S(P) is the supremum of the set of Riemann sums of f 
over P. 
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k 
(b) s(P) = Yom; V(Rj) where m; = inf { f(X) | Xe R;}. Since f(X;) > mj,o = 
j=l 


s(P). If € > 0 choose X; in R; so that f(X;) < mj; . The Riemann sum 


€ 
+ ———_ 
kV(Rj) 
produced in this way is 


k 


k 
a=) > f(K)V(Rj) << O lm, + aa V(R;) =s(P) +. 
j=l j 


J=1 


Now Theorem 1.1.3 implies that s(P) is the infimum of the set of Riemann sums of f over 
P. 


7.1.6. Let P = {R1, Ro,..., Ry}. Let 

M; = sup { f(x,y) | XeR;} and m,; =inf{ f(x,y) | XeR;}. 
Let j be arbitrary in {1,2,...,4}. Since Rj contains a point (x;,¥j) with x; and y; 
irrational, M; = 3. Hence, [fen d(x, y) = 3(b —a)(d —c). Since R; contains a 
point (x;,¥;) with x; and yj; rational, m; = 0. Hence, [ S(x,y) d(x, y) = 0. 


7.1.7. First suppose that P/ is obtained by adding one point to P;, and P’ =P;,2<j< 
n. If P; is defined by 


Pj dj = ajo < aj <+++<Gim,; = bj), 1 <i <n, 
then a typical subrectangle of P is of the form 
Rj iow in = (at jy-1- Aji] X (a2, joa 42j2] X +++ X [dn jn— 1 An jn]: 


Let c be the additional point introduced into P; to obtain Pj, and suppose that a) 4-1 < 
C < ayx. If 7) Ak then Rj, ;,...;, is common to P and P’, so the terms associated with it 
in s(P) and s(P’) cancel in the difference s(P’) — s(P). To analyze the terms that do not 
cancel, define 


Ree gs = [41 4-1, ] X [@2,jo-1, dajo] X +++ X [Gn,jn—1, Injn), 
Rejoin = [c, dix] X [42,j.-1, 42j2] X +++ X [An jn—1, An jn I, 
Me jo jn = inf {f(X) |X € Rejoin} (A) 
and 
m= inf { f(x) |Xe Beasts p= io: (B) 


Then s(P’) — s(P) is the sum of terms of the form 


() 


Loar 


2 
(c- ayna)tme (41k — C) = Mk jn jn Aik — 41,k-1)] (C) 
X(d2j. — 42, j2—-1)*** (Anjn — An, jn—-1): 
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The terms within the brackets can be rewritten as 


(1) 


2 
(me? 5 — Me jomin MC — 21 e—1) FM — Mijn Qik —©), —— D) 


which is nonnegative, because of (A) and (B). Therefore, (E) s(P) < s(P’). Moreover, 
the quantity in (D) is not greater than 2M(a1x — a,x—-1), So (C) implies that the general 
surviving term in s(P’) — s(P) is not greater than 


2M ||P||(@2j. — 42, j2-1) +++ Gnjn — An, jn-1)- 


The sum of these terms as jz, ..., jn assume all possible values (1 < jj < mj,i = 
2,3,...,n) is 
2M ||P||V(R) 
2M ||P||(b2 — a2)--- (bn — an) = SA 
1-4 
This implies that 
2M ||P||V(R 
by —ay, 
This and (E) imply (17) forr; = land rg =--- =r, = 0. 
Similarly, ifr; = 1 for some i in {1,...,n} andr; = Oif 7 #7, then 
2M ||P\|V(R 
D; —-aj 


To obtain (17) in the general case, repeat this argument 71 + rz +--:+ 7p times, as in the 
proof of Lemma 3.2.1. 


7.1.8. Suppose that P; and P» are partitions of R and P’ is a refinement of both. From 
Lemma 7.1.5, s(P,) < s(P’) and S(P’) < S(P2). Since s(P’) < S(P’) this implies that 
s(P,) < S(P2). Thus, every lower sum is a lower bound for the set of all upper sums. 


Since / F(X) dX is the infimum of this set, s(P1) < / F(X) dX for every partition P; 
R R 
of R. This means that i: F(X) dX is an upper bound for the set of all lower sums. Since 
R 


/ F(X) dX is the supremum of this set, this implies that / f(®%)dX < 7. f(®) dX. 
R R R 


7.1.9. Suppose that P is a partition of R and o is a Riemann sum of f over P. Let € > 0. 
From Definition 7.1.2, there is a 5 > 0 such that 


< ; if ||PI| <6. (A) 


o- i f(X) dx 
R 
From the triangle inequality, 


J fon dx f f(x) dx} < | fooax-se) + |S(P) —o| 
R R R 


(B) 
+ 


o— | £0 ax 
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From Definition 7.1.4, there is a partition Po of R such that 


i) f(X) dX < S(Pp) < / F(X) dx + £. © 
R R 3 


Now suppose that ||P|| < 6 and P is a refinement of Po. Since S(P) < S(Po) by 
Lemma 7.1.6, (C) implies that 


| fooaxs S(P) < f fooax+ a 
XK R 3 


so 
se) | fooax) <$ (D) 
R 3 
in addition to (A). Now (A), (B), and (D) imply that 
t fod [fe dx| <= +15) —ol () 
R R 3 


for every Riemann sumo of f over P. Since S(P) is the supremum of these Riemann sums 


(Theorem 7.1.5), we may choose o so that |S(P) — o| < 3 Now (E) implies that 


<€. 


J, roux |, sooax 


Since € is an arbitrary positive number, this implies that 


[ fooax= | rooax. 


From the triangle inequality, 


| | sooax- f rooax| =| [ sooax -s@) + |) -01 
ZR R YR (F) 
= X) dX}. 
+|o- J roo ax| 
From Definition 7.1.4, there is a partition P; of R such that 
| seoaxzse@y> | rooax-5. () 
JR JR 3 


Now suppose that ||P|| < 6 and Pisa refinement of P. Since s(P) > s(P,) by Lemma 7.1.6, 
(G) implies that 


| foodxz sm > | rooax+$ 
YR JR 3 
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NiO) 
o@)— [ foyax| <$ (H) 
JR 3 
in addition to (A). Now (A), (F), and (H) imply that 
| [ fooax f reyax| <= + js) 0 () 
JR R 3 


for every Riemann sum o of f over P. Since s(P) is the infimum of these Riemann sums 


(Theorem 7.1.5), we may choose o so that |s(P) — o| < = Now (I) implies that 


<€. 


J, sooax- |, rooax 


Since € is an arbitrary positive number, this implies that 


[ fovax= f rooax. 


7.1.10. The inequalities / F(X) dX < S(P) and / F(X) dX => s(P) follow directly 
R R 


from Definition 7.1.4. Now suppose that | f(X)| < K ifX € Rande > 0. Let R = 
[a1, by] X [a2, ba] x +++ [dn by]. 


From Definition 7.1.4, there is a partition Py = P{ x PL x---x P{ of R such that (A) 


S(Po) < / f(®)dX+ =: Assume that po has r; + 2 partition points (including a; and 
- ; 
bj), 1 <j <n. 1fP = P, x P)x---x Py is any partitionof R, let P’ = P/x P}x---x Pi, 
where P/ is the refinement of P; including the partition points of P ee 1 <j <n. Then 
Lemma 7.1.6 implies that (B) S(P’) < S(Po) and 
S(P) = S(P)—2KV(R)| )) —— | IPI (C) 
JO 


J= 


Now (A), (B), and (C) imply that 


S(P) < S(P) + 2KV(R) | a IPI 
J J 


j=l 


j=l 


< S(Po) + 2KV(R) | mo IPI 
J 


||P < [ feax+e 


tT € 
< [ fooax+ 5 + 2KV(R) 
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n 
if [Pl] < 5, where 2KV(R) { }> —2— ] 5 < S. 
= b; —aj 2. 


From Definition 7.1.4, there is a partitionP, = P{? x P£” x... PY of R such that (D) 

s(P1) > / F(X) dxX- =: Assume that PY has s; + 2 partition points (including a; and 
- 

bj), 1 <j <n. 1fP = P, x Ppx---x Py is any partition of R, let P” = Pj!x Px---« PY’, 


where P”’ is the refinement of P; including the partition points of P 1 <j <n. Then 
Lemma 7.1.6 implies that (E) s(P”) > s(P,) and , 


j=l 


s(P") < s(P) + 2KV(R) | > —2— ] PI. (F) 


bj —aj 


Now (D), (E), and (F) imply that 


J J 


s(P) > s(P")—2KV(R){ Y> = | IPI 


J=1 


n S5 
> s(Pi) —2KV(R) |) = | IPI 
jr ee 


€ Z Sj 
> | fo ax—5-2KV®) yi rs IPi> [, £00ax-« 


‘i b< 


NI 


n 
if ||Pl| < 6, where 2KV(R) | 5° 
oy i - 4s 


7.1.11. If € > 0, there is ad > O such that 
| fooax-e<o@) = s@) < | fonax+e if ||Pl| <6 
JR R 


(Lemma 7.1.9). By assumption, this is equivalent to 
L—e<s(P)<S(P)<Lt+e if ||P <6. (A) 
If o is a Riemann sum of f over {P} then s(P) < o < S(P), so (A) implies that L —€ < 


o <L+e if ||P|| < 6. Now Definition 7.1.2 implies that f f(X)dxX = L. 
R 


7.1.12. Suppose that f f(X)dX = L. Ife > 0, there isa dé > 0 such that L —€/3 < 


o < L+e/3 ifo is any Riemann sum of f over a partition P with ||P|| < 6. Since s(P) 
and S(P) are respectively the infimum and supremum of all Riemann sums of f over P, 
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(Theorem 7.1.5) it folllows that L —¢€/3 < s(P) < S(P) < L+€/3if||P|| < 6. Therefore, 


|S(P) — s(P)| < «€ if ||P] < 6. 
Now suppose that for every « > 0 there is a 6 > O such that |S(P) — s(P)| < « if ||P|| < 


6. Since s(P) < i; f(X)dX < i f(X)dX < S(P) for all P, this implies that 0 < 
R R 
i. f(®) dx - i f(X%) dX < e. Since € is an arbitrary positive number, this implies that 
R R 


i f(®)dxX = / F(X) dX. Therefore, i F(X) dX exists, by Theorem 7.1.7. 
R R R 


7.1.14. (a) Ife > 0, there are rectangles T;, To, ..., T, and Tj, T5, ..., Tj such 
r S 

that S$, C UsiyT;, So C USayT}, D> V(T,) < €/2, and D> V(T/) < €/2. Then 
i=1 j=l 

{T1,...,Tm, T],...,T;} covers S$; U S2 with total content < e. 


(b) If S; C Ul_,T; and Sz C Sj, then Sz C U}_,T,. 

(c) Since Uj_, 7; is closed, S C Uj_,T7; if S C Uf_, Tj. 

7.1.15. Let R = [a1, 1] x-+++X [an, by] and T = [ay —€, by +] x--+ x [an —€, bn + €], 
where € > 0. Then R C T and, since a; = 5; for some i, V(T) < 2€L”~!, where 
L = max {(bj —a;) | Ls f =n}. 

7.1.16. Let R be a rectangle containing S. Suppose that e > 0. Since f is uniformly 
continous on S (Theorem 7.1.5.2.15), there is a partition P of R such that | f(X)— f(Y)| < 
e if X and Y are in S and in the same subrectangle of P. If Ri, Ro, ..., Rm are the 
subrectangles of P such that SM R; 4 @ and Xj, Xo,..., Xm are pointsin Rj, R2,..., 
Rm, then the surface is contained in the set U"_, {(X, z) | X € R; and |z — f(X;)| < e}. 
The content of this set (in R”*!) is < Ke, where K is independent of €. 

7.1.17. (a) Since T does not have zero content, there is an €9 > O such that any finite 
collection of rectangles covering T has total content > €9. Let R be a rectangle contain- 


ing S, and let P = {R1, Ro,..., Rg} be a partition of R. Let U = {i |RONT 0}. 


Then » V(R;j) = €o, since the total content of UE. OR; is zero (Exercise 7.1.15). If 
jeu 

J € U, then R° contains points in T and points not in S, so sup {fs (X) | Xe R;} oa 

inf { fs (X) | Xe R;} > p; therefore, if S(P) and s(P) are upper and lower sums of fs 

over R, then S(P) —s(P) > peo. Hence, fs is not integrable on R (Theorem 7.1.12), so f 

is not integrable on S (Definition 7.1.17). 

(b) If f = 1, then f(X) > lonT = SN 0S. Hence, [, dX, from (a). 


7.1.18. (a) Suppose that |4(X)| < K and Sp = {x |X eS and f(X)F O}. Let R = 
[a1, by] x [a2, bz] x---x [an, by] be a rectangle containing S. If € > 0, let 71, To, ..., Tm be 


m 
subrectangles of R such that Sp C UF Tj and (A) s V(T;) < €. (So has zero content, 
j=1 
from Exercise 7.1.14(b). If T; = [a1;, Bij] x-++ x [anj, Bnj], let P = Py x Po x++-x Pr, 
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where Pj is the partition of [a;, b;] with partition points 
aj, bj, 011, Bi1, 42, Bi2,-.-, im, Bim. 


(These are not in order.) We may suppose that Sg N R° C UF nie since if this were 


not so, we could simply enlarge T, 72, ..., Tim slightly to make it so, while maintaining 
(A). This guarantees that the union of the subrectangles of P on which hs assumes nonzero 
values is contained in U’*_,7j; hence, (B) |S(P)| < Ke and (C) |s(P)| < Ke if S(P) 
and s(P) are upper and iower sums for hs over R. This implies that S(P) — s(P) < 2ke, 


oO i; hs(X)dX = / h(X) dX exists (Theorem 7.1.12. If o is a Riemann sum for hg 
R Ss 
over any refinement P’ of P, then |Jo| < Ke. This implies that i hs(X) dX = 0, so 
R 
i. h(X) dX = 0. 
KY 
(b) From (a) with h = g — f, [ie — f)(X)dX = 0. Theorem 1.11 implies that 


[ scoax = [ rooax+ [ie - powax. 


7.1.19. Let € > 0. Since 0S has zero content, there are rectangles T;, T2, ..., Tm such 
m 


that = V(T;) < € and 0S9 C See ,2j. Let R = [a1, 1] x [a2, b2] x +++ x [an, bn] be a 
j=i1 
rectangle such that S U (U7 = lj) C R. Let S(P) and s(P) be upper and lower sums for 


Fs over partitions of R, anid ie ‘S(P) and 5(P) be similarly defined for fs,. 
If T; = [o4;, Bij] x-++ x [otnj, Bnj], let Po = Pi x P2 x+++ x Px, where P; is the partition 
of [a;, bj] with partition points 


aj, bj, 011, Bi1, Hi2, Bi2,..., Aim, Bim- 


(These are not in order.) From Theorem 7.1.12 and Lemma 7.1.6, there is a partition 
P = {R,, Ro,..., Rx} of R such that S(P) —s(P) < € and P isa refinement of Pp. Now 
let To = {j | Rj NOSo F Q} and suppose that | f(X)| < M, X € S. Then 


S(P) -—3(P) < S(P)—s(P)+2M Ss V(Rj) < 2M + le. 


JéTo 


7.1.20. First suppose that S = R, arectangle. Any Riemann sum of f + g over a partition 
P = {R,, Ro,..., Rx} of R can be written as 


k 
orse = > [f(Kj) + 9(X%j)IV(Ri) 


j=l 


k 
=o f(K)V(Rj) + yelX, )V(Rj) 
j=1 


j=l 
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where of and og are Riemann sums for f and g. Definition 7.1.2 implies that if € > 0, 
there are positive numbers 6; and 62 such that 


oy — | fowdx <5 if Pll <6 
R 


and 


Og ~ | siyax 


If ||P|| < 6 = min(6,, 52) then 
(+r - f fooax) + (+ - | scax) 


€ 
<n. if |[P\| < do. 
= if [Pll <8 


ree — fi foodx— f s(x) dx - 


< op - f FOX) dx] + o- f a(x) dx 
R R 
< : re =e€E 
a a 


so Definition 7.1.2 implies the conclusion. 


To obtain the conclusion for a general bounded set S,, let R be a rectangle containing S and 
apply this result with f and g replaced by fs and gs. 


7.1.21. First, consider the case where S$ = R (rectangle). The conclusion is trivial if 


c = 0. Suppose that c # 0 and e > 0. Any Riemann sum of cf over a partition P = 
k 


k 
{Ri, Ro,..., Rx} of R can be written as 6 = cf(X))V(Rj) =e > S&)V(Ry) = 
j=l j=l 
co, where o is a Riemann sum of f over P. Since f is integrable on R, Definition 7.1.2 


implies that there is a 6 > O such that G -{ F(X) ax| < a if ||P|| < 6. Therefore, 
R Cc 


< €ifG ||P|| < 6,socf is integrable over R, again by Definition 7.1.2. 


G- if cf(X)dx 
R 

To obtain the conclusion for a general bounded set S, let R be a rectangle containing S and 

apply this result with f replaced by fs. 


7.1.22. First, consider the case where S = R (rectangle). Since g(X) — f(X) = 0, every 
lower sum of g — f over any partition of R is nonnegative. Therefore, 


[ [g(xX) — f(X)] dX = 0. 


Hence, 


i e(X) dX — / F(X) dX = / [e(X) — f(X)] dX 
R R R 


(A) 
= | ex) - £00) ax > 0, 


so / f(®)dX < i, g(X) dX. (The first equality in (A) follows from Theorems 7.1.23 
and 7.1.24; the second, from Theorem 7.1.8). 
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To obtain the conclusion for a general bounded set S,, let R be a rectangle containing S and 
apply this result with f and g replaced by fs and gg. 


7.1.23. First, consider the case where S = R (rectangle). Let P = {R1, R2,..., Ry} bea 
partition of R and define 


s 
| 


= sup {f(X)|Xe Rj}, 
m; = inf { f(X)|X € Rj}, 
= sup {| f(X)| |X Rj}, 
j = inf {| f(X)| |X e Rj}. 


| = 
| 


Then — 
M j — mj = sup {| f(X)|—|f(X)| | X.X' € Ry} 

< sup {| f(X) — f(X’)| |X, X' € Rj} (A) 

= Mj —mj;. 
Therefore, S(P) —5(P) < S(P) — s(P), where the upper and lower sums on the left are 
associated with | f| and those on the right are associated with f. Now suppose that € > 0. 
Since f is integrable on R, Theorem 7.1.12 implies that there is a partition P of R such that 
S(P) — s(P) < €. This and (A) imply that S(P) — 3(P) < «. Therefore, | f| is integrable 
on R, again by Theorem 7.1.12. 
Since f(X) < | f(X)| and —f(X) < | f(X)|, X € R, Theorems 7.1.2 and 7.1.4 imply that 


[ f(x) dX < ( | f(X)| dX and — [ f(x) dX < [ P(X] dX, so | [ fx) dx 


< 


[\reoiax, 
To obtain the conclusion for a general bounded set S,, let R be a rectangle containing S and 
apply this result with f replaced by fs. 


7.1.24. First, consider the case where S = R (rectangle) and f and g are nonnegative. 
The subscripts f, g, and fg in the following argument identify the functions with which 
the various quantities are associated. We assume that neither f nor g is identically zero on 
R, since the conclusion is obvious if one of them is. 


If P = {Ry, R2,..., Rx} is a partition of R then 


k 


Ste (P) — S¢g(p) = YM ye, —™M fg, )V(Rj). (A) 
j=l 


Since f and g are nonnegative, Myg,; < Myj;Mg,; and mfg; => my jmg,;. Hence, 
M fg,j —Mfgj S Mp jMe,j —mypjmg,j 
= (Mz; —myj)Mg,j + myj(Mg,j — Mg,;) 
< Mg(Myj —myj) + Mz (Mg,j — mg,;), 
where My and Mg are upper bounds for f and g on R. From (A) and the last inequality, 
Sg (P) — syg(P) < Mg[S7(P) — 5 ¢(P)] + My[Sg(P) — 5g (P)]. (B) 
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Now suppose that € > 0. Theorem 7.1.12 implies that there are partitions P; and P2 of R 
such that 

€ 
IM; 
From Lemma 7.1.6, the inequalities in (C) also hold for any partition P that is a refinement 
of P; and P2; hence, (B) yields 


Sp(Pi) —s (Pi) < 5 and S¢(P2) — s¢(P2) < (C) 


€ € 
S fe (P) — Sfg(P) < 5+5 =e 


for any such partition. Therefore, fg is integrable on R, by Theorem 7.1.12. 


If f(X) = my and g(X) = m2 (XE R), write fg = (f —m1)(g — m2) + m2 f + mig — 
™1mM2. The first product on the right is integrable by the proof given above. To complete 
the proof, use Theorems 7.1.23 and 7.1.24. 


To obtain the conclusion for a general bounded set S,, let R be a rectangle containing S and 
apply this result with f and g replaced by fs and gs. 


7.1.25. From Theorem 7.1.13, u is integrable on R. Therefore, Theorem 7.1.27 implies 
that f u(X)v(X) dX exists. If m = min {u(X) | XeéE R} and M = max {u(X) | Xe Ri, 


R 
then m < u(X) < M and, since v(X) > 0, mv(X) < u(X)v(X) < Mv(X). Therefore, 
Theorems 7.1.24 and 7.1.25 imply that 


mf vax s f uxandx <M | vooax. (A) 


This implies that 
i: u(X)vu(X) dX = (Xo) [ v(X) dX (B) 
R R 


for any Xo in Rit | v(X)dX = 0. it f v(X) dX # 0, let 
R R 


/ u(X)u(X) dX 
R 
dst fp v(X)dX 


T= 


Since tp v(X) dX > 0 in this case, (A) implies that m < 7 < M, and (Theorem 5.2.13) 
implies that 7 = u(Xo) for some Xo in R. This implies (B). 

7.1.26. Let R’ = [a{,b)] x [a5,b5] x --- x [a’,, bi]. be a subrectangle of R = [a;, bi] x 
[a2, b2] x --- X [an, bn]. Suppose that ¢ > 0. From Theorem 7.1.12, there is a partition 
P= P,; x Pp x-x Py = {R1, Ro..., Rye} of R such that 


k 
S(P) — s(P) = ))(Mj — mj)V(R;) <. (A) 
j=1 


We may assume that a, and by are partition points of Pj, 1 < i <n, because if not, they can 
be inserted to obtain a refinement P such that S (P’) - s(P’) < $(P)—s(P) (Lemma 7.1.6). 
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Therefore, there is a subset U of {1,2,...,k} such that P’ = {R;}jey isa partition of R’. 
Since (A) implies that 


SP) — s(P’) = 9 (Mj —mj)V(Rj) <e. 


jeu 
Theorem 7.1.12 implies that f is integrable on R’. 
7.1.27. (a) From Exercise 7.1.26, / g(X)dX exists if i. g(X)dX does. For the converse, 
R R 


suppose that [ g(X) dX exists. Let R = [a1,b1] x [a2,b2] x +--+ x [an, bn] and R= 
R 


[a1, Bi] x [a2, B2]--- x [en, Bn]. Consider only partitions P = P, x---x Py of R, where 
P; isa partition of [a;, 8;] that includes a; and b; among its partition points. Let P; be 
the partition of [a;, b;] consisting of the partition points of P; in [a;, bi]. Then P = P; x 
P2x-++x Py isa partition of R. Now P= {R1,..., Rm, Ri,..., Ry, RY,..., Ry}, where 
P = {Rj,..., Rm}, R),..., Rj, intersect dR, but not R°, and RINR=08(0 <i <s). 
Now suppose that |g(X)| < M. Since g(X) = Oifx € RY, 


k 
Sx(P) — sR(P) < Sr(P)—s-(P) + 2M )~ V(R'). (A) 
j= 
Since 
RU [UE Ry] C far = Pll br + UPI X ++ x [an = Pl bs + PI 
the above stated properties of R),..., Ri, imply that 
k 


Yo V(Ri) < (1 = a1 + QI Pll)-++ Gu — an + 2|| Pl] — (1 — a1) +++ Gn — an). (B) 
j=l 
Now suppose that «€ > 0. Since i: g(X) dX exists, there is a 6 > O such that Sr(P) — 


R 
Sr(P) < €/2 if || P|| < 6 (Theorem 7.1.12); in addition, choose 6 so that the right side of 
(B) < €/2 if || P| < 6. Then (A) implies that if || P| < 6, then Sz(P) — s%(P) < €, sO 


g(X)dX exists (Theorem 7.1.12). 
To see that - g(X)dX = / g(X)dX, observe that 
R R 


m k S 
o =) g(xi)V(Ri) + 9) 0- VCR) + 9° 0- V(RY), 


i=1 j=l q=l 


where X; € R;, can be interpreted as a Riemann sum for both integrals. 
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(b) Suppose that R; and Ro are rectangles containing S and i. Js (X&) dX exists. Ap- 
Ri 
plying (a) with R = R, and R = R, | Rz implies that (C) / fs(X)dX = 
RiNR2 


Js (X&) dX. Now applying (a) with R = Ro and R = RiNRo implies that f fs(X) dX = 
Ri Ro 


/ J's (&) dX. This and (C) imply the conclusion. 
RiNR2 


7.1.28. (a) From Exercise 7.1.26, f is integrable on each subrectangle R1, Ro, ..., Rx. 


If oj is a Riemann sum for / F(X) dX over a partition of Rj, 1 < j < k, then (A) 
Rj 


Oo = 0, +02 +---+ 0% is a Riemann sum for / F(X) dX over a refinement P’ of P. 
R 
Because of (A), 


k k 
[fOr | f(®)dX= (J, f004x-2) -¥ (/, f00 ax~0)) 
(B) 
o- | femax 


Now suppose that e > 0. By Definition 7.1.2, there isaaé > 0 such that < 


€ and <¢/k,1<j <k, if ||P’|| < 6. This and (B) imply that 


aj- | fax 


k 
i. FX ax- J) ih (F004) «26 


Since € can be made arbitrarily small, it follows that 


k 
f,Foax-¥ I, f(X)dX =0. 


(b) From (a) and Theorem 7.1.28 with u = f and v = 1, there is an X; € Rj; such 
that f f(®)dX = Xf dX = f(X;)V(R;). The required Riemann sum is 
Rj 


J 


k 
o= PR vir) =f soodx, 
j=l 
k 
7.1.29. Let P = {R1, Ro,..., Re} and wf f(X)dX = \> f(Xj)V(R;), where X; € 
R ae 
7 j 
R; (Exercise 7.1.28(b)). Ifo = Ff (&;)V(R;) is any Riemann sum over R, then (A) 
J=1 
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k 
implies that (B) < ye | f(X;) — f(X;)|V(R;). From Theorem 5.4.5, 


j=l 


o- | seyax 


n 
f(X%;)-f(X;) = > Kei (X))(xi —Xij), where X; is on the line segment connecting X ; 
i=1 
and X;. From this and Schwarz’s inequality, (C) | f(X;) — f(X;)| < K|X; — X;|, where 
1/2 


n 
2 
K=maxj|> of] |xXeR 
j=l 
Now (B) and (C) imply that 


k 
< K )> |X; —X,|V(Rj) < K Jn||PI|V(R). 
j=l 


o- | feyax 


Let M=k./nV(R). 
7.1.30. (a) Let 


Py :@=Xx9< xX, <-++< x, =b and P2:c=yo< yy <-:+<ys=d 


be partitions of [a,b] and [c,d], and P = P, x P2. If we consider f as a function of 
(x, y) which happens to be independent of y, then S ¢(P) = (d —c)S¢(P1) and s¢(P) = 
(d —c)sf(P1). Let € > 0. Since f is integrable over [a,b], there is 5 > 0 such that 
S¢(P1)—s¢ (Pi) < €/(d—c) if || Pil] < 6 (Theorem 3.2.7). Therefore, S¢(P)—s 7 (P) < € 
if ||P|| < 6, so f is integrable on R (Theorem 7.1.12). Similarly, g is integrable over R. 


(c) Since fg is now known to be integrable on R, we may consider Riemann sums of the 
special form indicated in Exercise 7.1.3 to get the stated equality. 


7.1.31. (a) Suppose that R is a rectangle containing S. From Exercise 7.1.18(b) with 

S = R, f = fs, and g = fs), i fs(X)dX = i Fs )(&) dX. This implies the 
R R 

conclusion. 


(b) Write S = T; UT> UT3, where T; = Sj —S, 1 S2, To = S2—S, 1 S2, T3 = $1 So. 
From (a) and Exercise 7.1.14(b), f is integrable on T, and T2; from Exercise 7.1.18(a), 


/ F(X) dX = 0. Now use Theorem 7.1.30. 
T3 


7.2 ITERATED INTEGRALS AND MULTIPLE INTEGRALS 


7.2.1. 


@ dy [cr dx = 1 (5 + axy) 


1 2 
Jers foray =a 
0 


x=-1 
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2 1 2 ys 1 
(b) / ax [ Gr +ydy= f (ey +4) dx 
1 0 1 ey ae 
2 1 EP so 
a 3 ae = pee ae 
=| (: + =) dx ( + *) 


20 2 20 2 
(c) i xdx [ sinxy dy ai ax [ x sinxy dy 
x/2 1 [2 1 


m/2 
20 
=-l. 


( ; aa 
= [sinx — 
2 m/2 


log2 1 7 log2 2 5 
(d) / ydy | xe* *dx =) ay | xye~ * dx 
0 0 0 0 
1 en 2 1 
=- er dy 
2 0 x=0 


1 log2 
=;[ @-ve 


ls 1 —log2 


1 
= —(e? — 
AG a 5 


7.2.2. Let Py : ay = X90 < X1 <-++ < xX, = Dy, Po: dz = yo < yy < +++ < Vs = bo, and 
P3243 = Zo < 21 <+++ < Zt = be be partitions of [a 1, b1], [a2, bz], and [a3, bs], and let 


P= P, x P2 x P3. Denote Rix = [xi-1, Xi] X [Vj—-1, yj] X [Zx-1, Ze]: 
(a) P2 x P3 is a partition of J, x Iz. Suppose that 


(n jes Syke) € Lyj—as Ve] X (Zea, Ze], LS fs, 1k Xt, 
so 
S t 
=>) >) Gaye. bi)07 — j-1) @e — 24-1) 
J=1k=1 
is a typical Riemann sum of G over P2 x P3. Since 


r x 


by 
Gn jk. ok) = ii F(X. jks Sik) dx = > F(X, Nk. Cjk) aX, 


i=1°*i-1 


(A) implies that if 


(A) 


(B) 


Mijk = inf { f(x, y,Z) | (x,y,z) € Rijx} and Mj;, = sup ier y) | (x,y,z) € Rijx} , 


Section 7.2 Iterated Integrals and Multiple Integrals 189 


then 


r r 
So mije (xi — Xi-1) < Gnje. Sjx) < Y. Mije (xi — xi-1). 
i=1 i=l 
Multiplying through by (vy; — y;-1)(Zk — Ze—1), Summing over 1 < j <s,1<k <t, 
and recalling (B) yields 
s(P) <o < S(P), (C) 
where s(P) and S(P) are the upper and lower sums of f over P. Now let 5(P2 x P3) and 
S(P2 x P3) be the upper and lower sums of G over Pz x P3; since they are respectively 
the infimum and supremum of the Riemann sums of G over P2 x P3 (Theorem 7.1.5), (C) 
implies that - 
s(P) <5(P2 x P3) < S(P2 x P3) < S(P). (D) 
Since f is integrable on R, there is foreach € > 0a partition P of R such that S(P)—s(P) < 


€ (Theorem 7.1.12). Consequently, from (D), there is a partition Pz x P3 of [2 x 13 such 
that S(P2 x P3) —S(P2 x P3) < €, so G is integrable on I> x I3 (Theorem 7.1.12). 


It remains to verify that 
[ fesoaey2= | G(y,z)d(y,Z). (E) 
R 12x13 


From (B) and the definition of ire G(y,z) d(y, Z), there is for each € > 0a6 > 0 such 
that ‘ 


<e if ||P. x P3|| <4; 


i G(y.2)dy.2)—0 
InxI3 


that is, 
o-e< | G(y,z)d(y,z)<ot+e if ||Pox P3l| <6. 
InxI3 


This and (C) imply that 
s(P) -—€ < / G(y,z)d(yv,z) < SP) +e if [Pll <6, 
InxI3 


and this implies that 


[fevrddero-es f 


Inx 


: G(y,z)d(y,z) $ [re y.zjd(x,y.z)+e 
(Definition 7.1.4). Since 

[ fo.rader0= f fo.y.2d0.7.2 
(Theorem 7.1.8) and € can be made arbitrarily small, (F) implies (E). 


(b) Suppose that 
Sette SS ER ET, (A) 
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sO 


o =>) AK) Zk — 2-1) (B) 


k=1 


is a typical Riemann sum of H over P3. Since 
r AY 
H&)= | fort)dx= > flr. y.te) dx, 
I xIz jai jar? Pi-1 xD j-1.7/] 
(A) implies that if 
mix = inf { f(x, y.z)| (x,y,z) € Rijk} and Mije = sup { f(x, y)| (x,y,z) € Rie}, 
then 
r Ss r t 
SoS mijei — x1) (0j — Yj-1) S He) S YS YS Mijelai — x11) — ¥j-1)- 
i=lj=l i=1 j=l 
Multiplying through by (zz — Zx—1), summing over 1 < k < f, and recalling (B) yields 
s(P) <0 < SQ), (C) 


where s(P) and S(P) are the upper and lower sums of f over P. Now let ‘5(P3) and Ky (P3) 
be the upper and lower sums of H over P3; since they are respectively the infimum and 
supremum of the Riemann sums of H over P3 (Theorem 3.1.4), (C) implies that 


s(P) <3(P3) < S(P3) < S(P). (D) 


Since f is integrable on R, there is for each € > 0 a partition P of R such that S(P) — 
s(P) < € (Theorem 7.1.12). Consequently, from (D), there is a partition of 73 such that 
S(P3) —S(P3) < €, so H is integrable on J3 (Theorem 3.2.7). 


It remains to verify that 


b3 
[ fesoaeya= | A(z) dz. (E) 
R a3 


From (B) and the definition of Hs . H(z) dz, there is for each ¢ > 0 a6 > 0 such that 


b3 
i H(z)dz—o|<e if ||Psl| <6; 
a3 


that is, 
b3 
o-e< H(z)dz<o+t+e if ||P3ll <6. 
a3 
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This and (C) imply that 
b3 
s(P)-Ee< / A(z)dz<S(P)t+e if ||Pl| <6, 
43 


and this implies that 


b3 —P 
[ ferodeso-es [ H() dz < [ fo.yzdey.2+e (F) 
JR a3 R 


(Definition 7.1.4). Since 


[feradesa= f fe.rodey.2) 
JR R 


(Theorem 7.1.8) and € can be made arbitrarily small, (F) implies (E). 

7.2.3. If € > 0, there is ad > O such that | f(x,y) — f(x, y’)| < € if |y—y'| < 6 
(Theorem 5.2.14). Therefore, | F(y) — F(y’)| < ie | f(x,y) — f(x, y)| dx < e(b — a) if 
ly-y] <6. 

7.2.4. Let P}) 1a = X90 < X1 <-+++ <x, = band Py: c = yo < yy < ++: < ys = d be 
partitions of [a, b] and [c,d], and P = P; x P2. Then 


SP) -s®) = 0 Gi, ys) — F@i-1, Yj) — 1-7 — Ys-1) 


j=li=1 
=) uve Vi) — Fi-1. YOu - 0) (vj — yj-1) 
j=1 Li=1 
+> | SO Gi-1. 97) — £41. 97-1) 07 — ¥j-1) | CH — HH-1) 
i=1 | j=1 


< |IPill 00.9) -— £@ MOF -Yi-D 


j=l 


+ Pall }°Cf@i-1, 4) — f@i-1,€)) i — xi-1) 
i=1 


< IPICS@. 4) — fa.c))\d-—c+b—a). 


Since we can make ||P|| arbitrarily small, this and Theorem 7.1.12 imply that [7p f(x,y) d(x, y) 


exists. For each fixed y, f(x, y) is monotonic in x, so Theorem 3.2.9 implies that f° F(x, y)dx 
exists, c < y <d. 


192 Chapter 7 Integrals of Functions of Several Variables 


2 1 
72.5. (a) is oe een re / dy / (xy + Idx 


“TL 
=[ (+) a=(4+y) 


2: 3 
(b) [ex+s ac.» = f ay | (2x + 3y) dx 


2 3 
= / G + 3xy) dy 
1 x=1 


2. 
= | y+ 8)dy = Gy? +8y) 


2 


1 


2 
=17 
1 


1 1 
xy x 
——— d(x, y) = d / dd 
(c) [ rae (x, y) [> ah ore x 
1 1 
- [ova Jo 
0 x=0 
1 
=f (v y= +1-y?) dy 
0 
* 22-1) 


=3 (07 +0») 5 


m/4 
(d) [00s xy cos 2x dC. y) =) cos nx dx f xcosxy dy 
R 0 0 


m/4 20 
= i cos 27x | sinxy dx 
0 y=0 


m/4 
/ cos 27x sin2ax dx 
0 


II 


: 4 
sin? 27x ee 


4n 


1 
An 


7.2.6. If € > 0 choose m so that 2~"*+!/2 < ¢€. Then, for arbitrary (x, y), choose odd 
integers p and q so that |2”x — p| < 1 and |2”y —gq| < 1. Then 


[a2 py? 4 Game)?" =e, 


so A is dense in R*. If P = {Ry, Ro,..., Ry} is a partition of R = [a,b] x [c,d], 
then R; M A and R; M A* are both nonempty, 1 < j < k. Hence, s(P) = 0, while 


S(P) = (b —a)(d —c). Therefore, / F(x, y) d(x, y) = 0, while ; F(x, y)d(x, y) = 
R R 
(b —a)(d —c), so f is not integrable on R (Theorem 7.1.8). 
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Since the set of point {2% r| k = nonnegative integer, r = odd integer} is denumerable, 
F(x, y) = 1 on any horizontal line except on a set of values of x with measure zero in R 
b 
(Example 3.5.3); therefore, fora fixed y, f(x, y) is integrable on [a, b] and / F(x, y)dx = 
a 


d b 
b —a, by Theorem 3.5.6 and Exercise 3.5.6. Therefore, / dy F(x, y)dx = (d - 


c)(b — a). Similarly, f(x,y) = 1 on any vertical line except on a set of values of 
y with measure zero in R; therefore, for a fixed x, f(x, y) is integrable on [c,d] and 


d b 
/ F(x, y) dy = d —c. Therefore, i ax [ F(x, y)dy = (b-—a)(d —c). 
Cc a Cc 
7.2.7. Recall that the rationals and irrationals are both dense on the real line. 


(a) Let P} : 0 = x9 < x1 < +++ < Xs = land P72 :0= yo < yy <---< wy = 1 
be partitions of [0,1], and let P = P; x Po. Let Rij = [xj-1, xi] x [yj-1, y;]. From 
Lemma 7.1.6, we may assume that x, = 1/2 for some integer r, withO <r <s. Then 


: 2xji-1yj-1, I1Sik<r, 
int {fos 9) |G 9) € Ry} = [ ‘ r+l<i<s 
Yj, l<i<r, 


sup {f I, vy), y) € Rij} = oe r+l<i<s. 


s(P) = (235-105 —Xj-1) + ye (xi — 0) ~ yj-1 (yj — Yj-1) 
j=l 


i=1 i=r+l 


1/2 1 1 3 
=> 2 | xdx+ f dx / ydy=—-— as |P|| - 0, 
0 1/2 0 8 


S(P) = (20 — xj-1) +2 3 Xj (xi — X4- ») > Oy — ¥/-1) 


i=1 i=r+l 


j= 
1/2 1 1 5 

=> / dx +2f x dx [v= as _||P|| > 0, 
0 1/2 0 8 


5 —— 
sof fe.ydGe.y) = Zand f f(x. y)dex.») = 2 

JR 8 IR 
(b) Let P :0 = yo < yy <--- < yy = 1 bea partition of [0, 1]. For a given x, let s,(P) 
and S,(P) be lower and upper sums of f(x, y) over P. Since 


r 2x j—1>5 0<x <1/2, 
mG) et Sy = a= oe eee 


Yio O< 
1 


sup { f(x,y) | yj-1 <ys y= ae a 
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t 1 

2x 7 yy-104-ys-1) > 2x f ydy =xas|Pl|>0, 0<x<1/2 
. 0 

sx(P)=3 ,77 


Oe vf ydy=1/2as||P|>0, 1/2<x<1, 
j=l 
t 1 
0-0) > f ydy =1/2as|Pl|>0,  0<x<1/2 
S(P)= 1", : 
2x > ys 9/1) + 2x f ydy=xas|PI|>0, 1/2<x<1: 
2 0 
j=i1 


1 se 
_ jx, =x <= 1/2, 2, Oe ey: 
[fena=ih, xe 1, and [ fts.yyay =} 1/2<x <1, 


so f (io) dx = Fan f (i dx = . 


7.2.8. Recall that the rationals and irrationals are both dense on the real line. 


Let P} 0 = X09 < X11 <3) < Xs = 1,P2:0= yo < yp < +++ < y = 1, and 
P3:0 = Zo < Z1 os +++ << Zy = 1 be paliions of [0, 1], We Solon the identities 


t 
1 
I= yj-1) = ye — Zk-1) = Land Ce xj-1) = 3 (i —¥i-1) = 5 
, k=1 i=1 i=r+1 
without specific references. 
(a) Let P = P, x Po x P3 and Rijx = [xi-1, xi] X [yj—-1, ys] X [Ze-1, Ze]. From 
Lemma 7.1.6, we may assume that x, = 1/2 for some integer r, withO <r <5. Then 


2xi-1(yj-1 + Ze-1), IL Si<4r, 


inf { f(x, y,z) |, 9,2) € Rijky = ois + Ze-1 r+l<i<s 


vj + Zk, l<i<r, 


sup { f(x, y,z) | (x,y, 2) € Rijx} = ie +z), r+l<i<s, 


t u 
In the following we exploit the identities S30; —yy-1) = Se — Ze-1) = | and 
j=l k=1 
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r S 
1 
Paes —xXj-1) = > (xj — Xj-1) = 5 without specific references. 
i=l i=r+l 


s(P)=2 9) Dd) xi-1(yj-1 + 2-1) OH — 44-05 — 5-1) Ze — 24-1) 


i=1 j=1k=1 


+ 0 SOC Oj + Ze i = K-07 — Yj) Re — Ze-1) 


i=r+1 j=1k=1 


t u r 
= 2] Yo yj-10) — yj) + DS ze Ge — Ze—-1) | D9 1-107 — 4-1) 


j=1 k=1 i=1 


1 t u 
+5 Yo vj7-10y — jt) + DS Ze-1 Re — 24-1) 
j=l k=1 


1 1 1/2 1 3 
-(f ydy+ f zdz_ 2 | xdx+-=]=-—as ||P|| - 0. 
0 0 0 2 4 


S(P) = 00 SCO 0y + Ze — 1-1) 097 — Yj) Rk — Zk-1) 


i=1 j=1k=1 


+2 D0 SOD iy + Ze) — 21-1) 7 — ¥j-1) Re - Ze-1) 


i=r+1j=1k=1 


1 t u 
iy Yo 4 — Vj) + Yo Zee — Ze-1) 
j=l 


k=1 
t Uu r 
+21 DS) ys(vy —yi-1) + Do Ze (Ze — Ze-1) | DS x — 21-1) 
j=1 k=1 i=1 


1 1 1 1 5 
-(f ydy +f edz) (+2 f x dx+) = 3 as [Pl 0. 
0 0 2 1/2 4 


Therefore, f f(x, y.2)dx.¥.2) = ; and f f(x. y.2)d%.¥.2) = = 
R R 


(b) Let Pp = P, x P> and Rij = [xi-1, xi] x [yj-1, yj]. From Lemma 7.1.6, we may 
assume that x, = 1/2 for some integer r, with O < r < s. Fora given z, let sz(P) and 
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S, (P) be lower and upper sums of f(x, y, Z) over P. Since 


2xi-1(Qvj-1+2z), 1s<ik<r, 


int {Fs 7.2) | 6.9) € Ry} = PO r+l<i<s 


eh yi +Z, l<ic<r, 
sup { f(x, y.z)| (x, y) € Rij} = are +z), r+l<i<s, 


S2(P) = 25° > xi-1(yj-1 + 2% — 1-1) 07 — Yj-1) 


i=1 j=1 


+ ¥ YOj-1 + DE — H-DO; — yj-1) 


i=rt1 j=l 
r t r 
=2 (> xj—1(X} — w-») 2 yj-10(97 — yj-1) | + 2z SG — Xj-1) 
i=1 j=l i=] 
1 t 
+5 [Zt > yy-107 — ¥y-1) 
j=1 
Ihe te : 
= (; “+ 22 i-iGi = v0) z+ dX yj-1.Vj — Yj-1) 
i= = 


1 1/2 1 3 1 
> 52 xdx (+f ydy) = 3 (<+5) as ||P — 0|| 
2 0 0 4 2: 


Se(P) = > 00; + YOu — xi1-) 0; - ¥j-1) 


i=1j=1 


+2 > > Xi(V7 + 2) — Mi-1) (V7 — Yj-1) 


i=r+1 j=l 


1 t 
=a or >> 07 - ¥j-1) 


j=l 
S t S 
+2 a nts -xo} dis — yj) | +22 DE xeGG — 21-1) 
i=r+1 j=l Rare 


1 S 
= (542 > x(t: — xi-1) Nez yj-1) 


i=r+l 


=(5+2f ax) (c+ fy ) +(2+5) |P — Ol] 
a xdx Zz dy =-- {|Z _ as ’ 
2 1/2 0 4 2 
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so f fe y,z)d(x,y) = a(=+; 5) ana f fox y,z)d(x,y) = 7(=+5) 


of f(x, y,z)dx = y +z forall x; 
0 


[ af fonr.adr= ['otady=(F +r) 
faf of fonyaar= [ (5+<) a=(5+5) 


7.2.9. Leta = x9 < X1 <-++- <x, =bDandc = yo < y1 <--: < ys = b be partitions of 
[a, b] and [c, d]. 


1 


0 2 

1 
Slt 

0 


d 
(a) From Exercise 3.2.6(a) with g(x) = is F(x, y) dy, 


ia ([" fis.rrar) as = 3 [ ([Upeuar) as (A) 


d s 
From Exercise 3.2.6(a) with g(y) = f(x, y) (x fixed), / f(x, y)dy = F(x), with 
paces j=1 


Vj 
Fj (x) = St (x, y) dy. Since 


Vj-l 


S S 
p> Fj (x) | xj-1 <x< “| > Sint {Fj (x) | xj-1 <x< cane 


j=1 j=l 
(A) implies that 


if ([" fl, vay) ae f L (pire vay) de (B) 


i=1j 


Since 
Xj vj 
/ ( S(x,y) iv) dx > mij (xi — Xi-1) (Yj — Yj-1) 
Xj-1 Yji-l 


with 
mi = inf {fG@, y) |r Se So, Vj = PS Vt, 


b d 
(B) implies that i ( / F(x. y) iv) dx is an upper bound for all lower sums of f over 
a Cc 


partitions of R = [a,b] x [c,d]. Since i F(x, y) d(x, y) is the supremum of this set, 
R 


[toonacens f (["recsnar) ax 


198 Chapter 7 Integrals of Functions of Several Variables 


d 
(b) From Exercise 3.2.6(b) with g(x) = i F(x, y) dy, 


Rb d 
/ ([" fis.s)ar) dx= 0 le Flax, say) as (A) 


From Exercise 3.2.6(b) with g(v) = f(x, y) (x fixed), a F(x, y)dy = 3 F(x), with 
j=i1 


vy 
Fx) = f” fGe.y)dy. Since 
y 


j-l 
Ss 
sup SFG) | at Se = x; Ear {Fj (x) | x;- ee ce ay 
j=1 j=l 
(A) implies that 


[ (free) dx =p oye . (i dx. (B) 


i=1 j=1 


Since 
Xi Vj 
i ( f(x,y) iv) dx < Mij(xi — xi-1)(yj — yj-1) 
Xj-1 Vj-1 


with 
Mi; = sup { f(x,y) | xi-1 <x < xi, Vj-1 Sy < yy}, 


“7b ( d 
(B) implies that i i F(x. y) iv) dx is a lower bound for all upper sums of f over 
a c 


partitions of R = [a,b] x [c,d]. Since [ te. y) d(x, y) is the infimum of this set, 
R 


[ fondey Say ii (i ‘) dx. 


b d 
7.2.10. Let U(x) = / F(x, y) dy and L(x) = i F(x, y) dy. From Exercise 7.2.9, 


“7b > b 
a) f U(x)dx < [ fonaey and wf L(x) dx > [ fo.nacey, Since 
L(x) < U(x) (Theorem 7.1.7), (A) implies that of L(x) dx < [ fo. y) d(x, y) 


and (B) implies that of U(x) dx = [fe y) d(x, y). since ffx y)d(x,y) = 
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b “Rb 
/ f(x,y) d(x, y) = y F(x, y) d(x, y) (Theorem 7.1.8 and f U(x) dx < if U(x) dx, 
LR R va a 
b “Rb 
(A) and (D) imply that (E) i U(x) dx = i U(x) dx = i F(x, y) d(x, y), and, since 
a a R 
b 7b a b RB: 
/ L(x)dx < / L(x) dx, (B) and (C) imply that © [ L(x)dx = i. L(x)dx = 
/ F(x, y) d(x, y). From Theorem 3.2.6, (E) and (F) imply that U and L are integrable on 
R 


b b 
5], dx = dx = ‘ d ,y), 
[a,b], and / L(x) dx | U(x) dx i fe. yale, 9) 
7.2.11. (a) 


2, 5 0 
[av t30de.r.2= f az | ay | (x — 2y + 3z) dx 
R -—3 2 =2. 


2 5) 732 0 
= i; dz | (+ —2xy + 3xz)] dy 
3. 2 2 x=—2 


2; 5 
= az | (—4y + 6z — 2) dy 
3 2 


2, 5 
/ cay? + 6yz —2y) dz 
= sels 


3 
2 
= —285. 
-3 


2 
z / (8z — 48) dz = (92? — 482) 
-3 


m/2 2 1 
w | oe)” sin x sinz d(x, y,Z) =f sin Z az | er ay | e* sinxdx = 0. 
R 0 0 - 


1 


1 1 1 
© | (xy + 2xz+ yz)d(x,y,z) = / dy | dz (xy + 2xz+ yz)dx 
R ) -1 -1 
1 1 


-| 2y dy f zdz = 0. 
0 -1 
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(d) 

2.3 22. : 1 ‘ 2,2 
he yzery * d(x.y.2)= f ax [ xy dy f xy*ze™” = dz 
R 0 0 0 

1 1 1 1 
al ax [ xy exyre? dy 
2 Jo 0 2=0 
1 f¢ ! 2 
ae d 1) d 
a xf xy (e ) 'y 
1 fr! 2 : 
ae, xy~ _ 2 
=i / (. xy?) 
1 
= [ -x-1dy= 
0 
i{¢-3) 
=-|le--—)}. 
4 5 


3 9-y? 
7.2.12. (a (2x + y”) d(x, y) = / ay | (2x + y?) dx 
s -3 0 


3 9—y? 
= / Ga + xy?) dy 
3 


1 


x or 
e~—-—-x 
2 0 


Ale 


x=0 


3 y3 3 
=9f (= y*)dy = 9(9y- 2) = 324. 
—3 3 —3 
1 JV 1 x=/¥ 
(b) [eae =2f yay | xdx= [ |» Je 
S 0 x=y2 0 x=y2 


1 


7 Te gs log2y 
(c) fe™aane | sin y ay [ panty 
Ss y n/2 JY logy 


mT os log2y 
Bee Clear 
n/2 Y 


x=log y 
=| siny dy = —cosy 
4s 


1 
= 1; 
m/2 
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7.2.13. The curves y = x? and y = 2x intersect at (0, 0) and (2, 4). 


4 Jv 4[ 7x2 VV 
[otnden=f ay | (+yax= f (5+) dy 
Ss 0 y/2 0 x=772 
4 2 3 5/2 2\ 14 
= Biase SOE Vie be fe a 2 Me | hook 
[ (> Poe ) - oy Oe hier a 15” 


4 
2 2x 2 
[otnden =f ax [ (+ ydy = f [(w +5) aya 
=[ (7-2-5) av= (4-5-2) ‘ 
0 2 3 4 10 


0 ao 
1 x?4+9 1 
72.14. (a) A= f ax [ dy = 18 dx = 36. 
-1 x2~9 -1 
1 4—x 1 1 
w= ax [ dy=2f Cae ey, =1 
0 x+2 
2 4—y2 3\ |2 4 
()A=2f ee dx =4 Pa ee eee 
oy ee 
64] 


(d) A = P asf ofan Al 
2x 1—2y 


1/3 (1—3z)k2 
7.2.16. cic y,z)d(x,y, a= az | ay [ ee y,z)dx 

1/2 (1-2y)/3 1-—2y—3z 

=foa fo az | fle.y.z)dx 
0 0 0 
1/3 1—3z (1—x-3z)/2 

=f af az f fle.y,2)dy 
0 0 0 
1 (1—x)/3 (1—x—3z)/2 

=fax fo azf fle, y.z)dy 
0 0 0 
1 (1—x)/2 (1—x-2y)/3 

= fax fay | flr.y.2)dz 
0 0 0 


1/2 1-2y (1—x-2y)/3 
=f ay | ax [ f(x, y,z) dz 
0 0 0 
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2/3 2-3x 2) oe 
T2AT. @ [ xd(x,y.2)= f xdx [ Q-y-3x)dy | dz 
KY 9 y : 


2/3 2-3x 
=i xdx f dy 
0 0 
1 2/3 
=--;/ (2— y — 3x)” 
2 Jo 


1 2/3 
=;/ x(2 —3x)* dx 
0 


1 2/3 
= >/ (9x3 — 12x? + 4x) dx 
0 


4 
= (2 +7) 
1 Vx y? 
(b) [ve a(x. y.2)= | ax [ yay f e* dz 
KY 0 0 0 
1 JX y? 
=f ax [ se dy 
0 0 z=0 
1 JE ' 
= ax [ ye” —1dy 
0 0 
1 1 Vx 
=;/ (e”” -y?) dx 
2 Jos LG 
1 1 
= *_x—l1)d 
a (e~ —x —1)dx 
ey are ee 5 
=5 e 7 x: — e 3 < 
eS = ee re 
(c) [xcaey.0 = | yay f xdx f zdz 
KY 0 0 0 


1 1 J1-y2 JVx2 Fy? 
“ifoaf le 
2 Jo 0 


C= 


1 1 a/ 1—y2 
=; yay f (x3 + xy?) dx 


2/35 


0 2g 
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1 Zz Vz 
(d) ie d(x, y,Z) =| dz f yay dx 
S 0 0 z2 


= [ w2- Dae [yay 


1 1 
= >/ (2/7 = 7) dz 
0 


1 /2z9/2  z6 
~2\°9 6 


7.2.18. (a) The two surfaces intersect on the circle es y,Z) | x?+y?=4,z7= 2 


2 S4—x> 8—x?—y? 2 V4—x2 
v=f ax [ ay | dz=2f ax [ (4—x?-y)dy 
-2 —V4—x2 x2+4y2 -2 —V4—x2 
2 Ja—x2 2 y3 V4=x2 
=4/ ax f (4-2? = y?)dy =4 f (4v-7y-4) 
-2 0 -2 


1 2 
— aah Gas dx. 
0 


ae | 
a 36° 


y=0 


(b) 


1 1-x x?4+y? 1 1-x 
v= | ax [ ay | dz = | ax f (x? + y?) dy 
0 0 0 0 0) 
1 3 1-x 1 3 
2 y 1 2 4x 
[la []o-£6 eae )a 


1 


2 x y 2. x 
C) vefafaf a=faf re 
0 0 0 0 0 
2 


0 


V1-x2 g pl 
dx == | (1—x?)?/? dx. 
3 Jo 


1 3 

y. 

=—4 —x7y- a 
I (> Be ) 


y=0 


203 


dx 
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The change of variable x = sin 6 yields 


m/2 5 m/2 
v=/ cost de == | (1 + cos 26)? dé 
0 0 


2 2 


7.2.19. (a) 


L(S») wey fv dX 


Z 1 bj 
{2G i odes 
j=l aj 


Sb a; 
n 2 bj; 
= —b — by)+++ (an — by _— 
(a, — b1)(az — bz)+++ (a 2d, 26; —a))|a, 


Be Vi oes DEC, ey 
= NA Tide 


2 é 
j=1 
(b) 
2) dxX= / (dX 
£(55) Ze 
n 1 bj 
= (a1 — bi)(@z ~ bz) ++ (dn = bn) YF / x7 dx; 
it 3 bj 
= —b —by)+++ (an — Dp —_/ 
Cie hy ab) ag aa, 
(a, — by)(az — bz) +++ (Gn —bn) 
= SEE: 2} + ajbj +b). 
(c) 


b, bo bn 
/ XyX2+++Xy,dX= i x1 dx i x2 dx2)-°- i Xn AXn 
R ay a2 an 


= 2" (bj — ap (bz — a3) +++ (by — Gy) 


m/2 m/2 3 1 
=-=/ (1 +08 26 + eos? 20) 0 = = [ (5 + 200828 + 500548) dd = 
3 0 3 0 2 2 


TU 
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7.2.21. S = S; U Sp U S3, where 


S,={@,y)|-lsx<1,0<y<}}, 
S. = {(x,y)|O<x<y-ll<y<2}, 
S3= {(x,y)| -l<x<l-y,l<y<2}. 


1 1 
[ervdane dy [ (+ yds 
1 x2 1 1 
=f (F+) -| dy =2 | ydy=1; 
2 y-1 2 x2 y-1 
[erndena= fap oryar=| (+) "| dy 


2 (3y? 1 y? y\| 
= ate) ~)dy=[(H—-—y?4+2 
[CG v5) a (5 +3) 


1 


“[(-B) 0-8-8) 


1 7 
therefore, [o +y)d(x,y)=14+1+-=-+. 
Ss 


3+ a3 
7.2.22. Reversing the order of integration yields 


[ F, pee dy [ 1 fe 1—y2 xdx 
X aX —————$S>=_S._ > ————— 
0 0 Very Jo So Vx? + y? 


1 1—y? 
= (Vx? +9) dy 
0 x=0 
1 2 1 
y 1 
= l—-y)dy= -— =-. 
he y) dy (> ) Ree 


x 


7.2.23. Integrating y™ (x) = f(x) from a to x yields (B) y"-) (x) = / f(ti) dt, 


a 
t t2 
since y"~)) (a) = 0. Integrating (B) from a to x yields y"~”) (x) = i dt f(t) dt, 
a a 


since y—?) (a) = 0. Continuing in this way yields (A). 
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(a) Reversing aie ordet of the integrations with respect to f; and fz as in Example 7.2.11 
x 


yields dt in dt) = iz (x — ti) f(t1) dt. Now complete the proof by induc- 


tion. Ifn >2 and 


7 din 7 eee Af ar [ fu)dn =z ao | owe rnan. 


then 


x tn 3 to 1 x tn 
[odin Patra fda f ftaydn = fate [rn fade, 
a a a a (n — 2)! a a 


and reversing the order of the integrations with respect to ft; and t, on the right as in Exam- 
ple 7.2.11 yields 


[a a dina fo anf fii) dh = conf («1 f(t, 


where we have changed the dummy variable 7) to ¢. 
7.2.24. 


p p 
/ e *” sinax d(x, y) = i dy | e *” sin ax dx 
To 0 0 


=i ay in e PO sinap + acosap) 
dg a2 + y? 0 a? + p? a 


By Schwarz’s inequality, 


y sinap + acosap z 1 
a? tp ~ a2 + p> 


1° 1 
so the second integral is less in magnitude than - | e dy =— >0asp > ow; 
a Jo pa 


hence, 
[o.@) 


==. (A) 


A 
alo 2 


[oe 
I(a) = eee ees 
(a) [ ae 


Reversing the order of integration yields 


p p 
/ e ~” sin ax dx =i sinax ax f e dy 
To 0 0 
P{—ew | 
= —— sinax dx 
0 xX 


Po p ; 
sinax _. sinax 
= dx — e *? dx 
0 x 0 x 
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sinax © sinax 


But je ~° 


< |jale~~°, so the second integral > 0 as p > oo. Hence, I(a) = / 
0 Xx 
This and (A) yield the conclusion. 


7.3 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS 


7.3.1. Let S; and Sz be dense in R and S; U Sp = R; for example, let S; be the set of 
points in R with rational coordinates and let Sz be the set of points in R with at least one 


irrational coordinate. Then / Ws,us, dX = i Ws,us, dX = V(R), while / Ws,dX= 
R R R 
[ vs: dX = V(R), so | Vs, ax+ | Ws, dX = 2V(R), and [ ws,dX = / Ws, dX = 
R R R JR JR 
0,0 | vs ax+ | vs. dX =0. 
LR ZR 


7.3.2. Let R = [a1, bi] x [a2, b2] x--- x [an, by] be a rectangle containing E and let € > 0. 
Suppose that E has Jordan content zero. Since i; We (X)dX = 0, there is partition P = 


R 
{R1, Ro,..., Rx} of R such that Sy,(P) < ¢; that is, if U = {j| Rj; E #9}, then 
> V(T;) < . Since E C U T;, E has content zero in the sense of Definition 7.1.14. 
jeU jeU 
Now suppose that E has content zero in the sense of Definition 7.1.14. Then there are 
rectangles T; = [a1;,b1;] x [a2;,b2;] x ---[anj,bnj] Q < j <n) in R such that E C 
m 


m 

le T; and a V(T;) < ¢. For 1 <i <n let P; bea partition of [a;, b;] that includes the 
j=l j=l 
partition points a;, bj, aj1, bi1, 4i2, bj2, ..., Gin, bin, and let P = Py x Pz x---x P,. Then 


(A) Sy; (P) < €. Since sy,, > 0, it follows that f We (X) dX exists (Theorem 7.1.12) and 
R 
equals [ve (X) dX (Theorem 7.1.8). Since 0 < i We(X)dX < Sy,,(P), (A) implies 
R R 


that i We (X) dX = 0; that is, F has Jordan content zero. 
R 


7.3.3. Since S; and Sz are Jordan measurable, 0S, and 02 have zero content (Theo- 
rem 7.3.1). Therefore, 0S; U 0S has zero content. Since 0(S; U S2) C 0S, U 0S and 
0(S1, N Sz) C OS; U OS (Exercise1.3.24(a),(b)), 00S; U S2) and 0(S; M Sz) have zero 
content. Therefore, S$; U Sz and S; M Sz are Jordan measurable (Theorem 7.3.1). 

7.3.4. (a) Since S is Jordan measurable, S is bounded (by definition). Therefore, 0S has 
zero content (Theorem 7.3.1). Since 0S C 0S (Exercise 1.3.24(c)), 0S has zero content. 
Therefore, 0S is Jordan measurable (Theorem 7.3.1). 

No; S = {(x, y) | O<x<10<y<Il,x,y rational} is not Jordan measurable, but S 
is. 


(b) Since S and 7 are both Jordan measurable, 0S and dT have zero content (Theo- 


dx. 
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rem 7.3.1). Since 0(S — T) C 0S U OT (Exercise 1.3.24(c)), (0S — T) has zero content. 
Therefore, S — T is Jordan measurable (Theorem 7.3.1). 


7.3.5. Suppose that « > 0. From Theorem 7.3.1, V(0S) = 0, so 0S can be covered 
k 


by rectangles Rj, ..., Rx such that (A) ~ V(R;) < €; moreover, we may assume that 
i=1 


k 
aS CT = 'o R°. Now SN T¢ is aclosed subset of S°, and 


i=1 
H =[HN(SNT*)|U[H NT]. (B) 


But V [HM (SM T°)| = 0 by assumption, so HM (SN T°) can be covered by finitely 
many rectangles with total content < €. Now (A) and (B) and the definition of T imply that 
H can be covered by a collection of rectangles with total content < 2¢. Hence, V(H) = 0. 
1 ifr=s, 


Gy ares so I = [6,5]. Let A = [a5], E = [es], and EA = 
n 


7.3.6. Define 6,5 = 


[,s]. In all cases, bps = > erkAkr- 
k=1 
(a) If E is obtained by interchanging rows i and j of I, then 


ors ifr Ai andr F j, 


ers = 5 js ifr =i, 
Sis ifr = j. 
Opps = Gre 5 IEP x i andr x S, 
THESE, Dp 40 a = eg dl A, 
biiGis = Gis , ifr = j. 


(b) If E is obtained by multiplying row i of I by a constant c, then 


f : 
Bo We ifr #i, 


céis ifr =i. 


Orrdrs =A ifr #i 
Therefore, b>; = ¢ 77 °"° a ee a i 
CbjiAis = Cais , ifr =i. 


(b) If E is obtained by adding c times rowi of Ito row j (j #7), then 


2 a [ors ifr # j, 
rs V8is+cbi5 ifr = j. 


Therefore, b;; = ee mee : ne i jh 

6 jj js + cbjjdis = Ajs tedis , ifr = j. 
7.3.7. (a) Note that det(I) = 1. Interchanging two rows of a matrix multiplies its deter- 
minant by —1; hence, det(E) = —1 if E is of type (a). Multiplying a row of a matrix 
by a constant c multiplies its determinant by c; hence, det(E) = c if E is of type (b). 
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Adding a multiple of one row of a matrix to another does not change its determinant; 
hence, det(E) = 1 if E is of type (c). 
(b) We must have E~'E = I in all cases. If E interchanges rows i and j, then E~! = E. If 


E multiplies row 7 by c, then E~! multiplies row i by 1/c. If E adds c times row i to row 
j then E~! adds —c times row i to row /. 


1 01 1 0 1 1 0 0 
7.3.8. (a) A = 1 1 0 J;A,;=] 0 1 -1 | =EyAwithE; =] -1 1 O |; 
0 1 1 0 1 1 0 0 1 
1 0 1 1 0 0 
Aro=] 0 1 -1 | =E,A; with E,=] 0 1 01]; 
0 0 2 0 -1 1 
1 0 1 1 0 O 
A3 = 0 1 -!l = E3A, with E3= 0 1 0 ;: 
OF. if 01 4 
1 0 0 1 0 -!l 
Ay = 0 1 -!l =E4A3 with E,= 0 1 0 3 
0 0 1 0 0 1 
1 0 0 
I=Es5A, with E5=] 0 1 1 |; I= (E5E,E3E2E))A; 
0 0 1 


A =E)'E;'E;'E;'E;' 


1 0 0 1 0 0 1 0 0 
=] 1 1 0 0 1 O 0 1 0 
0 0 1 0 1 1 0 0 2 
1 0 1 10 O 
x} 0 1 0 0 1 -l 
0 0 1 0 0 
2 3 -2 1 2 -l 3 00 
(b)A=] 0 -1 5 |;:A;=] 0 -1 5 | =E,AwithE;=| 0 1 0 
Oe 2014 O22. - od 00 1 
1 23 -1 1, 030 
Ad = 0 1 —5 =E,A, with E,= 0 -l1 O 5 
0 —2 4 0 oO 1 
1 3 =] 1 0 0 
A3 = 0 1 —-5 = FE3A. with E3 = 0 1 0 ; 
0 0 —6 0 2 1 
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1 3 -l | 
Ag = 0 1 —5 = Ey4A3 with E,= 0 1 0 ; 
a as 0 0 -4 
1o # 1 -3 0 
As5s=]|] 0 1 -—5 |=EsAq4 with E;=]| 0 1 0 |; 
0 0 1 0 0 1 
10 0 10 -# 
Ag = 0 1 —-5 =E6A5 with Ee = 0 1 0 ; 
00 1 0 0 1 
1 0 0 
I=E,Ae6 with E,=]} 0 1 5 |; T= (BK, E6E5E,E3E2E))A; 
0 0 1 
A=E,'E,'E,E, EEE," 
2 0 0 1 0 0 1 0 0 10 O 
=| 0 1 0 0 -1 O 0 1 0 0 1 0 
00 1 0 oO 1 0 —2 1 0 0 -6 
1 3 0 1o# 10 0 
x| 0 1 0 0 1 O 0 1 -5 
0 0 1 00 1 00 1 
x u : 1 d —b : 1 
7.3.9. =A thA = .S det(A) = ———_, 
Bi | |v vee ee | mee SY) ad —be 
Theorem 7.3.7 with S = [uw 1, uz] x [v1, v2] implies that V(L(S)) = eae 
ad — be 
x u ae ee a i f 
7.3.10. y =A} v | withA = -1 5 O . Since det(A) = ——, 
12 
Zz w —2 4 #0 
5 


Theorem 7.3.7 with S = [1, 2] x [5, 7] x [1, 6] implies that V = é 


7.3.11. IfX € H = G(S;)NG(S NS7), then X = G(U;) and X = G(U2) where U; € S; 
and Uz € SM Sy. Since G is one-to-one on S° and U,; € S°, it follows that U2 € aS. 
Therefore, H Cc G(dS), so V(H) = 0, because V(G(0S)) = 0, by Theorem 7.3.1 and 
Lemma 7.3.4. Now use Corollary 7.1.31. 
7.3.12. We show that [2 = J. Similar arguments show that /3 = J; and [4 = [,. Note 
that 

TM ={@,y)|a? <x? +y? <b?,x>0, y=}, 

Ty = {(u,v) |? <u? +0? <b?,u <0, v > 0} 
Consider the transformation (x, y) = G(u,v) = (—u,v). Then G(T)) = T;. Since 
JG(u, v) = —1, Theorem 7.3.8 with S = T> implies that F(x, y) d(x, y) = f(—u, v) d(u, v), 

T T2 
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which can be rewritten as a) fe F(x, y)d(x,y) = [. F(—x, y) d(x, y), since the 


names of the variables of integration are irrelevant. Since f (Cx, y) = f(x, y), (A) implies 
that J2 = 1. 


7.3.13. (a) If X = (x1, X2,...,Xn) let H(X) = (€1%1, €2X2,..., en Xn) and, if U is any 

set, let U = {H(X) | Xe U}. If R is a rectangle containing 7, then R is a rectangle 

containing T. fP = {Ri, Ro,..., Rx} is a partition of R then P= {Ri Ro,... Ry} is 
k 


a partition of R. Ifo = PS f(X;)V(R;) is a Riemann sum of fr over R, then @ = 


jJ=1 
k 


eo se g (A(X; ))V(R;) is a Riemann sum of ge over R, and conversely. However, since 
j=l 
g(H(X;)) = f(K;) and V(R;) = V(R;), 6 = ego. This implies the conclusion. 


(b) Define g(H(X)) = /(X); that is, let e9 = 1. From (a), g is integrable on T=T 
and i g(Y)dY = i, F(X) dX, which is equivalent to (A) if g(X)dX = / F(X) dX, 
since thie name of the variable of integration is irrelevant. Since H(H(X)) = X, g(X) = 
f(H(X)) = —/f(X). Therefore, (A) implies that -f f(%)dxX = [ £0 dX, so 


[ f(X) dX =0. 


— 2 4 
Fo At) Let| : = F(x, y) = ie Jie Fo = De ne |: 
7 x + 2y 


1 2 
so ; ; 
2y+x 2y +x) 1 (1 + 2u) 
JF ; = = _-_ — 
y¥) x? x2 2y +x v 
If G = F“ then JG(u, v) = aie so Theorem 7.3.15 with f = 1 yields V = 


[= 7) ya, v), with S = [1, 4] x [1,3]. Therefore, 
s 


4 du 3 1 4) ] 2/7 1 4 
v=/ com |, vv = [aa j E |-()s-3 


| : = F(x, y) = ae ]ishen Fos. 99 — ing t/x |= JF(x,y) = 


2 
oe ts = 2v. If G = F" then JG(u,v) = ae so Theorem 7.3.15 with f = 1 yields 
x 2v 


5 


V -| 5 —d(u,v), with S = [2, 4] x [2,5]. Therefore, V = a auf ual = log x. 
sg 2v 2 Jo 2 vU 2 
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7.3.15. Let 
u x u 
v = ; then y | =A] v = G(u, v, w), 
Zz WwW 
1 1 
where A = 5 and JG(u, v, w) = det(A) = =. From Theorem 7.3.15, 


2 
[ee 42y + z)d(x, y,z) = me [=] Jn “) ef (= *)| d(u, v, w) 


1 
= ; [or + 6uv + 6uw — 6u + 3v? + 6uvw + 2v + 3w? + 2w) d(u, v, w) 
Ss 


where S = [—1, 1] x [—1, 1] x [—1, 1]. Exploiting the symmetries in S reduces this to 


9 7) 1 1 
[G7 +2y + 0d0,9.2) = ;/ auf av | w? dw =3. 
T 8 J-1 -1 -1 


u | _ = xy ; ; = y x _ 
7.3.16. Let| i = F(x, y) = pa |ithen F (x,y) = Ape 4 and JF(x, y) = 
y + 2x?. Theorem 7.3.15 with G = F~! implies that 


2 2 = 9 4 
[oreey ay den =f 3S aay = fos) au.r) = [ vdtu., 
T Ss y+2x Ss Ss 


2 1 
1 
where S = [1, 2]x[0, 1]. Therefore, [| (y?-+4?y—204) d(x, y) = au | vdv= 3" 
T 1 


ul_ = xy : ! _| ¥ 
7.3.17. Let | = F(x, y) = ge age |ithenF (x,y) = oe ay a and JF(x, y) = 
—2(x? + y*). Theorem 7.3.15 with G = F~! implies that 


fotroveracn at fF eran at frye? dw =F f vetau.y) 
iG y")e BD) 5 | cay ga” ee eg y~)e a Me u,v), 


i ope ‘ 5 
with S = [1,2] x [2,3]. Therefore, V = >| e auf vdv= qe — 1). 
1 2 


7.3.18. Let 
x ar cos 6 cos @ 
y | =G(r,6,¢)=]| obrsinOcos¢d |; 
Zz crsing 

then 


acos@cos@ —arsin@cosd —arcosé sing 
G'(r,0,¢) =| bsin@cos@ brcos@cos@ —brsiné sing 


csing 0 crcos@ 
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and J G(r, 0, @) = abcr* cos ¢. Theorem 7.3.15 implies that V = abc / r* cos ¢ d(r, 0, @) 
Ss 


with S = [0, 1] x [0,27] x [=. -=]. Therefore, 


1 20 a /2 4 
V= abe | Par f ao | cos ¢ dé = =nabce. 
0 0 —n/2 3 


7.3.19. From the discussion of spherical coordinates, 


Berar te ahr 5 
————_ d(x, y,z) = i —r* cos¢ d(r,0,) = / re’ cos¢d(r, 6, ¢) 
T f/x2+y2 +22 sv Ss 


with S = [3, 5] x [0,27] x [5 =| Therefore, 


2 
graye bee 5 2 20 n/2 
———_ d(x, y,z) = i re’ ar | ao | cos @ dp = 2n(e?> — e?). 
T Vx? + y2+4+ 2? 3 0 —n/2 
x rcos 6 cos@ -—rsin@d 0 
7.3.20. Let} y | =G(r,6,z) =| rsin@ | ;thenG’(r,6,z) =| siné rcos@ 0 
Zz Zz 0 0 1 


and J G(r, 0, z) = r. Theorem 7.3.15 implies that V = i rd(r, 6, z) with S = {(r, 0, Zz) | 0<z<r0<r<2,0<0< 2x}. 
Ss 


2 2 Z 2 16x 
Therefore, V = [ ao | rdr f dz =2n | r? dr = —. 
0 0 0 0 3 


u x? — y? 2x —2y 0 
7.3.21.Let| v | =F(x,y,z)= | x? + y? |;thenF’(x,y,z)=| 2x 2y 0 
Z Zz 0 0 1 


and JF(x, y,z) = 8xy. IfG = F—!, then JG(u, v, Z= Ge" and Theorem 7.3.15 with 


1 
implies that f xyz(x* — y*)d(x, y,z) = ;/ uvz d(u,v,zZ), where S = [1, 2] x [3, 4] x 
2 , 1 2 4 1 21 
[0, 1]. Therefore, [ xyz(x* — y*)d(x, y,z) = ;/ udu [ vdv [ zdz=—. 
a 8 Ji 3 0 64 


7.3.22. In all parts denote the iterated integral by /. 
d(x, 
(a) I =H Oye. where T = {@»|ysx< V4-97, 0 y < V2}, which 
T 


Page 
is the image of S = {(, 0) | 0<r<2,0<60< m/4} under the transformation | é = 
m/4 2 d 
G(r, 8) = ee . Since JG(r, 6) = r, Theorem 7.3.15 implies that 7 = do ee 
r sind 4 9 1+r2 


Does. 
ge 
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(b) J = / ex ty? d(x, y), where T = (9) | O<y<V4-%x7,0<x< 2}, which 
T 


is the image of S = {(r, 0) | 0<r<2,0<0< m/2} under the transformation | : = 


rcos@ 


GG 8)'= rsin@ 


n/2 2 
/ ao [ re” dr = et =i): 
0 0 4 


(c) I = f 2acey.2) where 
T 


. Since JG(r, 6) = r, Theorem 7.3.15 implies that 7 = i. re" d(r,@) = 
Ss 


T = {(x,y,2)|0<z< VI-# = 2 IS ep all 'S x: -1<x<il, 


which is the image of S$ = {(, 0,0) | O0<r<1,0<0<27,0<¢< m/2} under the 


x r cos 6 cosh 
transformation] y | = G(r,6)=]| rsin@Ocos¢ |. Since JG(r, 0) = r?cos ¢, The- 
Zz rcos¢ 


20 1 m/2 
orem 7.3.15 implies that J = / r* cos¢ sin? ¢ d(r, 6.) = / ao | rar f cos ¢ sin? ¢ do = 
Ss 0 0 0 
20 
15° 
7.3.23. By symmetry, the 4-ball is the union of 16 sets, each of which has the same volume 
as 
T, = {(%1, X2, x3, X4) | x7 + x5 +X3 +5 S07, x1, X2,x3, x4 >= OF. 


Moreover, 7; = G(S,), where 
S, = {(r, 91, 2, 93) |0 <r <a, 0 < 01,0, 03 < 2/2}, 


and G is one-to-one on $j. 


G'(r, 1, 2, 63) = 


cos 6; cos 82 cos 63. —rsin 6, cos 62 cos 63. —rcos 6; sin@2 cos 63 —r cos 0; cos 62 sin 63 
sin 6; cos 02 cos 63 r cos 8; cos 62 cos 93 ~—r sin6, sin@2 cos 63  —r sin 6, cos 62 sin 63 
sin 92 cos 63 0 r cos 92 cos 3 —r sin 62 sin 63 
sin 63 0 0 r cos 63 
JG(r, 0, ; 62, 83) = 
cos 6; cos 82 cos 63 +—sin 0, cos @2cos63 —cos 6; sin62 cos 83 —cos 6; cos 62 sin 63 
3| sin 6; cos 62 cos 63 cos 6; cos 82 cos 83. — sin O; sin@2 cos 63 —sin 6, cos 62 sin 63 
sin 82 cos 63 0 cos 62 cos 63 — sin 2 sin 63 


sin 63 0 0 cos 63 
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= r3(—Dj sin 63 + D2 cos 63, with 


— sin 6; cos 82 cos 43 —cos 6; sin6@2 cos 63 —cos 6; cos 62 sin 63 
D,= cos 6; cos 82 cos 63 +—sin 0; sinO2cos63 —sin 6 cos 62 sin 63 
0 cos 92 cos 63 — sin 62 sin 63 
—sinO; —cos6;sin@2 —cos 6; cos 62 
= cos 6 cos” 63 sin 63 cos6; —sin@;sin02 —sin§, cos 62 
0 cos 63 — sin 02 
: —sinO; —cos 6; 
= — cos? > cos” 63 sin 63 : 
cos6; —sin6; 
2 2 : —sin6; —cos6; 
— cos 92 sin” 0 cos 93 sin? ; 
= : ? : cos6; —sin6; 
= — cos 6) cos” 63 sin 63(cos” 42 + sin? 62) = — cos 62 cos” 63 sin 63. 
and 
cos 6; cos 82 cos 63 +—sin 0, cos 62 cos 63 —cos 6, sin 62 cos 63 
D2 =| sin 6; cos 02 cos 63 cos 6; cos 82 cos #3. — sin 9; sin O2 cos 63 
sin 02 cos 63 0 cos 62 cos 63 
cos 6; cos@2 —sin@; —cos 0, sin 62 
= cos 4) cos? 63} sin 6; cos 45 cos 6; —sin 6, sin 62 
sin 62 0 cos 65 
. —sin6; —cosé 
= cos 4) sin? 0 cos? 63 : ee 
cos6; —sin6; 
cos6; —sind 
+ cos? 6) cos? 03; ~.. 2! } 
sin 0; cos 6; 
Pears: 7) 2 = 3 
= cos” 63 cos 82(sin~ 02 + cos* 82) = cos 62 cos” 43. 
Therefore, 


JG(r, 61, 02, 03) = r>(—D, sin 03 + D2 cos 03) 


= r3(cos 62 cos” 63 sin” 63 + cos 62 cos* 63) 
= r? cos 02 cos” 63. 


Now Theorem 7.3.8 implies that 
V(T\) = / r> cos 62 cos” 63 d(r, 61, 02, 63) 
S] 


m/2 m/2 m/2 2. m2q4 
=) doy | c0s 62 d02 | cos” 6s d6, f redr= : 
0 0 0 0 


204 
eV =v —— 
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7.3.24. (a) Let Y = AX; then X = A~'Y and V(T) = |det(A~!)|V(S), where S = 


Abies, Bloc Basham) = Aah 


n 
(b) Since x; = YA yy, Theorem 7.3.8 implies that 


i=1 


1 n 
x; dX = ——_ Av! if i dY. 
f= rasa 2 


Therefore, 
cjxj |dX= A) ic; i ; aY = ———_. a: | ; dY. 
I, dors rasta 2 | A365] JAY = Trea 4 J? 
F eo ag (A) 
V I V ~ — OF V 
However, / y dY = (S) / yj dy; = PES = iS) (a; + B;). There- 
KY Bi — 0; Ja; Bij -—aj; 2 2 
fore, (A) and (a) imply that f eo dX = Maes + Bi) 
‘ 7 = Hae | 2 = i\Gi i). 


7.3.25. The ellipsoid is the image of 7 under the linear transformation X = AY, where 
A is the diagonal matrix with a1, a2, ..., dy on the diagonal. Therefore, Theorem 7.3.7 
implies that the content of the ellipsoid is |a,a2---dy|Vn- 


CHAPTER 8 
METRIC SPACES 


8.1 INTRODUCTION TO METRIC SPACES 


8.1.1. Clearly, (a) implies (i) and (b) and (c) imply (ii). Also, (b) and (c) imply (ii). For 
the converse, setting u = v in (ii) yields 2o(w, v) => O for any (w, v), and letting w = u 
here and invoking (i) yields (a). Setting w = v in (ii) yields (A) p(u, v) < p(v, u) for all u 
and v in A. Interchanging u and v in (A) yields (C) p(v, u) < p(u, v) for all wu and v in A. 
Now (B) and (C) imply (b). Since p(w, u) = p(u, w), (ii) implies (ce). 

8.1.2. p(x, y) < p(x, u) + plu, v) + p(v, y) and p(u, v) < p(u,x) + p(x, y) + p(y, v) 
so p(x,u) + p(v, y) = p(x, y)— plu, v) and p(u, x) + p(y, v) = p(u, v) — p(x, y). Since 
p(u,x) = p(x,u) and p(y, v) = pv, y), the last two inequalities imply that |p(x, y) — 
plu, v)| < p(x, u) + plv, y). 

8.1.3. (a) We must show that o is a metric on A. It is obvious that o satisfies Defini- 
tion 8.1.1(a) and (b). For (c), 


plu,v) 1 1 


olu,v) = ———- = < 
ae I p@,”) 1 + —— a 
plu, v) plu, w) + p(w, v) 
_ pw) t pw.v)  _ plu, w) p(w, v) 
1+ p(Qu,w)+p(w,v) 1+pu,w)+p(w,v) 1+ plu, w) + p(w, v) 
plu, w) p(w, v) 
————_ =ol(u,w)+o0(u, v). 
~1+ptu,w) 14+ p(w,v) ( ) (o>) 
Pn (u,v) 
(b) Define py+1(u, v) = ——————-,, n = 1. Then (A, py) is a metric space, by induc- 
1+ pn(u, v) 
tion. 
8.1.4. Suppose that wo € S'. If S is open in (A, p) there is ane > 0 such that {u | p(u, uo) < e} E 


S.Ifo(u,uo) < —* then JOU). 
l+e 1+p(u,uo) Ite 
hence, S is open in (A, o). 


, 80 p(u, Uo) < € and therefore u € S; 
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If S is open in (A, o) there is an € > 0 such that {u | a(u,ug) < e} Cc S. We may assume 
that e < 1. If p(u, uo) < ioe! then o(u,uo) < € and therefore u € S; hence, S is open 
—€ 


in (A, p). 

8.1.5. It is obvious that p satisfies Definition 8.1.1(a) and (b). For (c), we consider the 
possible cases: 

(i) Ifu ~ w, then p(u, v) < 1 = p(u, w) < p(u, w) + p(w, v), since p(w, v) > 0. 
(ii) If w = w and v ¥ u, then p(u, v) < 1 = 04+ 1= p(u,w)+ p(w, v). 

(iii) If vw = v = w, then pu, v) = 0 = 04+ 0= plu, w)+ pu, v). 

8.1.6. (a) If p(v, uo) = 71 > r and p(u,uo) <r, then p(v, uo) < p(v,u) + p(u, uo), so 
p(v,u) > p(v, uo) — p(u, uo) > 71 —r; hence, S$.(v) 1 S-(uo) = O ife < ry —-T. 

(b) Si (uo) = {uo}, {u| p(u.uo) < 1} = A 

8.1.7. (a) If Sy, So, ..., Sn are open and u € MN?_,S;, there are positive numbers €1, €2, 
.++5 €, Such that S.,(u) C S;. Ife = min {é; | l<i< n}, then S.(u) C N?P_, Sj. 

(b) Let T = U?_,T; where 7), T2, ..., T, are closed. Then T° = N?_,T,°. Since TY is 
open, so is T°, by (a). Hence, T is closed. 

8.1.8. (a) Since U is a neighborhood of ug there is an € > 0 such that S<(uo) C U. Since 
U CV, Se(uo) C V. Hence, V is a neighborhood of uo. 

(b) Since U;, U2, ..., Un are neighborhoods of uo there are positive numbers €1, €2,..., €n 
such that S<;(uo) C Uj, 1 <i <n. Ife = min {ei | l<i< n\, then S.(ug) C N'_,Uj. 
Hence, N?_,U; is a neighborhood of uo. 

8.1.9. If wo is a limit point of S then every neighborhood of wo contains points of S other 
than uo. If every neighborhood of vo also contains a point in S°, then vo € OS. If there is 
a neighborhood of uo that does not contain a point in S° then vo € S°. These are the only 
possibilities. 

8.1.10. An isolated point wo of S has a neighborhood V that contains no other points of S. 
Any neighborhood U of uo contains V MU, also a neighborhood of uo (Exercise 8.1.8(b)), 
soS°NU #4 @. Since ug € SNU, up € OS. 

8.1.11. (a) If wp € OS and U is a neighborhood of uo, then (A) UNS ¥ Q. If uo is not 
a limit point of S then (B) UN (S — {uo}) = @ for some U. Now (A) and (B) imply that 
ug € S, and (B) implies that wo is an isolated point of S. 

(b) If S is closed, Theorem 8.1.13 and (a) imply that 0S C S;hence, S = SUdS = S. If 
S = S,then dS Cc S. Since $° C S$, S is closed, by Exercise 8.1.9 and Theorem 8.1.13. 
8.1.12. (a) If uo is a limit point of 0S and € > 0, there is au, in Se(up) NOS. Since S_(uo) 
is a neighborhood of uv, and uv, € 0S, Se(uo) NS F OB and Se(uo) N S* # GO. Therefore, 
Ug is in 0S and OS is closed (Theorem 8.1.13). 

(b) If wp € S°, then Se(uo) C S for some € > 0. Since S<(ug) C S° (Example 8.1.5) S° 
is Open. 

(c) Apply (b) to S°. 

(d) If wo is not a limit point of S, there is a neighborhood of wo that contains no points of 
S' distinct from uo. Therefore, the set of points that are not limit points of S is open and 
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the set of limit points of S is consequently closed. 


(e) (S \ = exterior of S, which is open, by (b). Hence, S is closed and (S ) = S from 
(Exercise 8.1.11(b)), applied to S. 

(a) u € (S$; NS2)° > uw has aneighborhood N C $;N Sz Su € Sy and u € Sy Sue 
Se N SS (b)u € Se U SY >uUue ST oru € Ss? => u has a neighborhood N such that 
N CS, or N C Sp > whas aneighborhood N C S$; U Sz > u € (S, U $2)°. 


8.1.14. (a) wu € 0(S; U S2) = every neighborhood of u contains a point in (S$; U S2)° 
and a point in S$; U S». If every neighborhood of uw contains points in S$; M S2, then 
u € 0S; 1 d0S2 C dS; U OS2. Now suppose that u has a neighborhood N such that 
N 1S; = @. If U is any neighborhood of u, then so is NN U, and NNUN Sz # @, 
since N M U must intersect S; U S2. This means that u € 0S2 C 0S; UdS>2. A similar 
argument applies if w has a neighborhood N such that NN Sz = @. 
(b) wu € 0(S; M Sz) = every neighborhood of u contains a point in ($j M S2)° and 
a point in S; Sz. If every neighborhood of u contains a point in (S$; U S2)°, then 
u € 0S; 1 d0S2 C dS; U OS2. Now suppose that u has a neighborhood N such that 
N C S}. If U is any neighborhood of u, then so is NN U,and NNUN SS # 9, since 
NOU must intersect (S} M S2)°. This means that uw € 0S. C 0S, U OS. A similar 
argument applies if w has a neighborhood N such that N C Sp. 
(c) If u € OS, then any neighborhood N of u contains points ug in S and uw, not in S. 
Either vp € S or vo € OS. Ineither case NN S 4 @. Since uy € NN S*, it follows that 
u € OS; hence, 0S COS. 
(d) Obvious from the definition of 0S. 
(e) 
aS—T)=a(SMT*°) (definition of S — T) 
Cc OSUOT* (Exercise 8.1.14(b)) 
= 0S UOT (Exercise 8.1.14(d)). 


8.1.15. It is obvious that ||-||,, satisfies Definition 8.1.3(a) and (b). For (c), since |x; + y;| < 
|x;| + |yi|,i = 1, 2,..., n, it follows that 


max {|x; + yj||1 <i <n} < max {|x;||1 <i <n} + max {|y;||1 <i <n}; 


hence, ||X + Yn < ||XIln + Yn. 
k 
8.1.16. (a) o(X, ¥) = }/ o(xi. yi) = O with equality if and only if x; = y; for <i <k; 


i=1 


that is X = Y; 


k k 
p(K,¥) = Do pia. vi) = D> piv. xi) = p(¥, X); 
i=1 i=1 
k k 
p(X. Z) = D> p(xi.zi) < Yo (Ou. vi) + pO Zi) = p(X. Y) + p(¥, Z). 


i=1 i=1 
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n 


(b) limp +o X, = X © lim p(X, X) = 0S lim p;(x%i7,x;) = 0,1 <i < k 
r—oo roo 
= lim xj, = Xj,1 <i <k. 
roo 

(c) Let € > 0. If {X;}°° , is a Cauchy sequence there is an integer m such that p(X;, Xs) < 
€ifr,s > m. Therefore, for1] <i <k, p(Xir, xis) < € forr,s > m, so {x;,}Z, isa 
Cauchy sequence. 

Conversely, if {x;,}°2, is a Cauchy sequence for < i < k, there is an integer m such that 
P(Xir, Xis) < €/k, 1 < i < k. Therefore, p(X,,X;s) < €ifr,s > k, so {X,}%, isa 
Cauchy sequence. 

(d) Follows from (b) and (c). 


[o.@) 

8.1.17. (a) Since DS aj < oo, p(X, Y) is defined for all (X, Y), by the comparison test. 
i=l 

For the verification that p is a metric, see the solution of Exercise 8.1.3(a). 


[o.@) 
(b) . Suppose that lim x;, = X;,i > 1. Let € > 0. Choose WN so that dS aj; < €/2. 
roo 
i=N+1 


= € 
N h R that ir, Xi) < 
ow choose R so that p(xjr, Xj) oN 


ifr > R,1 <i < N. Then p(X,,X) <« if 
Qi 
r > R,so lim X; = X. 

roo 


Now suppose that lim X,; = X. Let 0 < «€ < 1. Fora fixedi > 1, choose R; so 
roo 

shat pO ae STR eR hens POS pS he oie anplies that 
2 1+ p(%ir.xj)) 2 


ae € : A 
P(Xir, Xi) < we <eé,r > Rj, 80 lim; 99 Xjp = Xj. 


(c) Suppose that {x;,}°2, is a Cauchy sequence for all i > 1. Let € > 0. Choose N so 
Co 
€ 


ifr,s>R, 1<i<QN. 
2Na; 


that ys a; < €/2. Now choose R so that p(xir, Xis) < 
i=N+1 
Then p(X,, Xs) < €ifr,s > R, so {X,}?2, is a Cauchy sequence. 
Now suppose that {X,} is a Cauchy sequence. Let 0 < € < 1. Fora fixedi > 1, choose Rj 
€Q; P(Xir, Xis) € eee 
so that p(X;, Xs) < —,r,s > R;. Then ——————— < -=,r,s > Rj. This implies 
py 1+ p(Xir,Xis) 2 


€ : 
that e(Xir, Xis) < 5 <e,r,s > R;, 80 {x;,} is a Cauchy sequence. 
—e€ 


(d) Follows from (b) and (c). 


8.1.20. Let a and b be nonnegative. Since p < 1, Minkowski’s inequality implies that 
(al/P+b1/P)P < a+b. By lettingu = a'/? andv = b!/? we see that (u+v)? < u?+v? 
if u, v > 0. Therefore, 


n n n DP 
Do lee + vil? = DoCaal + ly? <= Do lel? + DS bl? 
i=l i=1 i=1 ca 


so p(X + Y) < pX + pY. However, p is not a norm, since p(cX) = c? p(X). 
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8.1.21. (a) If os |x;|? < oo then limj+.x; = 0, so there is an integer J such that 


|xi| < 1 fori > J. Ifr > p, then |x;i|" < |xi|? ifi > J; hence, PE < 00, by the 
comparison test. 


oe) 


1/r 
(b) For r > p let o(r) = (Yh01) | Since |x;|/o(r) < Lifr > p, (\xil/o(r))? = 
i=1 


(|x;|/o(r))’; therefore, 
or 1/p 6 1/p 
o(p) _ Ixi| \? Ixi| \" Z 
a!) 2 (> 5) = 
J 


(c) Let r > p > 1. Since 1/r < 1, Exercise 8.1.20 with p replaced by 1/r, u = > lil", 


i=1 


(oe) 


and v = |x;|" implies that 


i=J+1 
J 1/r 00 l/r 
|X, < (du) +( a ht" : (A) 

i=1 i=J+1 

Since limjo0 x1 = 0, |xi| = ||Xlloo for some 7, so (B) ||Xlloo < ||X||-. Let « > 0, and 

fore) 1/p 
choose J so that ( yy Hl?) < e. Applying (b) toX = {0,...,0,,x741,Xs+2,...} 
i=J+1 
68 1/r 
shows that ( se nt] <eifr > p; therefore, from (A) and (B), 
i=J+1 


J 1/r 
|Xlloo < |[XI|, < (>h0") +e, r>p, 
i=1 
SO 
IXlloo < |Xll- < J1/"|Xlloo +. 


Letting r — oo yields 


|X|] < lim ||X|]-|| < lim |X|, < |[Xlloo +. 
roo mec) 


Since € is arbitrary, lim;—o ||X||- = ||Xlloo. 
8.1.22. (a) From Exercise 8.1.3 |o(u,v)—p(un, Un)| < p(U, Un) + p(v, Un). If € > O there 
is an integer k such that p(u, un) + p(v, Un) < € ifn > k; hence, |o(u, v)— p(un, vn)| < € 
ifn >k,so lim p(uUy, vn) = p(u, v). 

noo 


(b) Let v, = v and apply (a) 
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8.1.23. There is an integer k such that ||u, —us|| < lifr,s > k. Therefore, ifr > k, then 

[utr] < [ux] + llr — vel] S [uel] + 1. 

8.1.24. (a) Clearly ||X|| => 0. If ||X|| = 0, then x; = 0. Now suppose that n > 1 and 
n 


xj = 0,1 <i <n-—1. Since bee: = 0, it follows that x, = 0. Therefore, X = 0, by 


i=1 
induction. Obviously ||aX|] = |a|||X|]. 


By the triangle inequality for real numbers, 


Yi@i ty} =)dout+ doy < 


i=1 i=1 i=1 
soX+ Ye AifX, Y € Aand||X+Y|| < ||X|| +||Y||. The verification of the other vector 
space properties is straightforward. 

(b) Let {X,j}9°, with X, = {x;-}92, be a Cauchy sequence in A. If € > 0, there is an 


n 
ee 


i=1 


n 
yi lp 


i=1 


n n 
Yoxit > yi s 


i=1 i=1 


n 

integer k such that ||X, — X;|| < «/2ifr,s > k. Since xn; — Xns = Ge — Xis) — 
i=1 

n-1 


S Ge — Xis), |Xnr —Xns| < € foralln > lifr,s > k. Hence, X, = lim;—+oo Xnr exists 
i=1 

for all n > 1 (Theorem 4.1.13). Let X= eee 

By Exercise 8.1.23, there is a constant M such that ||X;|| < M for all r > 1; that is, 


n 

Sr < Mifr,n > 1. Letting r — oo for each fixed n shows that xX e€ A, and 
i=1 

|X|| < M. 


SS Gr — Xis) 


i=1 


n 
See _ Xi) 
i=l 
8.1.25. (a) Straightforward. 


(b) If m > n then | fn(x) — fin(x)| = fr(X)U — fin—-n(x)) < fn(x), 80 || fn — fill < 
[ Iulx) dx < (b—a)/(n +1). 


Since < €/2 foralln > lifr,s > k, letting s — oo shows that 


<¢/2foralln > lifr > k; hence, lim;—oo ||X; — X| = 0. 


: 0, a<x<b..,. : : 
(c) jim n(x) = eas is discontinuous, and therefore not in C [a, b] 


8.1.26. (a) Since : + yil < [xi] + ly, sup {|i + yi| [i= > 1} < sup {|x| [i= > 1} + 
sup {[yi| gee > Tt 

(b) Let {X,}°2., be a Cauchy sequence in fo9. Write X, = {xj-}2,. Ife > 0 there is 
an integer R (independent of i) such that |xj, — xis| < € ifr, s > R; that is, {xj,}02, 


is a Cauchy sequence in R for each fixed i > 1. Let limpsooXjr = X;, i > 1, and let 
= {5)}72,. Then limps Xp = = X. To see this, let € and R be as above. For each i, 
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choose s; > R so that |x;5, — X;| < €. Then |xjr — Xi| < |xXir — Xis,| + |Xis, —Xi| < 2e if 
r > R; that is (A) ||X, — X|| < 2 ifr > R. Finally, since ||X|| < ||K — X,|| + ||X;|] and 
{X,}92, is bounded (Exercise 8.1.23), (A) implies that X € £59. 

8.1.27. Since the set of convergent sequences is closed under addition and scalar multipli- 
cation (Theorem 4.1.8), A is a subspace of R®. Since || - || = || - lloo, (A, || - |) is a normed 
subspace of £4, which is complete (Exercise 8.1.26(b)). Therefore, if {X,}°2, is a Cauchy 
sequence in (A, || - ||), there is an X such that lim,_,.9 X, = X= {x;}2, in the sense that 
(A) lim;—+o0 || XK, — X loo = 0. We have only to show that X = {x;}2, € A; that is, that 
lim;—oo Xj exists. By the triangle inequality |x; —X;| < |X; —xir|+|xir—xjr| + |x jr-—X;|- 
Suppose that « > 0. From (A), there is an integer k such that |X; — x;x| < ¢/3 and 
|xjx —X;| < €/3 for alli, j > 1. Therefore, |X; —X;| < |xjg — xjx~| + 2€/3 for all 
i, j = 1. Since X, converges, it is a Cauchy sequence (Theorem 4.1.13), so there is an 
integer N such that |x;x — x jx| < €/3 ifi, j => N. Therefore, |x; —X;| <eifi, j >k. 
Hence, {X;}?2, is a Cauchy sequence, and therefore convergent (Theorem 4.1.13). 

8.1.28. Since the set of sequences that converge to zero is closed under addition and 
scalar multiplication (Theorem 4.1.8), A is a subspace of R°. If X = {x;}92, is in A 
and ||X|loo = 0, then x; = 0 for all i. If ||X||oo > 0, there is an integer k such that 
[xi] < ||X|loo ifi > k, so ||X|loo = max {|x;| | l<i< ky In either case ||X|] = ||X|loo. 
Now an argument similar to the one used in the solution of Exercise 8.1.27 shows that if 
{X;,}e2, is a Cauchy sequence in A, there is a sequence X= {Xj }2, in £o0 such that (A) 
lim, 00 [Kr —Xlloo = 0. Let ¥ = limj—soo ¥). Then (B) |X] < [¥—3;] + |) —xir| + loxirl. 
Let € > 0. From (A), there is an integer r such that |X; — x;,| < € for alli > 1. Hence, (C) 
[x| < |k -—X;| + |xi-| +. Since lim;—+o9 xj, = 0 and lim;+o9 X; = ¥, we can choose i so 
large that |x;,| < ¢€ and |¥ — x;| < ¢. Now (C) implies that |X| < 3c. Since ¢ is arbitrary, 
x= 0. 

8.1.29. (a) Similar to (and simpler than) the following argument for (b). 

(b) Let {X;}°2., be a Cauchy sequence in p, with X, = {x;,}P2,. If € > 0, there is an 
integer k such that (A) ||X,;—Xs||p < € ifr,s > k. Therefore, |x;-—xjs| < € foralli > 1 
ifr,s >k. Hence, X; = lim;-soo Xjr exists fori > 1 (Theorem 4.1.13). Let X= oo ee 


By Exercise 8.1.23, there is a constant M such that ||X,||p < M for all r > 1; that is, 
lo) 1/p n 
o il < M forr > 1. Therefore, for every integer n, y |xir|? < M? for all 


i=1 i=1 


n 
r > 1. Letting r > oo withn fixed yields a [x;|? < M”. Now letting n — oo shows 


i=1 
lee) 


that 5° |%;|? < M?, sox et: 
i=1 
n 
From (A), if 7 is a positive integer, then ¥ |Xir —Xis|? < €? ifr, s > k. Letting s > 00 


i=1 
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n 
here yields se xi, —;|? < €? ifr >. Now letting n > oo shows that ||X, — X|| < ¢ if 
i=1 


r >. Hence, lim;—+99 X; = X. 


8.2 COMPACT SETS IN A METRIC SPACE 


8.2.1. If H is an open covering of Ce T; then H is an open covering of T;,1 < j <k. 

Since T; is compact, T; has a finite subcovering H; C H, and Us Ay is a finite open 

covering of Vee Tj. 

8.2.2. (a) Let S be a closed subset of a compact set T. Let {s,} be a sequence in S. Since 

T is compact there is a subsequence {5p ,} of {8,} such that limjoo 5n; = ¢ € T. Either 

T = sn, for some j or is a limit point of {s,} and therefore in S,, since S is closed. Hence, 

S' is compact (Theorem 8.2.4). 

(b) N{T | T € T} is aclosed subset of T. Apply (a). 

(c) Since every T in T is closed (Theorem 8.2.6), M {T | Te T} is closed. Apply (b). 

8.2.3. Ifa e SMT then dist(S, 7) = p(a,a) = 0. Now assume that SN T = @. For each 

positive integer n there is an sy in S anda t, in T such that p(sy, tn) < dist(S, 7) + 1/n. 

If p(n, tn) = dist(S, 7) for some n, we are finished. If p(sy,t,) > dist(S, 7) for all n, 

then at least one of the sequences {5,}, {tn} has infinitely many distinct terms. Suppose that 

{Sn} has this property. Since S is compact, there is a subsequence {5s,, } of {sy} such that 

oo Sn, = 5 € S (Theorem 8.2.3). From (A), ay P(Snxzstn,) = dist(S,T). Let s, = 
00 oo 

Sn, and t, = ty, . Then jim Ss, = 3 and Jim p(s;,,t,) = dist(S, T). Since T is compact, 

—>0o oo 


there is a subsequence {ti 3 of {t,} such that lim i =f € T (Theorem 8.2.3). Since any 
3 jroo 
subsequence of a convergent sequence converges to the limit of the sequence, lim Say =F 
and lim p(s; .,t,,.) = dist(S,T). Since lim p(s, .t,.) = p(S,f) (Exercise ??2(a)), 
jroo Jj iy joo Jj Jj 

p(s,t) = dist(S, T). 

8.2.4. (a) If T is totally bounded, there is a finite set 7; = {X1,...,X,} of bounded 
sequences such that if X € 7 then p(X, X;) < 1 forsomei ¢€ {1,...,k}. If X and Y 
are arbitrary members of 7, then p(X, X-) < 1 and p(X, Xs) < 1 for some r and s in 
{1,2,...,m}, so 

p(X, Y) < p(X, X;) + p(Xr, Xs) + p(Xs, Y) 
<2 + p(X, Xs) < 2+ max {p(X,Xj)|1 <i <j <n}. 


Therefore, JT is bounded. 

(b) If r # s, then p(X;, Xs) = 1, so T is bounded. Now suppose that « < 1/2 and Y = 
{yi }?21 1s a sequence such that p(X;, Y) < €. Then y, > 1—€ > 1/2,s0 p(Xs, Y) > 1/2 
for all s # r; that is, no vector can satisfy op(X,, Y) < € for more than one value of r. 
Hence, T is not totally bounded. 


8.2.5. Since T is compact, T is bounded (Theorem 8.2.6). For each integer n there are 
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members s, and t, of T such that (A) d(T)—1/n < p(8p, tn) < d(T). If p(sn, th) = d(T) 
for some n, we are finished. If o(Sn, tn) < d(T) for all n, then at least one of the sequences 
{Sn}, {tn} has infinitely many distinct terms. Suppose that {s,} has this property. Since T is 
compact, there is a subsequence {5,, } of {5,} such that ae Sn, = 3 € T (Theorem 8.2.3). 
00 
From (A), jim P(Sn,stn,) = d(T). Let s, = Sn, and t, = t,. Then lim 5, = Sand 
>00 


k->oo 


Aas p(s;,t,) = d(T). Since T is compact, there is a subsequence {t; } of {t,} such 
00 J 
that lim lng =f € T (Theorem 8.2.3). Since any subsequence of a convergent sequence 
jroo 
converges to the limit of the sequence, lim Sry = J and lim (Sk +t ,) = d(T). Since 
jroo -» joo . . 


lim (Sk st ,) = (5,7) (Exercise ??2(a)), p(5,1) = d(T). 
joo yo”. 
CO 
8.2.6. Suppose that € > 0. Choose N so that » fi < €/2. Let w = max {Hi | l<i< N}, 
i=N+1 
and let p be an integer such that p(e/2N) > yw. Let O, = {rje/2N | rj = integer in[—p, pi}. 
Then the set of sequences X = {x;}92, in £; such that x; € Q.,1 <i < N,and x; =0, 
i > N, isa finite €-net for T. 
66 1/2 
8.2.7. Suppose that € > 0. Choose J so that ( a bt < €. Now let T* be the 
i=J+1 
subset of IR” such that |x;| < w;, 1 <i <n. Since T* is a closed and bounded subset of 
IR5, T* is compact. Therefore, there is a finite collection of vectors U* = (uj, u2,...,Un) 
that form a finite «-net for T7*. The vectors U = (u1,u2,...,Un,0,...,0,...) form a 
2e-net for T. 


8.2.8. Suppose that S is bounded. Let uw; and be a fixed member of S and let wu be an 
arbitrary member of S. Then p(u, uo) < p(u, uy) + p(u1, U0) < a(S) + p(u1, Uo), so D 
is bounded. 

Now suppose that D is bounded; that is, there is a constant M such that p(u,uo) < M 
if wu € S. Then, if wu and v are both in S, d(u,v) < d(u,uo) + d(v,uo) < 2M, so S is 
bounded. 


Let uw; be an arbitrary member of S. Since N,(u;) does not cover S there is a uz € S such 
that p(w1,u2) => €. Now suppose that n > 2 and we have chosen wv, uz, ..., Uy» such that 
p(ui,uj) >€,1 <i <j <n. Since U?_, Se(u;) does not cover S, there is un41 € S 
such that p(uj,Un+1) => €,1 <i <n. Therefore, p(uj,uj;) >«€,1<i<j<nt+l. 
8.2.9. (a) Ifu, v € Sande > 0, there are s,¢ € S such that p(u,s) < € and p(v,t) <e. 
Therefore, p(u,v) < p(u,s) + p(s,t) + p(t, v) < d(S) + 2e. Since € is arbitrary, d(S) < 
d(S). Since d(S) > d(S') (obvious), d(S) = d(S). 

(b) If {x,}92., is Cauchy sequence in (A, p) then S = 1% | n= 1} is bounded. From (a), S 
is bounded. Therefore, S is compact (by assumption), so {xn }°2, has a subsequence {Xn} 


such that lim x,,; =X € S. Ife > 0, choose k so that p(Xn,Xm) < €/2,m,n > k. Now 
choose j so thatn; > k and p(Xm,X) < €/2. Then p(xXn,X) < p(%n,Xn;) + P(Xn;,X) < 


2e,n >k. Hence, lim x, =X. 
noo 
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8.2.10. Let {x;,}72, be a sequence in 7;, 1 <i <n and let X, = (X1r, Xar,..., Xkr)- 
Suppose that T is compact. Then {X;} has a subsequence {X,.,} such that im X;, = X = 
(X1,%2,...,X~) € T (Theorem 8.2.4). Therefore, lim p(X,,, X) = 0,so lim p;(xir,, Xj) 
0,1 <i <k. This implies that lim x;,, = Xj; € TI <i<k. Therefore, T; is compact, 
1 <i <k (Theorem 8.2.4). —s, 


Now suppose that 7;, 72, ..., Tj are compact. We use induction on k. The result is trivial if 
k = 1. Now suppose that k > 1 and and the assertion is true with k replaced by k—1. Then 
is, T) x Tz x-+++x Tg_1 is compact, so any sequence {X,}°2, in T has a sequence {X,, }°2, 
such that lims+o0 Xir, = Xj} € Tj, 1 <i < k—1. Denote x) = X,,. Since 7; is compact, 


ercag sc has a subsequence {Xx5; na such that limjoo Xks; = xX, (Theorem 8.2.4). 
Since lim xjs, = X;, 1 <i < k—1 (Theorem 4.2.2), lim Xs, = (%1,%2,...,%%) € T. 
joo J jroo J 


Hence, 7 is compact (Theorem 8.2.4). 


8.2.11. Fora fixed j > 1 let {x;-}02, be a sequence in T;. Fori # j let xj, = Xj, 
r > 1, where X; € T;. Define X, = {xj;,}92,. Since T is compact, {X;}92, has a sub- 
sequence {X,,}2, such that lims_,9. X,, = Xe T; that is, lims+o9 p(X;,..X) = 0. But 
> Pj XjrssXj) 
(X,,,X) = a; —————_.,, 
or 71+ pj (Xjr,.%)) 
X;. Hence, T; is compact (Theorem 8.2.4). 


8.2.12. Ift, and fg are in N°2, 7, then f; and fz are in T, for alln > 1,s0 p(t, 2) < d(Tn) 
forn > 1; therefore, (c) implies that p(t, t2) = 0; thatis, f) = 2. Hence, N°, T, contains 
at most one element. To complete the proof, we need only show that N°2.,7T, 4 0. We 
prove this by contradiction. If N°°.,7, = @, then any ¢ in 7] is in the open set 7,’ for 
some n. Therefore, 7; C UP2., 7,7. Since 7; is compact, there is an integer N such that 


T, Cc es ae an However, from (b), Oe i = Ty, so T; C Tx. Since Ty+1 C Th, 


it follows that Ty4,; C Tx. But Ty41 C Ty, from (b). Since Ty+1 # Y, this is a 
contradiction. 


SO liMs-+99 Pj (Xjr,,Xj) = 0; that is, lims+oo Xjr, = 


8.3 CONTINUOUS FUNCTIONS ON METRIC SPACES 


8.3.1. (a) > (b): 

Assume (a) and let up € f~!(V); that is, f(uo) = vo € V. Since V is open, there 
is ane > O such that Ne(vo) C V. Since f is continuous there is a 6 > O such that 
FS (N3(uo)) C Ne(vo) C V. This implies that Ns(up) C f~1(V), so f—1(V) is open. 
Assume (b) and let uo € A, vo = f(uo). If € > 0, then ug € f~!(Ne(v9)), which 
is open, by assumption. Hence, there is a 5 > 0 such that N3(uo) C f~!(Ne(v0)), so 
F(Ns(uo)) C Ne(vo), and f is continuous at uo. 

(b) = (ce): 

Assume (b) and let V be a closed subset of (B, p). Then V° is open and (f~!(V))° = 
ff 1(V°) is open, so f~!(V)) is closed. 

Assume (c) and let V be an open subset of (B, p). Then V° is closed and (f~1(V))° = 
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f1(V°) is closed, so f—~!(V)) is open. 

8.3.2. Suppose that B = By, U Bo, where B, and Bp? are disjoint open sets. Then A = 
A, U Az where A; = f~!(B,) and Ay = f~!(B2) are open (Exercise 8.3.1) and disjoint. 
Since A is connected, Ay = @ or Ap = G. 

8.3.3. (a) Since f(S) is a compact subset of R (Theorem 8.3.6), it is bounded. 


(b) For every 7 there is a s, € S such thata < sy, <a+1/n. Since S is compact, {sy} 
has a convergent subsequence {sy ,} such that lim s,, = v1; € S. From Theorem 8.3.3, 
; ROO oa 


fi) = a fn, =o: 


For every n there is at, € S such that 6B —1/n < t, < B. Since S is compact, {t,} 
has a convergent subsequence {f,;} such that lim ft, = u2 € S. From Theorem 8.3.3, 
jroo = 


fur) = lim fltm,) = B. 


8.3.4. (a) Let u, uo € U. By the triangle inequality, o( f(u), f(@)) < o(f(v), f(uo)) + 
o(f(uo), f@) ando(f(uo), f@)) < o(f(uo), f(u))+o(fu), f@), so gu)—g(uo) < 
a(f(u), f(uo)) and g(uo) — gu) < o(f(u), f(uo)). Therefore, |g(u) — g(uo)| < 
o(f(u), f(uo)). Let € > 0. Since f is continuous on U there is a 5 > 0 such that 
o(f(u), f(uo)) < €ifu € Ns(uo) ND ¢; hence, |g(u)— g(uo)| < €ifu € Ns(uo) N De, 
so g is continuous on U. 

(b) Theorem 8.3.8 

(c) Exercise 8.3.3(b). 


8.3.5. Suppose that uo € Dr and let € > 0. Since g is continuous at f(uo) there isad, > 0 
such that y(g(v), g(f(uo))) < € if o(v, f(uo)) < 61. Since f is continuous at uo there is 
ad > 0 such that o(f(u), f(uo)) < 461 if p(u, uo) < 6. Therefore, y(h(u), h(uo)) < € if 
p(u,uo) <6. 

8.3.6. Let wo € A and suppose that « > 0. Since g is continuous on R”, there isa é > 0 
such that |g(y1, y2,-.-. Yk)—S (uo (81), Mo(S2),-.-,Uo(Sx))| < € ifmax {|y; — uo(s;)| | 1 <i <k} < 
6. Therefore, | f(u) — f(uo)| < € if p(u, uo) < 4. 

8.3.7. Since u(s) > f(u) and |u(s)— v(s)| < p(u, v) for all sin S, v(s) > f(u)— pu, v) 
for all s. Hence, (A) f(v) > f(u) — p(u, v). If € > 0, there is an sg such that u(so) < 
f(u) + €/2. Since |u(so) — v(so)| < p(u, v), v(so) < f(u) + €/2 + p(u, v). Therefore, 
fv) < ft) + €/2 + plu, v). This and (A) imply that | f(v) — f(w)| < p(u, v) + €/2. 
Therefore, | f(v) — f(u)| < € if p(u, v) < €/2. 

Since u(s) < g(u) and |u(s) — v(s)| < p(u, v) for all s in S, v(s) < gu) + p(u,v) 
for all s. Hence, (B) g(v) < g(u) + p(u,v). Ife > 0, there is an sg such that u(so) > 
g(u) — €/2. Since |u(so) — v(so)| < plu, v), v(so) > g(u) — €/2 + p(u, v). Therefore, 
g(v) > g(u) — €/2 — p(u,v). This and (B) imply that |g(v) — g(u)| < p(u,v) — €/2. 
Therefore, |g(v) — g(u)| < € if p(u, v) < €/2. 


b b 
8.3.8. Since | f(u)— f(v)| = / (u(x) — v(x)) dx} < i |u(x)—v(x)| dx < p(u, v)(b- 


a), it follows that | f(u) — f(v)| < € if p(u, v) < €/(b —a). 


